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COMPLETELY MONOTONIC FUNCTIONS RELATED
TO GURLAND’S RATIO FOR THE GAMMA FUNCTION
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(Communicated by N. Elezovic)

Abstract. The subject of complete monotonicity for functions has gained considerable popularity
and importance from a rather long ago up to now, due mainly to its demonstrated applications in
getting diverse inequalities. Here, we investigate some completely monotonic functions related
to Gurland’s ratio for the gamma function. Certain relevant connections of the results presented
here with those earlier ones are also pointed out. Further, an interesting open conjecture regard-
ing our present concern is posed.

1. Introduction

A function f is said to be completely monotonic on an interval [ if it has deriva-
tives of all orders on [ and satisfies the following inequality:

(=1)"fWx) >0  (xel;neNy:=NU{0}, N:={1,2,3,...}). (1)

Dubourdieu [3, p. 98] pointed out that, if a non-constant function f is completely
monotonic on I = (a,e), then the strict inequality in (1) holds true (for a simpler proof
of this result, see [5]). Bernstein’s theorem asserts that f is completely monotonic on
[0, ) if and only if

1= [ e mau),

where (1) is bounded and non-decreasing and the integral converges for all 0 < x < oo
(see [11, p. 161]). The main properties of completely monotonic functions are given
in [11, Chapter IV]. An extensive list of references on completely monotonic functions
can be found in [2].

The gamma function I" is one of the most important functions in mathematical
analysis and has many applications in diverse areas. The psi (or digamma) function
v defined by the logarithmic derivative of the gamma function and the polygamma
functions ") (m € N) have the following integral representations (see, e.g., [1, p.
259, Entry 6.3.21] and [1, p. 260, Entry 6.4.1], respectively):

w(x>=/0w(e—_t— < )dt (x> 0) @)

t 1—e?
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and o m
" (x) = (—1)’”“/0 #e_” dt (x>0;meN). 3)
The ratio of gamma functions
T0) = pag g (9>0) @
was investigated by Gurland [4] who presented the following inequality:
C(x)C(x+2pB) B2

0t p) >1+7 (x>0;x+2B>0).

In probability theory and its applications, the Gurland’s ratio T(1/4,3/1) appears in a
form of ratio of the variance and squared absolute expectation of a generalized gamma
random variable with the shape parameter A (cf. [10]) which is also known as the
generalized Gaussian ratio [8] and has interesting applications in the domain of image
recognition [6, &].

In the present sequel of the earlier works about the function 7'(x,y) in (4), we
investigate some completely monotonic functions related to the Gurland’s ratio for the
gamma function. Certain relevant connections of the results presented here with those
earlier ones are also indicated. Further, an interesting open conjecture which arises
naturally in the present investigation is posed.

2. Main results
We begin by defining a function F(x) by

1§):nuwnwm

x T2(2/%) (x>0) ®)

Fx)=T (
and its related function L(x) by

InT'(x) +InT(3x) —2In[(2x) —In3, x>0,
L(x) = (6)
0, x=0.

It is obvious to see that
1 4
L(x)=InF (;) —lng (x>0). (7

Merkle [7, Theorem 6] proved that the function F(x) in (5) is convex and monotonically
decreasing in x with

lim F(x)=e and lim F(x) = g (8)

x—0t X—>00
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The function L(x) in (6) is also known to be continuously differentiable of any order,
convex and monotonically increasing on [0, «) with L'(0) =0.

In the course of proof of convexity of F(x), Merkle [7, p. 401] presented the
following second derivative of InF'(x):

(nF(x)" =7 (61n3—81n2+l//’ (H—%) +y/ (z%) -2y (z%)) (t=1/x),

which may be corrected as in (12) below. We provide a corrected proof of the log-
convexity of F(x) in Theorem 1.

THEOREM 1. The function F(x) in (5) is log-convex on (0, o).

Proof. Using the duplication and triplication formulas for the gamma function (see
[1, p. 256]; see also [9, p. 6]):

I(2z) = (2m) 22573 (5)T (z+ %)

and
1 2
I(3z) = (21)"'3% 20()0 <z+ 5) r <z+ 5) :
we get
1 1
L(x) = <3x— 5) In3— (4x—1)In2+1InT <x—|— §>
+1InT" | x+ 2 2InT { x+ ! In 4 9)
x+3 Xty 3
A simple computation yields
3In3—4n2+y (x+ 1) +y(x+3) -2y (x+1), x>0,
0, x=0
and
" / 1 / 2 / 1
L'(x)=vy x+§ +y x+§ =2y x—l—E . (10)
Using the relation
InF(x)=L(1/x)+1n(4/3), (11)

we have

x3 | x

(lnF(x))H:iFL”(%)—}—ZL’(%)}=y3G(y) (y=1/x),  (12)
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where
G(y):=yL"(y)+2L(y) = (yL(y )> H
:y{l,/<y+§>+v/’<y+§>—2‘/’/<>’+%)] (13)
aly(e-d)vlo3) (ool
+6In3 —8In2
and
G(0) =2L'(0) = 0. 4

We see from (12) that, for x > 0,
" . . 1"
(InF(x))" >0 ifandonlyif G(x)= <xL(x)) > 0. (15)

Differentiating G(y) yields
G' ) I 1 I 2 " 1
p— —_ - - 2 —~
y voy+ 3 +yily+ 3 vyt 5

SR )

Using (2) and the following identity:

1 oo
- = / e dt,
y 0

G = 12p(t o = tp(t
(y) — _/ p( )e—yt dt+3/ e_ytdt/ p( ) e—yt dt,
y o e —1 0 0o ¢—1

we have

where
p(t) =¥ 43 -2/, (16)

Using the convolution theorem for Laplace transforms, we have

G0y _ _/O°° @e—ﬂdzﬂf: [/Ot ”p(”)du} e dr

y e —1 e —1

:/ q(t)e dt,
0

where

q(t):=3 t&(u)du—@

0 e'—1 el —1°
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Differentiation yields

(1) = t
q() 3(61_1) r()7
where
r(t) — 365t/3_3e2t/3+3e4t/3_3et/3_663t/2+6et/2+t65t/3
+2te%/3 4 21e%/3 163 — 3132 — 312
_ 17 S 17 S 151 R 443 S 679969 9
2592 2592 43740 349920 1881169920
160289 10 < dn ,
_ —t 17
1881169920 +n§1’1n! an
with

+

(n+5) G)l —3(n+3) (%)1
F2n—1) (%)H 1) (%)n_l.

By induction on n, it is easy to show that, for n > 11,

10\"""  3(n+3 g\"! 31
— > (n+3) and = (n—1)
9 nts 3] T 2mr2)

Hence a, > 0 for n > 11. Then, in view of (17), we have r(¢) > 0 for > 0 so that

q(t) >

q'(t) >0 on (0, «). Since ¢(¢) is strictly increasing on (0, =), q(0) =0 for all
t € (0,00). Likewise we find that G'(y) > 0 and G(y) > G( ) =0 forall y > 0. This

implies (InF(x))” > 0 forall x > 0. Hence the proof is complete. [J

a, =

2(n+2) (%)nl —3(n—1) (%)1]

REMARK 1. Merkle [7] proved that the function L(x) in (6) is convex on (0, o).
Furthermore we see that the function x — L”(x) is completely monotonic on (0, ).
Indeed, using (3), we obtain from (10) that

I'(x) = /w plt) gy (18)

where p(t) is given in (16). We note that, for all 7,

B 4P =0 eu3 . et3 =262,

where the equality holds when ¢%/3 = ¢//3 if and only if 7 = 0. Thus we find from (16)
that p(z) > 0 forall r > 0 and p(0) = 0. We thus find from (18) that

oo n+1
(—1)”(L”(x))(") = / %eﬂ“ >0  (x>0;neNy).
b e —

Hence the complete monotonicity of the function L” (x) on (0, ) has been proved.
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3)

THEOREM 2. The function x — (xL(x))"" is completely monotonic on (0, ).

Proof. By using Malmstén’s formula (see, e.g., [, p. 258, Entry (2.1.50)]; see
also [9, p. 27, Eq. (25)]):

oo A i
mre) = [ e -0+ 5T @@ >0, (19)
0 l—e? | ¢t
we get
L(x) = (31n3 — 4In2)x + In(v3/2) + / o(t)e ™ d,
0
where
eZt/B +et/3 _ 2et/2
t):=
o) t(ef —1)
Differentiation yields
L)
o'(t)= 37206 —1)2 <0 (t>0),

where r(t) is given in (17).
An integration by parts yields

AL(x) = (31n3 — 41n2)2% + xIn(v/3/2) — /0 T o)de™)
= (3In3 —4In2)x* 4+ xIn(v/3/2) — [%} : + /: o' (1)e " dr
= (3103 — 4In2)x% +xIn(v3/2) + % n /0“’ o' (1)e"d.
We thus have
(—1)" (eL(x)) ") = /Omth(— @' (1)e ™ dr >0 (x>0;neNy).

The proof is complete. []

REMARK 2. In particular, we have
(L) = / A(-a/()e >0  (x>0).
0
Hence x — (xL(x))” is strictly increasing on (0, o), and we have

(rL(x))" > [(xL(x))”} _,=G)=0  (x>0). (20)

It follows from (15) that the function x — InF(x) is convex on (0, e°). Thus the log-
convexity of F(x) is proved again.
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3. Concluding remarks
Computer experiments indicate that x +— In F'(x) is not only decreasing and convex

but also completely monotonic on (0, e). So we are posing an open problem stated in
the following conjecture.

CONJECTURE 1. The following inequality holds true:
1\ (n) .
(=1)"(InF(x))"™ >0 (x> 0; neN). (1)

Considering the course of proof of Theorem 1, it seems convenient and potentially
useful to give a general rule for (12) asserted by Theorem 3.

THEOREM 3. Let a function f(x) (x € R) have derivatives of all orders. Then,
forall x#0 and n € N,

, d" Y 0 d B
Crgs (3) =g 6= @)

Proof. We proceed to prove (22) by using the principle of mathematical induction
on n € N. Itis easy to see that (22) is true for n = 1. Assume that (22) is true for some
n € N. We begin with

L) = (- 1>"“§::1f(1) a3}

Then we find from induction hypothesis that

d

Bl =g [0 =17

H frarion
= (=) {(n—l—l Y & Ry y)}+y”“%{y”lf(y)}]

n n+1
=y {(n+1)§n{y”1f(y)}+y§yn+1{y"lf(y)}} :

On the other hand, it follows from the Leibniz’s general product rule for differentiation
that

dn+1 n+1 dk dn+l k
W{y'y M} = 2 ( )dykyd o))

dnt! dqr
=y g O (4 D) 5 0




658 C.-P. CHEN AND J. CHOI

‘We thus have shown that

n+1
L) =P W) =1/,

Hence, by the principle of mathematical induction, (22) holds true forall n e N. [

Now it is easy to see from Theorem 3 that the following equivalent statements
hold.

COROLLARY 1. Let a function f(x) have derivatives of all orders on (0, o).
Then, for all x > 0 and n € Ny,

1\ L@
(—1)" (f(;)) >0 ifandonly if (f— f(x)) >0. (23)

In view of (23), we find that x — f(1/x) is completely monotonic on (0, e) if

()
and only if (x"’lf(x)> >0 forall x>0 and n € Np.
It is easy to see that

(=1 (InF(x)" >0 (—1)" (L (é))(n) >0 <x"_1L(x)> "0 o4

Hence Conjecture 1 is seen to be equivalent to the following Conjecture 2.

CONJECTURE 2. The following inequality holds true:

(x"ilL(x)> " >0 (x>0, neNp). (25)

Merkle [7] proved (25) for n =0 and n = 1. The inequality (20) shows that (25)
is true for n =2.
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