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Abstract. In this paper, we prove that the function

Halr) 1
sin(za)rlog(eX 2 /1) 1"

is strictly increasing from (0,1) onto (7/[R(a)sin(ra)]—1,a(1—a)) forall a € (0,1/2], where
¥ =+1—r2, H,(r) is the generalized elliptic integral of the first kind, R(a) = —2y— y/(a) —
y(l—a), y is the classical psi function and y = 0.57721566--- is the Euler-Mascheroni con-
stant.

r—Y(r)=

1. Introduction

For real numbers a, b and ¢ with ¢ #0,—1,—2,---, the Gaussian hypergeometric
function is defined by

= (a)n x”
F(a,b;c;x) = Fi(a,b;c;x) = 2 On al’ (—l<x<1), (1.1)

where (a), is the shifted factorial function defined by (a), = a(a+ 1)(a+2)---(a+
n—1)=T(a+n)/T(a) for n=1,2,--- and (a)g =1 for a# 0, T'(x) = [; * le "dt
(x> 0) is the classical gamma function and the double inequality

1 <F(x+a)< 1
(x+a)l=¢ "T(x+1) xl-@

(1.2)

holds for all a € (0,1) and x > 0 (See [1, 2]).
The following asymptotic formula for the Gaussian hypergeometric function can
be found in the literature [3, 1.48]:

B(a,D)F(a,b;a+b;x)+log(l —x) =R(a,b)+O0((1 —x)log(l —x)) (x—1), (1.3)
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where
R(a,b) = —y(a) — y(b) ~ 27,

B(p,q) = [y t?" (1 —1)4'dt = T(p)T'(q)/T(p+4q) (p,q > 0) is the classical Beta
function, y(x) =I"(x)/T'(x) is the psi function and y = lim,—..(3}_, 1/k—logn) =
0.57721566... is the Euler-Mascheroni constant.

It is well known that the Gaussian hypergeometric function F(a,b;c;x) has many
important properties and applications in mathematics, physics and engineering. In par-
ticular, many important functions are the special or limiting cases of the Gaussian hy-
pergeometric function.

Let a € (0,1) and r € (0,1). Then the generalized elliptic integral %, (r) [4, 5]
of the first kind is defined by

Hi(r) = gF(a,l—a;l;rz). (1.4)

Clearly, #%,(07) = /2 and #,(17) =oo. If a=1/2, then #,(r) reduces to
the complete elliptic integral ] > (r) = 2 (r) of the first kind. Recently, the general-
ized elliptic integral .#;(r) has attracted the attention of many researchers. From the
symmetry of (1.4), we assume that a € (0,1/2] in what follows.

Carlson and Gustafson [6] proved that the inequality

H(r) - 4
log(%) 342

holds for all r € (0, 1), where and in what follows ' = v/1 — 2.
Anderson et. al. [7] conjectured that
H(r) - 9
log (7) = 8+r2

forall r € (0,1). It was proved by Riihnau in [8].
In [9, 10], the authors proved that the double inequality

H(r)
og ()
holds for all r € (0,1) if and only if A < 7/(4log2)—1 and u > 1/4.
Wang et. al. [11] proved that the double inequality
Ha(r)
sin(ma) log <6R(:,)/2 )

H—?Lr’2<1 <l+ur”

1+ar? < <1+ (1.5)

holds for all a € (0,1/2] and r € (0,1) if and only if oo < 7/[R(a)sin(ra)] — 1 and
B > a(1 — a) and the two-sided inequality
R?(x)
(I Tx— ) R()

— < < (I4+x—x*)R(x) (1.6)

sin(7x)
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takes place for all x € (0,1/2], where
R(x) = R(x,1 —x) = =2y = y(x) = y(1 —x). (L.7)

In [12], the authors proved that the function

(1.8)

J(r) =
Halr k@2
sin(7(m)) - 10%( 7 )

is strictly decreasing from (0,1) onto (sin(za)/[a(1 —a)], wsin(wa)/[x — R(a) sin(ra)])
forall a € (0,1/2].
The main purpose of this paper is to prove that the function
Ha(r) 1

Y(r)= - — 1.9
") sin(a)r?log(eR@/2/y) 12 (1.9)

is strictly increasing from (0, 1) onto (7/[R(a)sin(ra)]—1,a(1—a)) forall a € (0,1/2].

2. Lemmas

In order to prove our main result we need several lemmas, which we present in
this section.

LEMMA 2.1. (See [3, Theorem 1.25]) Let —o <a<b <oo, f,g:|a,b] — R be
continuous on |a,b| and differentiable on (a,b), and g'(x) # 0 on (a,b). If f'(x)/g'(x)
is increasing (decreasing) on (a,b), then so are the functions

f(x)—f(a) f(x)—f(b)
g)—gl@)”  glx)—g(b)

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

LEMMA 2.2. (See [13]) Let A(t) = X5 gaxt* and B(t) = X5 bit* be two real
power series converging on (—r,r) (r > 0) with by > 0 for all k. If the non-constant
sequence {ay/by} is increasing (decreasing) for all k, then the function A(t)/B(t) is
strictly increasing (decreasing) on (0,r).

LEMMA 2.3. (See [14, Theorem 2.1]) Let A(t) = ¥i_oart* and B(t) = 35 bit*
be two real power series converging on (—r,r) and by > 0 for all k, and Hy p(t) =
A'(t)B(r)/B'(t) — A(t). Suppose that for certain m € N, the non-constant sequence
{ar/bi} is increasing (decreasing) for 0 < k < m and decreasing (increasing) for k >
m. Then the function A(t)/B(t) is strictly increasing (decreasing) on (0,r) if and only
if Hap(r~) = (<)0. Moreover, if Hy g(r~) < (>)0, then there exists ty € (0,r) such
that the function A(t)/B(t) is strictly increasing (decreasing) on (0,1y) and strictly
decreasing (increasing) on (ty,r).
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LEMMA 2.4. (See [15, Theorem 9]) Let a < b, f and g be two differentiable
functions on (a,b), and Hyg(x) = f'(x)g(x)/g'(x) — f(x). If f(b) =g(b”) =0,
g'(x) <0 for x € (a,b), Hyg(a™) <0, and there exists ¢ € (a,b) such that f'(x)/g'(x)

is strictly decreasing on (a,c) and strictly increasing on (c,b), then f(x)/g(x) is
strictly increasing on (a,b).
LEMMA 2.5. Let Y(r) be defined by (1.9). Then

lim Y(r) =a(l—a).

r—1-

Proof. From (1.9) we clearly see that Y (r) can be rewritten as

() oR(@)/2
()= el 2 2 2.1)
2, (r) R(a) —log(1—r%)’ ’

It follows from (1.3), (1.4) and the monotonicity of the function J(r) given by
(1.8) together with the identity I'(a)I'(1 —a) = t/sin(7a) that

Hol(r) K@/
li sin(ma) log a(l—a) (2.2)
r—1- P2, (r) sin(za)’ '
lim 2.4(r) _ T B (1)
r—1- R(a) —log(1—r?)

=si . 2.3
Blal—a) T@ri—a Snra. 23
Therefore, Lemma 2.5 follows easily from (2.1)—(2.3).

]
LEMMA 2.6. Let {u,}; | and {v,};>_| be defined by
Ta+n)T(1—a+n) 1
u,=1-— =11 , vi=R(a)—1, Vn =y (n>2).

Then the the sequence {u,/vy} is strictly increasing for n > 2 and a € (0,1/2].
Proof. Letac (0,1/2], n>2 and
L (n+14+a—a’)T(n+a)l(n+1—a)

B (n+D)I(n—1)!
Then simple computations lead to

Ynil _Un_y 2.4)
Vn+1 Vn
Ryt a(l—a)2—a)(a+1)

—1= > 0. 2.5
Iy n(n+2)(n+1+a—a? 23)
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It follows from (1.2) that

n(n+1+a—ad) nn+l+a—a®)T(n+a)T(n+1—a) nn+1+a—a®
————<hy= < ’
(n+1)? n+1 I(n+1) T(n+1) n(n+1)

lim 7, = 1. (2.6)

n—oo

Therefore, Lemma 2.6 follows easily from (2.4)-(2.6). [

LEMMA 2.7. Let R(x) be defined by (1.7). Then
R(x) > 4log2

forall x € (0,1/2].

Proof. It follows from the function x +— &(x) = 1/[x(1 — x)] — R(x) is strictly
increasing form (0,1/2] onto (1,4—41log2] givenin [11, Lemma 2.1] and the function
1/[x(1 —x)] is strictly decreasing from (0, 1/2] onto [4,e0) that R(x) = 1/[x(1 —x)] —
& (x) is strictly decreasing from (0,1/2] onto [4log2,e). O

3. Main results

THEOREM 3.1. Let Y(r) be defined by (1.9). Then Y (r) is strictly increasing
Sfrom (0,1) onto (n/[R(a)sin(ra)] —1,a(l —a)) forall a € (0,1/2].

Proof. Let {u,}:_, and {v,};_, be defined as in Lemma 2.6, x = € (0,1),
f(x)=nF(a,1 —a;1;x)/sin(ma) — [R(a) —log(1 —x)], g(x) = (1 —x)[R(a) —log(1 —
x)], Dy ={aluz/v2 —uy/vi >0} and D_ = {alup/v2 —u1/vi < 0}. Then from (1.1),
(1.4), (1.9) and the identity I'(a)T'(1 — a) = &/ sin(ma) we clearly see that

Y(ir) =1 3.1
n=12 G
HIP, flx)= lirflig(x) =0, (3.2)
. flx) T
) T R@)sin(ma) G-
N S (a)n(l—a), 1
Fx) = sin(7a) }Z‘l n!(n—1)! 1—x S
 w [Tla+n)T(1—a+n) R _1
_}; PICE] —1|x" = r;unx" ,
o n—1 oo
g(x)=1-R+logl—x)=—R-1)- Y, ;C =Y (3
n=2"""" n=1
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() T ux!
gx) Xt

We divide the proof into two cases.

Case 1 a € D.. Then from Lemma 2.6 we know that the non-constant se-
quence {u,/v,};_, is increasing, and Lemma 2.2 and (3.6) lead to the conclusion that
f(x)/g (x) is strictly increasing on (0,1). It follows from Lemma 2.1 and (3.2) to-
gether with the monotonicity of f’(x)/g’(x) that f(x)/g(x) is strictly increasing on
(0,1). Therefore, the desired result follows from Lemma 2.5, (3.1) and (3.3) together
with the monotonicity of f(x)/g(x).

Case 2 a € D_. Then Lemma 2.6 implies that the non-constant sequence {u,/v,}
is decreasing for 1 < n < 2 and increasing for n > 2.

We claim that Hp o (17) = lim,_,,- [f"(x)g'(x)/¢" (x) — f'(x)] > 0 for all a €
(0,1/2]. Indeed, if there exists ag € (0,1/2] such that Hp »(17) < 0, then Lemma
2.3 and (3.6) together with the piecewise monotonicity of the sequence {u,/v,};_,
lead to the conclusion that f/(x)/g’(x) is strictly decreasing on (0, 1). It follows from
Lemmas 2.1 and 2.5 together with (3.1)-(3.3) and the monotonicity of f’(x)/g’(x) that
f(x)/g(x) is strictly decreasing on (0,1) and

(3.6)

3
ao(l—a0)<Y(r)<m—l. (37)

We clearly see that inequality (3.7) contradicts with the second inequality of (1.6).

From Lemma 2.3 and Hy o (17) > 0 together with (3.6) and the piecewise mono-
tonicity of the sequence {u,/v,};_, we know that there exists xo € (0,1) such that
f'(x)/g (x) is strictly decreasing on (0,x0) and strictly increasing on (xp,1).

It follows from (1.1), (1.6), (3.4), (3.5) and Lemma 2.7 that

1
¢/(x) = ~[R(a) ~ 1] ~log 7— <0 (3.8)
for a € (0,1/2] and
i )= iy [ e~ 1) @)
_n 200: (a)n(li—a)nxnfl_%
T sin(wa) “n=1"nl(n—1)! I—x o _ -~
= Jim [—R@) +log( =) L %) (Rla) —log(l =x))

. T < (a)u(1—a),

_xlg(l)l+ lsin(na) }ZE) (n!)? > = (R(a) — log(1 —x))]

Ra) (B0 -1) /4
1—R(a) _(mmmn_RWO

B (1+a—d*)R(a)—1 T R*(a)

T R(a)—1 [sin(na)_(l—i—a—az)R(a)—l] <0
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From Lemma 2.4, (3.2), (3.8), (3.9) and the piecewise monotonicity of f”(x)/g’(x)

we know that f(x)/g(x) is strictly increasing on (0,1). Therefore, Theorem 3.1 fol-
lows from Lemma 2.5, (3.1) and (3.3) together with the monotonicity of f/(x)/g’(x).

Theorem 3.1 leads to Corollary 3.2 immediately.

COROLLARY 3.2. The double inequality (1.5) holds for all a € (0,1/2] and r €

(0,1) ifand only if oo < w/[R(a)sin(ma)] — 1 and B > a(l —a).
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