athematical
nequalities
& Papplications

Volume 20, Number 2 (2017), 543-555 doi:10.7153/mia-20-37

ESSENTIAL NORM OF THE DIFFERENCES OF
COMPOSITION OPERATORS ON THE BLOCH SPACE

YECHENG SHI AND SONGXIAO L1

(Communicated by 1. Franjic)

Abstract. We provide some estimates for the essential norm of the differences of composition

operators Cy — Cy, acting on the Bloch space by using pseudo-hyperbolic distance, Mobius

transformation and @" — y”.

1. Introduction

Let D be the unit disk in the complex plane C, dD the unit circle and H (D) be
the class of functions analytic in ID. We denote by S(ID) the set of all analytic self-maps
of D. Let H* = H*(D) denote the set of all bounded analytic functions on I with the
supremum norm || ]l = sup,cp|f(z)|- An f € H(D) is said to belong to the Bloch
space, denoted by Z = Z(D), if (see [15])

1f1lz = 1£(0)] +Slel]g(l —[z)f (2)] < oo

It is well known that # is a Banach space under the norm || - || . Note that H* C £
and || f|lz < 2||f]le if f € H”. For ¢ € S(D), ||@|l# < 2|/¢|l~ < 2. The little Bloch
space, denoted by %y = Hy(D), is a subspace of Z consisting of all f € H(ID) such
that limy_; (1~ |<P)| (2)| = 0.

For a € D, let o, be the Mobius transformation of D defined by

a—z

o.(z) = —.
(2) 1—az
For z, w € D, the pseudo-hyperbolic distance between z and w is given by

—w

p(z,w) =[0w(2)| =

1—wz

It is well known that p(z,w) < 1. For ¢ € S(DD), the Schwarz-Pick type derivative ¢*

of ¢ is defined by

o) = (o).
1—1lo(2)?
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By the Schwarz-Pick lemma, we have |¢*(z)| <1 on D.
Let ¢ be an analytic self-map of . The composition operator Cy, is defined by

Co(N)(2) = f(9()), feH(D).

It is well known that the composition operator is bounded on the Bloch space since
|@*(z)| < 1. The compactness of the composition operator on the Bloch space was
firstly studied in [6]. They proved that Cy : 8 — 2 is compact if and only if limjy )
|@*(z)| =0. Tjani proved that Cy, : % — 2 is compact if and only if limy, . [|Cy 04| %
=0in[10, 11]. In [12], Wulan, Zheng and Zhu obtained a new characterization for the
compactness of the composition operator acting on the Bloch space, i.e., they proved
that Cy : & — 2 is compact if and only if lim, ... [|¢"|z = 0.

The essential norm of the composition operator acting on the Bloch space has been
studied by several authors. In [7], Montes-Rodrieguez proved that the essential norm
of the operator Cy : & — % is

|Cplle.z = limsup |¢*(z)|.
p(2)—1

In [14], Zhao obtained another characterization for the essential norm of the operator
Cyp: % — A, ie., he showed that ||Cyll.,z = 5limsup, .| ¢"| 5. Recall that the
essential norm of a bounded linear operator 7 : X — X is its distance to the set of
compact operators K mapping X into X, that is,

|T||ex = inf{||T — K||x : K is compact },

where X is a Banach space and || - ||x is the operator norm.

Recently, one of the most interesting problems in the theory of composition oper-
ator is to characterize the boundedness, compactness and essential norm of the differ-
ences of two composition operators, more generally, the linear combination of composi-
tion operators. The study of the differences of composition operators was started on the
Hardy space H?. The main purpose for the study of the differences is to understand the
topological structure of the set of composition operators ¢ (H?), see [1, 2, 9]. Itis easy
to see that the differences of two composition operators is also bounded on the Bloch
space for any analytic self-map. In [3], the authors obtained some characterizations for
the compactness of Cy — Cy,, among others, they obtain the following result.

THEOREM A. Let ¢ and y be analytic self-maps of ID. Suppose that neither C,
nor Cy is compact on %. Then Cy — Cy, is compact on % if and only if

lim |[(Cy —Cy)0u|lz=0 and |HE}1 (Cy — Cy)(0a)*| % =0.

|a|~>l

See [3, 4, 5, 8, 13] for more information of the compactness of the differences of
composition operators on the Bloch space. Based on the idea of [12, 14] and THEOREM
A, it is natural to ask whether Cy — Cy, is compact on % if and only if

Jim [[" —y"|| 7 = 0?
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In this paper, we give a positive answer. In fact, motivated by [3, 12, 14], we obtain
some estimates for the essential norm of the differences of composition operators on
the Bloch space. Our main result is stated as follows.

THEOREM 1. Let ¢ and y be analytic self-maps of D. Then,

1Co —Cylle,n

~lim sup p(p(2),y(2)|@*(@)|+lim sup p((z), y(2)y*(2)l
)]s (o)

+lim sup |o*(z) — v (2)|
5= l(2)[>s
lw(2)|>s

~ limsup[|(Cp — Cy)0ul| 2 + limsup || (Cp — Cw)(%)2ll,%

la|—1 la|—1

~ limsup || @" — y"

n—oo

B-

Throughout this paper, we say that A < B if there exists a constant C such that
A < CB. The symbol A ~ B means that A < B < A.

2. Preliminary

In this section, we give some auxiliary results. For z,w € D, we define

bzw) = sup |(1—2])*f"(z) = (1= w2 (w)].

£l z<1
LEMMA 1. [3, Proposition 2.2] For all z,w € D, we have
p(z.w)* < b(z,w) < 18p(z,w).

For r € (0,1), let K, f(z) = f(rz). Then K, is a compact operator on the space %
or %Ay, with ||K;

# < 1.

LEMMA 2. [14, Lemma 4.2] There is a sequence {ry}, with 0 < r; < 1 tending
to 1, such that the compact operator L, = }%ZZ: | K, acting on Py satisfies

(i) For any t € [0,1), limy—esupy s, <1 SUPp < | (I —Ln)f)' (2)| = 0.

(ii@) Timsup, .., sup| s, <1 SUP|f= | (I — Ln) f(2)|(log ﬁ)_l < 1, for s suffi-
ciently close to 1, and

(iib) 1imy—.co SUP| 7|, <1 SUP|<s |( — L) f(2)| = O, for the above s.

(iii) limsup,,_, ||[I — Ly|| < 1.

Furthermore, the same is true for the sequence of biadjoints L;* on A.

LEMMA 3. Let ¢ and y be analytic self-maps of D. Then
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(1)

lim sup p(¢(z), y(2)le"(2)]

5=l g(2)|>s

< limsup [[(Cy — Cy)0ullz + 5 hmsupll(Cw Cy)(0a)*| -

la|—1 la|—1
(ii)

lim sup p((2), y(2)|y*(2)|
)]s

<llﬂSUP\\(C¢ Cy)0ullz+ 5 hlnllsupll(Cw Cy)(0a)’||:5-
al—1 al—1
(iii)

#

lim sup 9" (2) - y*(2)]
o()>s

lw(z)|>s
< 19limsup||(Cp — Cy) 04|z + 9limsup || (Cyp — CW)(Ga)szg.

la|—1 la]—1

Proof. For any z € D, we have

1(Cop = Cy)Tp) |z = (1= [2*)((Cp — Cy) Op()' ()]

o ¢'(2) V' (2)(1—|e@)]*)
= (1 |Z| ) 1_‘(P( )|2 (1_ ( ) (Z))2
| _(1—|<P()|2)(1 (@) &
T e Y
# (1=le@P)A=ly@)[*), «
> |9"(2)| - 12w lv" (2)]
= 0" ()| = (1= (p(9(2), w(2)))|¥* (2)|
and
1(Cp = Cy)(Gp()) |z = (1= 121*)[((Cp — Cy)(Tp (1)) (2)]
>2(1 = (p(0(2), y())|v* (D) Ip(0(2), y(2))-
Thus

[(Cp —Cy)Opr)ll 2+ 5 ||(C<p Cw)(@p )H%’

> p(0(2), ¥(2)Il(Cp — Cy) Oyl 2 + 5 ||(C<p Cy)(0p()) |2
> p(9(2), y(2)lo* (2)].
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Similarly,

1(Co = Cy)oy()ll 2+ 5 II(C<p Cy)(0y() N2 = p(0(2), w(2) v (2)]-
Then we have

lim sup p(9(2), ¥(2))le" (2)]
g()>s

<lim sup [[(Cp—Cy)oy ||ﬂ+2hm sup. [[(Cp —Cy) (i)l 2
THe)>s lp(z)[>s

< limsup [|(Cp —Cy)0ul| 2 + 5 hmsup 1(Cp = Cy)(0a)* | 2

|a]—1 |a|—1
and

lim sup p((2), y(2)|y*(2)]
Sy s

< limsup [|(Cp — Cw)Ga\qu—llmsupll(Cw Cy)(0a)’||5-

la|—1 lal—1
Moreover, by applying Lemma 1, we have

[(Co —Cy)oy() Il 2

VRN TENEN

> 0" (2) = v (@) = v ()]]1 (1—mll/(2))2

> |0 (2) = v* ()| = W ()1 = [9(2)]*) o) (0(2))
—(1= ()P og (v(2))|

> [9*(z) - #(Z)I—W/ (2)|b(9(2), w(z))

> 0% (2) — v*(2)| — 18]y (2)|p (0 (2), w(2)).-

Thus,
10" (z) — v (2)]

< I(Cp — Cy) ()12 + 18] (Cp — Cy) Oy ) |22 + 91 (Cp — Cy ) (O ) || -
Hence,

lim sup |¢"(z) — y*(2)]

=1 g(2)|>s
W(z)|>s
< 19limsup || (Cy — Cy) 04| + 9limsup||(Cp — Cy ) (04)? | 2.
|a|—1 la|—1

The proof is completed. []
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LEMMA 4. Let ¢ and y be analytic self-maps of D. Then

(i)
limsup [|(Cp — Cy) 04| 2 211msup||(p —Viz-
|a|—1
(ii)
limsup [|(Cyp — Cy)(04)* || < 8limsup || @" — y" | 5.

a1 n—eo

Proof. Note that the Maclaurin expansion of Mobius map o, is given by
0u(z) =a—(1—|a]’) Zak"“

For any fix positive integer n > 2, it follows from the triangle inequality that
1(Cop = Cy)0ull
< [(Cop —Cy)oa(0)] + (1~ a]*) ¥ la* "' — |5
n—2 oo
= (L —la?) X lal“lo"" =z + (1= laf) X |l w5
k=0 k=n—1

<An=DA—laP)+ (1 —laf) Y, laf|o"" =y 5
k=n—1

<4(n—1)(1- \a|2)+2§ng<p"— vt

3

where we used || @/ — /|| 5 < 2|/ @[ + 2|y ||« <4 for j=1,2,...,n—1 in the third
inequality. Letting |a| — 1 in the above inequality leads to

limsup|[(Cp —Cy)0ullz < 2supH<P Sars

la]—1
for any positive integer n > 2. Thus,

limsup|[(Co — Cy)0ul|# < 2limsupll¢” — y|l5.

|a|~>l

Also using Maclaurin expansion of Mébius map 62, we have

(a—(1-1a) 3 csz"“f

k=0

@ —2a(1— |a]?) EakkJrl —laP) <Zakk+1>

=a®—2a(1 —|a]?) Zak L (1= 1al?)? Y (k— 1)@ 22
k=2

0,(2)
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Therefore,

1(Cp — Cy)(0a)’ll2 < 1(Cp — Cw)(Ga)2(0)|+2lal(1—Ialz)iIalkap"“—Vf"“H@

=

+(1—|af?) Z ] AR T P

For each n > 2, we have

20al(1—1al’) Y, lal*l@"" =" ||z
k=n—1

oo

<2lal(1—lal?) 3 lal*sup|¢’ —y’[|l5
k=n—1 jzn

< 4sup || o* — v 5.
k>n

By elementary calculations, the function /(x) = nx*~!(1 —x) +x", 0 < x < 1, attains
its maximum value 1, at the point 1. Therefore,

—lal?) 22 Dla?[l " — y*|l5
—af? 22 )al* 2supllqo"—
n
n—1 n
—lal) +|al
< (1—lal? 2n\a| (1—lal) sup (pk_wk P
(1o sl

< dsuplof — vl

k>n

Thus,
||(C<p _Cu/)(aa)zn,%

n—2
<2lal(1-1af) Y, lal* ¢! — w5

k=0

\a| 22 |a|k 2||§0 ‘l/k\\@+8supH‘Pk_

>n

< 8(n—1)[al(1 —|af’) +2(n —1)(n—2)(1 - \a|2)2+8iliPH<Pk— Tl P

Letting |a| — 1 in the above inequality leads to

li‘H‘lSUP 1(Co —Cy)(0a)* || < 8iup o = vz,
al—1 >n

for any positive integer n > 2. Therefore we get

limsupl| (Cp — Cy) (03l < Slimsup 9" — " . O

|a|~>l
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3. Proof of main result

Now we are in a position to give the proof for the main result in this paper.

Proof of Theorem 1. First, we prove that
e ..
1€ = Cylle.z > 5 limsup|[¢" — y"| 5.
Nn—oo

Let n be any positive integer. Consider the function 7. We have

1
2n (n—1\2
2"l = supnlz|" (1 —|z*) =
12 = sl (1 <) = 25 (5

and hence lim, ... 2" = 2. Let f,(z) = 2"/||z"||. Then || fu] %z =1 and f, — 0
weakly in Z. Thus, if K is any compact operator on %, then lim, .« ||Kfy|l2 = 0.
Hence,

[Cy — Cy — K[| = limsup [|(Cy — Cy — K) ful| # = limsup||(Cyp — Cy) fu| -
n—00 n—oo

Therefore

1Cp = Cylle.z = limsup || (Cyp — Cy) full

n—

= limsup —— ||(Cy — Cy)7"||
P HZ,,”%’”( [ ll/) ||
e
= 5 limsup|¢" —y*| 7. (1)
n—o0

Let {L,} be the sequence of operator given in Lemma 2. Since each L;* is com-
pacton &, Cyp — Cy is bounded on &, (Cy — Cy)L;" is also compact on % and we
have

ICp = Cylle,s < limsup||Cyp — Cy — (Cp — Cy )L

n—

= limsup||(Cy — Cy)(I—L;")||

n—o0

<limsup sup |[(Cyp = Cy)(I = L") f1|

n=ee | flle<l

which is bounded by
limsup sup [(Z—L,")(f(9(0)) — f(y(0)))|

n=e | flla<l

+limsup sup sup((1 = L") f)'(9(2))9'(2) — (I = L)1) (w() W' (2)| (1 = [2).

n=e | fllp<izeD

Lemma 2 (iib) guarantees that

limsup sup |(1—L,")(f(9(0)) — f(¥(0)))| = 0.

n=ee | flle<l
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Now we consider the term

J=sup sup|((I—L;")f) (9(2)9'(2) = (I = L;").f) (w(2)y' @I(1 — |2I?).

[/l z<12€D

Let f € & with ||f||% < 1 and fix an arbitrary r € (0,1). For the sake of simplicity,
we define

H(2) = [(I= L)1) (9(2))9' (2) = (I = L)1) (W) W' ()| (1 = [2)

and set

Di:={zeD:lo@)<rly@@<r}, Dr:={zeD:[o()| <r|y(r)|>r},

Dy = {z€D:|p()| > W@ <7}, Dai={zeD:|p@)| >y > r}
Then

J= sup supH/ = max sup supH/ =max{J,J,J3,J4}.
|l 2<1 2€D ISISH 17 <1 26D

By (i) of Lemma 2,

limsupJ; = limsup sup sup H[

nee ne | 1] 5<12€Dy

<limsup sup sup [((I—L;")f) (9(2))l|¢' (2)|(1 — )

n=ee | flla<tlo@)|<r

+limsup sup sup (1= L)) (w(@)[[W (@)1~ [z*)

n=e | flla<tly(z)l<r

=0.
By Lemma 1, we have

H(2) = [((1= L)) (9(2))9'(2)

= [(I=L)) (w1 = y(z)
H(T =L (@)1 - oz
< (=L (w1 = y(2)
< WT=L7)f) (w1 = v (z)

(=)0 (W) @)1= 2)
9" (2)
)— (=
|9"(2) —
9"(2) =

2
|
e

(P#

L= y@P)lle* ()]
+0(0(2), y(2)|9* (2)]
2

/)
)I( ")
2)) )
)I( ")
)I( ")
Similarly,

H (2) < [((I= L)1) (9(2)| (1 = [9(2)]*) 9" (2) — w* ()] + 18p(9(2), w(2)) | W (2)]-
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Then, we obtain

limsupJ>

n—oo

<limsup sup sup (|((I—L;)f) ((@)I(1~9()1*) 0" (2) — y*(2)|

n—e 7] <12€Dy
+18p(0(2), w(2)|w*(2)])
<limsup sup sup [((I—L;")f) (@@)|(1—|o@)[*)|o*(z) — v*(2)|

n=e | flla<tle()|<r

+18 sup p(@(2), v(2) |y (2)]
()|

=18 sup p(9(2),y¥(2)|v* ().
ly(z)|>r

where we used (i) of Lemma 2 again in the last inequality. Since r is arbitrary, we have

limsupJ> < 181im sup p((2), w(2)|y*(2)]-

n—eo —ly()>r

Similarly, we can prove that

limsupJ3 < 181im sup p(¢(2), y(2))|o*(2)-

n—eo =l()>r
Also,

limsupJy

n—0o0

<limsup sup sup (|((1 = L)1) (@(@)I(1 ~ lo(2) ) 9" (2) — v*(2)|

n—e |f]l5<12€Dy

+18p(0(2), w(2)Iv*(2)])
<limsup sup  sup [[(I—-Ly")f

n=ee Il <tlo(z)|>r
lw(@)|>r

+18 sup p(9(2), v(2)|v*(2)]
w(z)|>r

< sup |9 (2) = y* (@) + 18 sup p(p(2), w(2)v* (2],
}q)((Z))I‘N lw(2)|>r
y(z)|>r

0" (z) - v'(z)|

B

where we used the fact

limsup||(/ - L,") f{| s < limsup |1 — L;"[[[ f

n—oo n—0o0

# <1

in the last inequality. Thus,

limsupJy <lim sup |@*(z) — y*(2)| + 181im sup p((2),w(2))|v*(2)].
n—eo r—l Iw((z)) \|>r = ly(g)|>r
y(z)|>r
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Then we have

limsupJ = limsupmax{J,J2,J3,J4}

< 181im sup p(<p(z>,w(z>>|<p#(z)l+181in} sup p(9(2), w(2)|v" (2)]
"=Lp)|>r "y (@)>r
+lim sup |p*(z) — y¥(2)|.
—e@)>r
()| >r

From Lemmas 3 and 4, we have

1Co —Cylle,z
< 181in} sup p((p(z),l//(z))I(p#(z)|+181in} sup p(9(2), w(2)|v*(2)|
Ho(z)|>r T () >
+1in} sup |o*(z) — v (2)|
" e(z)|>r
ly(2)|>r
< 55limsup || (Cyp — Cy ) 04| 2 + 27 limsup||(Cp — Cy ) (0a)* ||
la|—1 la|—1

< 326limsup||@" — "' || 2. )

n—oo

Combining (1) with (2), we immediately obtain
limsup||¢" — "
S ICo—Cylles
Slim sup p(9(2), y(2))[9* ()| +lim sup p(9(2), y(2)y* ()|

"=lp@)>r —ly)>r
+lim sup |o*(z) — v (2)|
"=l@)>r
W@)|>r
S lilrrllsup [(Co — Cw)GaH,%"'liIHIlSUP 1(Cop — Cy)(0a)*[|
al—1 a|l—1

< limsup||@”" — y"|| 2.

n—oo

The proof is completed. []

REMARK 1. In [5], the authors showed that

ICo = Cylles ~ max {lim sup p(0(2), ¥(2)|0*(2)],

")
lim sup p(o(2), () [W*(2)],lim sup [9*(2) — w*()|}-
T (@)>r o) |>r

lw(@)|>r

In [13], Yang and Zhou obtained another estimate for the essential norm of the differ-
ences of composition operators on the Bloch space.
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From Theorem 1, we immediately get the following corollary.

COROLLARY 1. Let ¢ and y be analytic self-maps of D. Then the following
statements are equivalent:

(i) Cyp—Cy is compact on 8.

(ii)
lim sup p(¢(), y(@)le* @) =lim sup p(e(). y(2)y" ()
)]s yta)s
=1lim sup |@*(z)—y*(z)|=0.
5= g()|>s
W)

(iii) limyy_1 [|(Cp — Cy)0ull 2 = limy_; [|(Cp — Cy)(04)?]| 2 = 0.
(iv) lim, .o ||@" — w"|| % = 0.

REMARK 2. By results of [0, 10, 12], Corollary 1 was obviously true in case of
either Cy or Cy is compact on % . The equivalence of (i), (ii) and (iii) was given in [3]
for the case where neither Cy nor Cy is compact on . The condition (iv) is a new
and simple compactness criteria.
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