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ON THE COMPOSITION OF FUNCTIONS
IN MULTIDIMENSIONAL BESOV SPACES

MADANI MOUSSAI

(Communicated by B. Opic)

Abstract. For the composition operator Ty : g — fog we find a class of functions f:R — R
for which there exists a family of positive constants ¢(f,7), # > 0, such that the estimate

175 (&)llss, ,mmy < c(F0) 18Iy, , ()

b
holds, for all g € W NBy, ,(R") satisfying [|[Vgll <1 (or g € L NB;, ,(R") with [|g]l.. <7

and [s] = 1). We establish this assertion, for all f € B} 7 (R) with s; > 1+ 1/p, in the case
l1<p<oo,0<g<ooand 0 <s<sy.

1. Introduction

In the present paper we deal with the mapping properties of the nonlinear compo-
sition operator Ty : g — f o g, associated with a function f: R — R, on Besov spaces
B, ,(R") with n > 1. We are interested in the two following properties

Ty¢(B), ,(R")) € B), ,(R")  (Full acting property),

Ty (B, ,(R") N Lo(R")) C B, ,(R")  (Restricted acting property).

Based on the different previous works, e.g., [8], [9], [10] incases n =1 and n > 2, we
believe on the following conjecture.

CONJECTURE 1. If 1 < p<oo, 0< g< oo and s> 1+ 1/p, then the restricted
acting property holds if, and only if, f(0) =0 and f € B"‘ﬂ“ (R).

In the context of this conjecture we recall:

(i) If T¢(B), ,(R") N Lo(R")) C B, .(R"), then f is locally Lipschitz continuous,
ie., f€WL¢(R), see [3] or [19].

(i) If T¢(/(R")) C B}, ,(R"), then f € B), S9°(R), see [19, 5.3.1/thm. 2]
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With this respect, the conditions f(0) = 0 (obtained by testing f on the zero function)
and f € WL¢(R) or f € Bf,’ﬁf “(IR), are necessary for a function f, such that 7y maps
Bi,’q(R") to itself. We refer to [19, 5.3] for some sufficient conditions, and to [11] for
motivations of this conjecture. In the case n =1, 1 < p < o and 0 < g < o= Conjecture
1 has been established, see [10], the case p =1 and s € N is an open question. On the
contrary, for n > 1 only partial results are known. The restricted acting property holds
in the following two cases:

(A) If l<p<o,g=p,s>1+n/p, f(0)=0 andeB;;’fIfC(R). See [10, rem. 1].

(A2) f l<p<oo, 1 <g<oo, I +1/p<s<2, f(0)=0 and f € BZZE’K(’“(R) for
some € > 0, see [5] and Remark 4 below.

In all known cases, if the acting property holds, then Ty is a bounded operator on
By, ,(R"). FOF instar}ce, t.he acting property in case n =1 and s > 1+ 1/p, is reflected
by the following estimation

1 0 8llag 20 < ellf gt ey I8l ) (1 + Nl y)° 177, (1)
(see our previous works [8], [9] and [17]). In (1), a replacement of the factor (1 +
HgHB%q(R))S_l‘I/p either by (14 ||gl-)*"'=1/? or by (1 + ||g[|)* '~!/7 can be used
for an extension to the n-dimensional case, at least partly. In this sense we shall estab-
lish an estimate of the form

[ fogllss

1204

@ < c(f)lglls

[)A,q(Rn)

improving (A1)—(A2) on that way. Our method consists in studying the composition
operator on intersections. Recall that the study of Ty on intersections has a certain
history, e.g., in case of Sobolev spaces and/or Lizorkin-Triebel spaces by Adams and
Frazier [1], [2], Brezis and Mironescu [12], Maz’ya and Shaposnikova [15], Bourdaud
[6], Runst and Sickel [19, 5.3.7] as well as [16].

NOTATION. As usual, N denotes the natural numbers, Ny := NU {0}, Z the
integers, R the real numbers and if s is a real number then [s] denotes its integer
part. We work in Euclidean spaces R". All functions are assumed to be real-valued.
For 1 < p < e we denote by || - ||, the L,,-norm, and by W}"(R") (m € N) the usual
Sobolev space with W)'(R") its the homogeneous counterpart (i.e., W,"(R") is the set
of f€.'(R") such that f(® € L,(R") for |ot| = m and is endowed with the seminorm
Hf||Wﬁl(Rn) = Ylaf=m | £(*)]|,). We denote by C,(R") and C,;(R") the Banach space
of bounded and continuous functions on R”, and the Banach space of bounded and
uniformly continuous functions on R”, respectively, endowed with the supremum. For
a space E of functions defined on R” the associated local space E° is the set of f €
Z'(R") such that @f € E for all ¢ € Z(R"). We define the difference operators for
an arbitrary function f by Anf := f(-+h)— f, ALf := Anf and AP f = Ay (AT ),
heR", m e N. We denote by .7..(R") the set of all u € .#(R") such that (x* ,u) =0
for all @ € N, and .7/ (R") denotes its topological dual. For all f € ./'(R"), we
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denote by [f].. the equivalence class of f modulo polynomials on R”. The mapping
which takes any [f].. to the restriction of f to .. (R") turns out to be an isomorphism
from the “.&”(R") modulo polynomials” onto . (R"). Finally, constants ¢,cy,... are
strictly positive and depend only on the fixed parameters n,s, p and ¢, their values may
vary from line to line.

Plan of the paper. In Section 2 we formulate the main results of the paper. In
Section 3 we collect the needed properties of homogeneous and inhomogeneous Besov
spaces. Section 4 is devoted to the proofs. In the last section, we discuss open questions.

2. The main results

The main result is the following.
THEOREM 1. Let 1 < p < oo and 0 < g < oo. Let 5,51 be real numbers satisfying
1
si>14+— and 0<s<sj.
p

s1,0oc

If the function f belongs to By’ (R) and f(0) =0, then the composition operator
Ty takes B, ,(R") NWL(RY) to By, ,(R").

The proof of Theorem 1 relies upon the following proposition, which has its own
interest. We need a standard cut-off function. More precisely, we consider once and for
all a function p, that is a radial C* on R satisfying 0 < p <1, p(&) =1 for [£| < 1
and p(&) =0 for |§| >3/2. We put p;(x) := p(t~'x) forall x € R and all # > 0.

PROPOSITION 1. Let s,s1,p and q be real numbers as in Theorem 1. Then there
exists a constant ¢ > 0 such that

Ss—1-1/
HngHB;,‘q(R") < CHfPHgHwHB;{m(R) HgHBf,J](R")(l +[|Vglle) b 7) (2
holds, for all f € By (R) such that f(0) =0 andall g € B, (R NW.L(R").

REMARK 1. By definition of s;, we notice that lirfl s —1-1/p)=s—-1-

spls”
1/p.

REMARK 2. Concerning the sharpness of the estimate (2), we can observe the
following: by Proposition 1, we obtain a class of functions f for which there exists a
family of constants ¢(f,#), r > 0, such that the inequality

1 o gllgy, ey < c(f52) I8l (mr)

holds, for all g € B), ,(R") NW.(R") satisfying ||Vg||.. <?. Such an estimation cannot
be improved, since it becomes an equality in case f(x) :=x.
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Now, using the homogeneous Besov space B;q(R) , we introduce the space %), ,(R)
of essentially bounded functions f such that [f]. € B;'W(R) , and endow it with the nat-
ural quasi-norm

3548 = [l + el - ©)

In[17, sec. 3.4] we find some properties of %), ,(R) as embeddings, equivalent quasi-
norms, characterization by differences, etc., see also Section 3.3 below. Then, as men-
tioned before and in the sense of (1), we have the following result.

THEOREM 2. Let s,s1,p and q be real numbers as in Theorem 1. Then there
exists a constant ¢ > 0 such that

sy s1=1=1/p)

108 lap 5y < €l -1 g Nl ooy (14 191 @
holds, for all f such that f(0) =0, f' € B)'w 1( R) and all gEB;ﬂ(R”)ﬁWo},(R”).

REMARK 3. Under the assumptions of Theorem 2, the inequality (4) holds also
for functions f such that f’ € B}« '(R), since the embedding B)w(R) — Bpw(R) is
satisfied, see Proposition 11(i) below

The following result concerns the particular case 0 < s < 2.
THEOREM 3. Let 1 < p < oo and 0 < g < oo. Let 5,51 be real numbers satisfying

1
s1>14+— and 0<s<min(s,?2).
p

If the function f belongs to B”"ﬂ“( R) and f(0) =0, then the composition operator
Ty takes B, ,(R") NL(R") t0 By, ,(R").

REMARK 4. Theorem 3 has been formulated in [5, thm. 3.1] without the restric-
tion s < 2. However, the proof given there contains a gap. Indeed, the argument in the
proof of the induction is based on the algebra property of B;',qu (R), s> 1+1/p, (see,
e.g., [4, thm. 1.1/proof], [8, p. 951] or [10, 3.1.2]), which is no longer true in higher
dimensions. We can extend Theorem 3 to some values s > 2 depending on the algebra
property (see Theorem 5 below).

Similar to Theorem 1, the proof of Theorem 3 follows from an inequality of type
(4), i.e., we prove the following assertion.

THEOREM 4. Let 1 < p < oo and 0 < g < oo. Let 5,51 be real numbers satisfying
1
l+—<51<2 and 0<s<sy. 5)
4
Then there exists a constant ¢ > 0 such that
éi sp—1=1/p)

HngIIB;,‘q(RnSCHf’HQ@;l‘ 1y I8 11, o ey (1 8 )"

holds, for all f such that f(0) =0, f' € Zy="(R) and all g By, 4(R") N L (R").
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REMARK 5. (i) As in Remark 3, we can replace %5'w' (R) by Bjl=' (R) in Theo-
rem 4, then in that case the condition (5) becomes s; > 1+1/p and 0 < s <min(sy,2),
i.e., we do not need the assumption s; < 2 since Besov spaces are monotone in the sense
Bjw(R) — Bjw(R) for s; > s7.

(i) As in Proposition 1, Theorem 14 also holds by taking both f € B} (R) and

. S| — .
1£Pygl HB?},M(R) instead of f’ € B, (R) and ”f/”,%',‘,{;' ®’ respectively. We also
have the counterpart of Remark 2.

Now, we turn to the end of Remark 4 by considering the case of Besov algebra
spaces. Then Theorem 3 becomes true for some values s > 2 and Conjecture 1 holds
at least with B), ,(R").

THEOREM 5. Let 0 < g < oo. Let either
n 1 n .
max(l,—><p<oo, s1>14+— and — <s<min(s],2)
2 P P

or
l<p<oo [s]>2 and ﬁ—|—1<s<sl
p

be satisfied. If [ € B;{;ﬁac(R) and f(0) =0, then the composition operator Ty takes
By, ,(R") to itself.

THEOREM 6. Let max(1,n/2) < p < eo. Let s be a real number such that

1

max(ﬁ,l—k—) <s <2
p p

Then the composition operator Ty takes B, ,(R") to itself if, and only if, f(0) =0 and

fEB(R).

REMARK 6. Theorem 6 was proved in [10, rem. 1] under the assumption s >
1+n/p.

3. The Besov spaces

For Besov spaces we do not go into details, we recall some properties and refer the
reader to [18], [14] [20], [21], [19], [7] and [17]. Let y; be a fixed radial C* function
on R" suchthat 0 <y <1, p(€§)=11if |§] <1 and 33(E) =0 if |E] > 3/2. We put
(&) :=n(€)—n(2E) forall & € R". Then v is supported by the compact annulus
1/2 < |€] < 3/2, and the following identities hold:

2 v(28) =1 (V& eR"\{0}),

JEL

n@+x v =1 (¥eR".

Jj=1
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For any j € Z, we introduce the pseudodifferential operators S; := ¥ (27/D) and Q; :=
y(27/D). It is clear that S; is defined on .#”/(R"), and that Q; is defined on .7 (R")
since Q;f =0 (Vj € Z)if, and only if, f is a polynomial. We also notice that according
to Young inequality in L,(R") the families of operators (S;) jez and (Q;) jez constitute
bounded subsets of the normed space .Z’(L,(R")) for any p € [1,4-ec]. On the other
hand, the Littlewood-Paley decompositions of a tempered distribution are described in
the following well known statement.

PROPOSITION 2. (i) For every f € Su(R") (resp. ZL(R™)), it holds f =
YjezQif in So(R") (resp. SL(R")).

(ii) For every f € S(R") (resp. /' (R")) and every k € Z, it holds f = Sif +
L5k Qif in SR") (resp. ' (R")).
3.1. The homogeneous Besov spaces

DEFINITION 1. The homogeneous Besov space B;'W(R") is the setof f € .7 (R")
such that

. 1/
If1lgy gy = (2 Q1)) ™ <.

JEZ

B;,’q(R") is a quasi-Banach space for the above defined quasi-norm, contains
(R and is continuously embedded in .7/ (R"). It has the remarkable property

etll fllgy gy < AP IF A iy < llfllay oy (72> 0).
Another equivalent quasi-norm is given by the following assertion (cf., [7]).

PROPOSITION 3. A member f of /1L (R") belongs to B;‘W(R”) if, and only if, its
first order derivatives d;f belongs to B;qu (R") for j=1,...,n.
Moreover 3;_ ngf”B;;qu (rn) IS an equivalent quasi-norm in B (R").

The following property is useful for us, see [14, thm. 2.1].

S1

PROPOSITION 4. The continuous embedding B}, 4(R") < B}, 4(R") holds for
all parameters s,sy,p,p satisfying p1 < pa and sy —n/py = sy —n/p.

3.2. The inhomogeneous Besov spaces

By using Proposition 2(ii), we obtain the (ordinary) Besov spaces.

DEFINITION 2. The Besov space B, ,(R") is the set of f € ./(R") such that

. 1/
1= ISofllp+ (2 @710:f1,)07) T < e

Jj=1

17115

1204
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In connection with the homogeneous Besov space, we dispose the following as-
sertion proved in, e.g., [21, thm. 2.3.3, p. 98].

PROPOSITION 5. Let s >0, 1 < e and 0 < q < oco. Then By, ,(R") is the
set of all f € Ly(R") such that [f]. € B;,’q(]R"). Moreover the expression ||f||, +
| [f]oo||3; J(R") defines an equivalent quasi-norm in By, ,(R").

Also, according to Triebel [21, thm. 2.6.1, p. 140] and [20, thm. 2.3.8, pp. 58-59],

we have the following characterization and property of B;H(Rn) .

PROPOSITION 6. Let 1 < p< oo, 0<g< oo, meN and 0 < s <m. Let {e,
.., ey} denotes the canonical basis of R". Then the expression

v+ 3 [ i &)

defines an equivalent quasi-normin B, ,(R").

PROPOSITION 7. Let s €c R, 1 < p < oo and 0 < g < oo. There exists ¢ >0
such that the estimate Hc?,fHBv L) < CHf”Ba @) (j=1,...,n) holds, for all f €

P q
pa(R").
We also have a characterization by the derivatives, which is a variant of the Triebel’s

theorem [20, thm. 2.3.8].

PROPOSITION 8. Ifs>0, 1< p <eoand0< q< oo, then the expression || f||,+
Y ”aijBf,qu (rn) is an equivalent quasi-norm in By, (R").

Proof. 1t suffices to take n = 1. Let f € B}, ,(R). By Proposition 7 and the
embedding B}, ,(R) — L,(R) for s > 0, it holds Hf||p+ ||f/||B_s 1(®) S cllflly,,®)

Conversely, let f € L,(R) be such that f’ € B;,’ql (R). Applying Propositions 5and 3
we obtain

1 Allgp 20 < 1Al 1L el ) < e2( Al 1 s )

The proof is complete. [

The Besov spaces have the Fatou property in the following sense (see, e.g., [13,
thm. 2.6/1]).

PROPOSITION 9. Let f € ./'(R"). If there exists a bounded sequence (ug)i>o
in B), ,(R") such that klgrolouk =fin S'(R"), then f € B), ,(R") and Hf”B;‘q(Rn) <
Cli]?_lglf””kHB;;)q(R")-

An interpolation argument of Besov spaces will be used in the proofs of the above
results, for this reason we give the following statement.
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PROPOSITION 10. Let 0< 0 <1 and 0<q,q; <o (i=0,1,2,3). Let s9,s1 €R
be such that sy < sy. We put s := (1 —0)so+ 0sy. Let T be an operator satisfying

e [|T(g1)— T(g2)||3f9q2FRn) < ho(llg1llyirs ey 1821w ey Ml 81 —g2||g;gq0(Rn) forall
81,82 S B;Oqo(Rn) mWoi(Rn))

. ; S A
° HT(g) HB;,{%(R") < hl(“g“Wg(R"))||g||B;,{ql(Rn) forall g € Bp17q1 (Rn) OWM(Rn),
where hg,hy are nonnegative and nondecreasing functions. Then the operator T takes

By, ,(R") NWL(RY to By, ,(R"). Moreover, there exist two positive constants cy,¢2
such that

1T (&)1, ) < 1~ ® (c2llg sy c2llelia ey VS (2l ey € L,
holds, for all g € B}, ,(R") NW(R").

Proof. If we replace L..(R") by W.(R") in all places of occurrence in the proof
of Proposition 2.5.4/2 in [19], the claim follows. [J

3.3. The modified Besov spaces %,  (R)

In this section we restrict ourselves to the one-dimensional case. In case s > 0,
(%’;‘W(R) (see the formula (3) for its quasi-norm) is a quasi-Banach algebra for the
pointwise product, see [17, thm. 3.26]. We also have the following assertion, which is
proved in [17, prop. 3.21].

PROPOSITION 11. (i) If s> 1/p, we have
B}, ((R) — 2, ((R) = {f € Cp(R) : [f]= € B), ,(R)}.
In case p = oo, the above embedding becomes an equality.

(i) If s> 1+ 1/p, then %), ,(R) is the set of functions f € Leo(R) such that fle
(@;—ql (R), and the expression ||f]|~+ Hf/He@.;;ql () defines an equivalent quasi-
normin %, ,(R).

4. Proof of the main results
We split the proof into three parts: the first and the second correspond to the proof

of Theorems 1-2 and 3—4 respectively, and the third part concerns the Besov algebra
spaces.
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4.1. Proof of Theorems 1-2

Once Proposition 1 and Theorem 2 are proved, Theorem 1 follows easily. We also
need the following assertion proved in [10, thm. 2].

THEOREM 7. ([10, thm. 2]) Let 1 < p < oo and s > 1+ 1/p. Then there exists a
constant ¢ > 0 such that the inequality

I(fog)

g ® <l g I8l ) (1 + g1 1P (6)

P>

holds, for all functions f such that ' € %’;;,j (R) and all g € B), ..(R).

The estimate (6) can be easily extended to n-dimensional case. We have the fol-
lowing generalization of Theorem 7.

LEMMA 1. Let 1 < p <o and s > 1+ 1/p. Then there exists a constant ¢ > 0
such that the inequality

sl e (1 + Vel @)

p:p

£ o8By, rn <cllf
— s—1 S n iVl n
holds, for all f such that f(0) =0, f' € %, (R) and all g € B, ,(R") "W (R").

REMARK 7. Lemma 1 is a variant of [10, thm. 4], indeed the result in [10] is
proved for functions f such that f’ € %’;;} (R), for this reason we prefer to give its
proof.

Proof of Lemma 1. For x € R", we put x| := (x2,...,%,), x5 1= (X1,X3,...,Xn),.. .,
X 1= (X1 X1, X g 15y Xn), - and

gx}(y) ::g(xla'"7xj717y7xj+17'”7xn)7 VyER )

In L,(R""!) it holds

1/p 1 dr\1/p
P / —SP|| AT P_
(L el )" <lglo+ ([ 718 gls ) < lsllsg . ©

which implies that ||g || By ,(®) <, then by the embedding B}, »(R) = B, (R), we
1B}, : :
can apply Theorem 7 to the function g, . The assumption f(0) =0 yields || fogy ||, <
J J
Hf’Hngx}Hp. Since ||g’, [l < [|Vg||- and by Proposition 3 it holds
J

100 lapey < 1 =l o+ 170 20 -1 s (10)

< el 4 €ll g1 il 0 (1 + [ Vgl1) 77,
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where c is defined by Theorem 7, it depends only on s and p. Let m € N be such that
s < m. Clearly, we have

I o 8llay ) < 1 {1l ||g||p+zsupt (L [iarrosempaad)’)

0<r<1

<l el 3 ([, rosglhywen) T} an

Then it suffices to combine (10), (11) and (9), the estimate (7) follows. [

Proof of Proposition 1. We have fog= (fp;)og for t := ||g||~. By the embed-
ding By 1( R) — %, ! (R) (see Proposition 11(i)), by Proposition 7 and by assump-
tion on f it holds

H(fpt) H Y1 l( )gclH(fpt)/Hszl;l(R) <C2prt||3';,{m(R)

Since (fp;)(0) = 0, the desired estimate (2) follows by Theorem 2. Here we assumed
that Theorem 2 is already proved. [

Proof of Theorem 2. Let f be a function such that £(0) =0 and f’ € %)« l( R).
Applying Lemma 1 with s replaced by s;, we obtain

1758ty < €l oty (1 IV Pl e (12)

for all g € By ,(R") NW.L(R"), where the constant ¢ is independent of f and g. We
also have

I1T¢(g1) = Ty(g2)llp < If = llg1 —82llp (V81,82 € Lp(R™)),

which implies (by using the embeddings B | (R") — L,,(R") — B}, _(R")) that
1T (g1) = Tr(82) sy ey < €l llllgr = 2l oy, (13)

forall g1,g2 € Bg {(R")NW.L(R™), where the constant ¢ is independentof f, g1 and g»
(recall that (13) is satisfied for all g, g, € Bg,l (R™)). By (12), (13) and the assumption

T¢(0) = 0, we can apply Proposition 10 to the operator T;. Then for 0 < g < e and
0 <6 <1 itholds

176l ) < all 10 (15N gy (1 + 11V 1 17) gl e
<c2ufH@;{;I(R)UHWQ\@ G=11P gl (g

forall g € B), ,(R") NWL(R"), where the constants cj,c, are independent of f and g,
and with s := 05| . Now, the inequality (4) follows and the desired result is proved. [
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4.2. Proof of Theorems 3—4

We only prove Theorem 4, since for Theorem 3 we argue so as in the proof of
Proposition 1. Indeed, by using the function p, with 7 := ||g||-, We choose a number r
such that s < r < min(2, s, ), and the fact that f € B;%(R) implies (fp;)’ € By A (R),
then we apply Theorem 4 with r instead of s;. Now, we turn to the proof of Theorem

4 and begin by some preparations.

LEMMA 2. Let 1 <p <o, p<g<ooand 1+1/p<s<2. Weputr:=sp—1.
Then there exists a constant ¢ > 0 such that the inequality

/ s—1/p
170l ) < 11 (el + e ) (14)

holds, for all f such that f(0) =0, f' € 1%’;‘,;]1 (R) and all g € By, ,(R).

Proof. This statement is essentially proved in [17], but we will give the following
explanation. First, in [17, (4.15)-(4.16)] we have proved the estimate (14) under the
following conditions:

e fisofclass C', f(0) =0 and f' € &) '(R),
e g isreal analyticand g € B}, ,(R).

Second, as in [17, p. 254] the general case can be obtained by applying, in Bj, ,(R),
the Fatou property to the sequence of functions (f;og;);>0, where f; :=p (27/D)f —
p(27'D)f(0)p and g; := p(27/D)g, with p is defined in the beginning of Section 2
and p(27/D)f is defined by .7 (p(27/D)f) (&) = p(277&).F f(&) (V& € R) where
Z [ is the Fourier transform of f. [

LEMMA 3. Let L <p<ooand 1 +1/p<s<2. Weput 0 :=(s—1/p)~'. Then
there exists a constant ¢ > 0 such that the inequality

I(fog)

holds, for all functions f such that ' € %’;,;} (R) and all g € B;ﬁ(R).

Z52L(R) < C”f/ By L (R) HgHB;‘e(R)(l + ||g||°°)S7171/p (15)

Proof. We first put fi(x) := f(x) — f(0) forall x € R. Then we have

(ficg) =(fog).
By the embedding B;,;}, (R) — C»(R), Propositions 5 and 3, we get

1(£08) | gty = I (Fo8) I+ |[[(i o).

<N Nollg oo + et frog]

ByA(R)

B} ()

(16)

<e2(IF gt el o+ 1 081y ) )-
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Now, by applying Lemma 2 with the function f; (since f;(0) = 0) and the exponent
r:=sp—1,it holds

I

On the other hand, by the definition of 6, it holds that 6 €]0,1[, p/0 = r and s =
1+ 1/r. Using the Gagliardo-Nirenberg type inequality we obtain

0 1-6 s
HgHnge,l(R) < CHgHB;ﬂ(R)HgHm (Vg € B}, 9(R)),

/ s—1/p
& < g (g + gl ) (17)

rl

see, e.g., [19, thm. 2.2.5, p. 38]. Now inserting this inequality and (17) into (16),
applying the embedding B), o (R) — Bj, ..(R), we obtain (15). [

LEMMA 4. Let l <p<ooand 1 +1/p<s<2. Weput 0 :=(s—1/p)~'. Then
there exists a constant ¢ > 0 such that the inequality

||ngHBv R?) C”f/”%m 1 HgHBv [1:) (1—|—||g|| )S 1-1/p

holds, for all f such that f(0) =0, f' € %IS,TX} (R) and all g € B), o(R") N L.(R").

Proof. As in (9), by applying the inequality of Minkowski with respect to the
space L, /o(R"""), we obtain

oty <t e 2)

<clells gy (= NOB

(see (8) for the definition of g, ) where the constant ¢ is independent of g. Then we
J
apply Lemma 3, and the rest of the proof is similar to that given for Lemma 1. [
Proof of Theorem 4. The proof is similar to that of Theorem 2, where by using

Lemma 4 with s replaced by s;, the result follows by applying [19, prop. 2.5.4/2,
p. 88] to the operator 7. We omit the details. []

4.3. Proof of Theorems 5-6

Proof of Theorem 5. Step 1: the case [s] = 1. By Theorem 4, Remark 5(i) and the
embedding B), ,(R") < L(R") it holds

S61-1-1/p)

10 8l a) < €l gt g Nl e (1 + gl )

I’q

forall f suchthat f(0) =0, f' € B}~ "(R) and all g €B), ,(R").
Now, for a function f € B}:2*(R) which satisfies £(0) = 0, we have both, the inequal-
ity

I’m

H(prgHw)/HB;{ Ly <Pl llp
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and the equality fog = fp,.. o g give the desired result.
Step 2: the case [s] > 2. The result follows by both Theorem 1 and the fact that
B, (R")NWL(R") =B, ,(R") since s > 1+n/p. O

Proof of Theorem 6. The necessity part is well known, cf., e.g., [19, 5.3.1]. For
the sufficiency part we will split the proof in two parts.

Step 1. Assume first that f/ € z@;',;,l (R). We argue as in the proof of Lemma 1
and use its notations. We first have (for s < m with m € N)

el e <er{ I8 1l 3 ([ fansesgova ) )

1/
<er{IFhlislo+ X ([ 17o8qlh mav) "} (1)
j=1 '

On the other hand, because r:=sp—1> p > 1, we have
([ Nyl av)” <clsl (Ve B®Y), 9)
1 18X gLty ) S U8l g g g

which implies || g, HB‘“ /r— < oo, then by Lemma 2 (with p = g) we obtain
7 rl

(R)

1
) <llf gyt sy (N sy + g 110

”fog)d ”BY HU'(R)

I’I’

the constant ¢ depends only on s and p (see again Lemma 2). Now, inserting the last
inequality into (18) and using both (9) and (19), then by the embedding B; p(Rn) —

B!/ (R") it holds
s—1
1 o llsy ) < el ey (Il om + gl o) )-

Step 2. The general case can be done as in the proof of Proposition 1. [

5. Open question

As underlined in the introduction, the main problem is to obtain a class of nonlin-
ear functions f, including for instance Schwartz functions vanishing at 0, for which
the following estimate holds

C(f)”g”B;;#q(Rn)(l + HgHw)S—l—l/p.

It would be also interesting to extend the validity of Theorem 4 to any s; > 1+ 1/p.

1f o gllsy (=

I’q
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