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SOME EXACT BERNSTEIN-SZEGO
INEQUALITIES ON THE STANDARD TRIANGLE

L0OZKO MILEV AND NIKOLA NAIDENOV

(Communicated by M. A. Hernandez Cifre)

Abstract. An actual problem in the theory of approximations is to extend the univariate inequal-
ity of Bernstein to the multivariate setting. This question is satisfactorily settled in the case of a
centrally symmetric convex body. In spite of the presence of good estimates, exact inequalities
of Bernstein’s type for nonsymmetric convex bodies are not known.

‘We prove that the approach based on the Krein-Milman theorem can be applied to maxi-
mize the nonlinear functional, which corresponds to the estimate of Bernstein-Szegd type for the
gradients of arbitrary polynomials on convex bodies.

As applications we prove exact Bernstein-Szegd inequalities for some classes of bivariate
polynomials on the standard triangle A. Note that in a certain sense A is the least symmetric
convex body in R?.

1. Introduction and statement of the results

Denote by 7'6,31 the set of all real algebraic polynomials of d variables and of

total degree not exceeding n. Let K be a compact set in RY and let ||f lcw) =
maxyex |f(X)| be the uniform norm on K of a continuous function f: K C RY — R.
We use the notation B, (K) for the unit ball of 7! with respect to |- [[c(x). i-e..
Bu(K)={pem :|plcx <1}

An interesting generalization of the Bernstein inequality is obtained by Szegé (see
[3] or [2]). It states that

||P||%a.b Pz(x)
, [a,b] 1
|p'(x)] <n R for every x € (a,b),and p € 7,. (D

The above inequality is sharp since it is satisfied as equality for every x € (a,b)
if p=T,, where T, is the Chebyshev polynomial of degree n for the interval [a,b].
Recall that T,(¢) := T,,(I()), where [ denotes the linear transformation from [a,b] to
[-1,1] and T,(¢) := cos(narccost), t € [—1,1]. Moreover, if for a fixed x € (a,b), a
polynomial p € ! provides equality in (1) then either p = c¢T, or p is an arbitrary
polynomial such that |p(x)| = ||p||cjas) -
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The multivariate extensions of the Bernstein-Szegd inequalities to convex bodies
in R? (compact convex sets with nonempty interior) are challenging problems in the
theory of approximations.

There are only a few exact Bernstein-type inequalities in the multivariate case.
The sets K in these inequalities are centrally symmetric convex bodies. We refer to the
papers [], [1], [6].

To the best of our knowledge, there are not exact inequalities of Bernstein type for
nonsymmetric convex bodies.

Let K be a convex body in R?. For every X € intK we denote by

IDp(X)|2
P2 — P2(X)

1
BS,(K;X) := . sup

. d

pemy ) <llpllew) ¢

the Bernstein-Szegd factor for K. Note that Dp(X) stands for the gradient of p at the
point X . The above definition implies the following Bernstein-Szegd estimate:

IDp(X)l2 < nBS,(K:X)/1pI12  — P (X).

forall X € intK and p € n¢.
Using the method of proof of [4, Theorem 1] and applying the univariate Bernstein-
Szegd inequality instead of Bernstein inequality, one can prove the estimate

2V2
w(K)y/1—2(K:X)’

where w(K) is the minimal distance between two parallel supporting hyperplanes of K
and o(K;X) denotes the generalized Minkowski functional (see e.g. [4, p. 137]). In
fact, the estimate (2) first appeared in [0, Theorem 2.7]. It can be improved when K is
the standard triangle in R2, see [6, Theorem 4.6].

The first goal of the present paper is to prove a general representation of BS,(K;X)
by using the extreme points of the unit ball in the polynomial space under consideration.
Our approach is based on the Krein-Milman theorem. The main difficulty is that the
domain of definition of the corresponding functional (see below) is not convex.

Let us denote by E,(K) the set of all extreme points of B, (K). Recall that a point
p of a convex set B is said to be extreme if the equality p = Ap; + (1 — 4)p, for
some pj,p2 € B and A € (0,1) implies p = p; = p2. According to the Krein-Milman
theorem, B,(K) is the convex hull of E,(K). As a consequence we have the equality

max f(p)= max f(p), 3)

PEBL(K) PEEQ(K)

BS,(K;X) < (2)

provided f is a convex function defined on B, (K).
We introduce the nonlinear functional
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The domain of definition of F is

S:i={penl:|pX)|<lpllex’

In Section 2 we prove the following result.

THEOREM 1. Let K be a convex body in R, For every X € intK we have
BS,(K;X)= sup F(p).
PEEL(K)NS

As itis discussed in [4], there is a precise mathematical background which allows
us to say that in R? the least symmetric convex body is the standard simplex

d
Ag = {(xlv"'vxd)ERd: O<xisli=l...4, ZXi< l}.

Therefore, it is of interest to deal with this special case. For example, the exact
yield of the inscribed ellipse method for the simplex was found in [6].

Since the dimension of 7¢ grows rapidly in both the parameters 7 and d, we shall
obtain some exact inequalities for d = 2.

We shall use the abbreviated notations A := Ay and || - || := [ - [|c(a)- We also set

| 1 V2 }
VE(1=x) (1 =y) /x+y) (T —x—y) |’

M(x,y) := max {

for every (x,y) € intA.

THEOREM 2. For every (x,y) € intA we have BSi(A;x,y) = M(x,y). The ex-
tremal polynomials belong to the set {cp;}3_,, where ¢ € R\ {0}, and pi(x,y) :=
1-2x, pa(x,y) == 1=2y, p3(x,y) ;=1 -2(x+y).

REMARK 1. The explicit expression for BS|(A;x,y) given in Theorem 2, was
announced without proof in [5].

Let us define the functions ¢ and y and the domains D;, i =1,2,3, as

1
o(x =§+x—\/2x2+— x€10,1],
v(y =—+y—\/2y —i——,yEOl

Dy:={(xy):y€(0,1),0<x<y(y)}
Dy :={(x,y): x€(0,1),0 <y < @(x)},
D; Z:HltA\{DIUDz}.

The next corollary gives the explicit form of the Bernstein-Szegd factor BS;(A;x,y)
depending on the point (x,y) € intA.
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COROLLARY 1. We have

1

IR if (x,y) € Dyi;
BSi(Asx,y) = ﬁ; if (x,y) € Da;
= if (x.y) € Ds.

() (1—x—y)’

REMARK 2. It follows from the proof of Corollary 1 that if p € S, ||p|| =1,
and F(p) = BS1(A;x,y) then p = £p;, provided (x,y) € intD;, i =1,2,3, and p €
{£pi,£p3}, provided (x,y) € D;N D3, i = 1,2 (here A denotes the closure of the set
A; see Figure 1).

Dy D3

D,
(0] A

Figure 1: The areas where F(p;), i =1,2,3, are maximal.

We set %, :={p € r2 : p(x,y) = P(ax+by+c),P € m}}. The following theorem
gives a sharp inequality of Bernstein-Szegd type for polynomials lying in %, .

THEOREM 3. Forevery (x,y) € intA and p € %, we have the inequality

IDp(x,y)|2 < nM(x,y)7/|pll> = p*(x,y). 4

The equality is attained if and only if |p(x,y)| = ||p|| or p = cqi, provided (x,y)
intD;, i=1,2,3, or p€{cqi,cq3}, provided (x,y) € DiND3, i= 1,2, where q(x,y) :=
T(2x—1), q2(x,y) :=T(2y — 1) and gq3(x,y) := Ty(2(x+y) — 1).

2. Proof of Theorem 1

We shall need the following lemmas. From now on, |- [lc(x) will be denoted by

-1l
LEMMA 1. Let us fix a point X € intK. Then

supF (p) = sup F'(p), (5)
PES pes!
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where L 1Dp()
Dp(X)|2
F! =
(p) =~ T2
and

Sh:={peml:|pX) < Liplex < 1}
is the domain of definition of F'.

Proof. Let us denote by B! (K;X) the supremum in the right-hand side of (5). We
have to prove that BS,(K;X) = B}(K;X).

For every p € S the polynomial g := HFTH belongs to S'. The homogeneity of F
and ||g|| = 1 imply F(p) = F(q) = F'(q) < B.(K;X). Taking the supremum over all
p €S we get BS,(K;X) <BL(K;X).

It remains to prove the converse inequality. Let g be an arbitrary polynomial from
S'. There are two cases.

Case 1. g € S. Itis easily seen that the function f(4) := S S decreases
A*—g*(X)
for A > |q(X)|, which gives F'(q) < F(q) < BS,(K;X).
Case 2. q¢ S,ie. |q]|=|g(X)| < 1. Since ¢ attains its norm at the interior point
X, we have Dg(X) =0, hence 0 = F'(q) < BS,(K;X).
Thus, F!(q) < BS,(K;X) forevery g € S', which implies B} (K;X) < BS,(K;X).
The proof of Lemma 1 is completed. [

Let us define the functional

1 pp(x)3

- st
n?1—p3(X)’ e

®(p):= (F!(p))*

LEMMA 2. @ is a convex functional on intB,(K).

Proof. Let py,py € intB,(K). Without loss of generality we can assume that p; #
p2. It is sufficient to prove that g(1) := ®(Ap; + (1 —A)p2), A € [0,1] is a convex
function. The coordinate representation of the gradient yields g(A) = an >4 hi(A),
where

 [AA+(1-1)B)?
) = AT - hBP

Jpi Ip2 .
A:=p1(X B:=p)(X A= X), Bj:= X), i=1,...,d.
pl( )a P2( )a axi ( ) 8)6,‘ ( ) l
The claim will be established if we show that A} (1) > 0, for every i = 1,...,d and
A €[0,1]. A computation gives

2M(A)

W) = T Gy
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where
M(A) == 4V2UPU* +4VV,UUi(1 — U+ VU (1 = U?) + V(1 - U?)?,
and
U:=AM+(1-A)B, U :=AA;+(1—A)B;, i=1,....d,
Vi=A—B, Vi:=A;—B;, i=1,....d.
Note that 1 —U? > 0 because of ||p;|| < 1, i = 1,2. Setting Z := (1 — U?)V; and
Y :=20U,V, we get
M(X) = (Z+Y)*+V2U}(1-U?) >0,
which finishes the proof. [

Furthermore, we shall need the functional ® = cl®, defined by

®(p) = liminf ®(q), p € By(K).

geintB,(K)

Because of the convexity of ® (Lemma 2), @ is a convex functional on B,(K)
(see [7], p- 52). The definition of @ implies that it is a continuous function on § I hence
®(p) = ®(p) for p € S'. The next lemma provides information about the values of ®
at the remaining points of B, (K).

LEMMA 3. ®(pg) =0, for every po € B,(K)\ S'.
)

Proof. Since ®(p) > 0 forevery p € S', we have ®(pg) > 0. Let us consider the
polynomials pg(Y) := (1 —€)po(Y) for € € (0,1). It follows from |po(X)| =1 that
1 —p2(X) = e(2—¢€) > 0. Note also that py attains its norm at the point X € intK
which implies Dpo(X) = 0. As a consequence, Dp¢(X) = (1 —€)Dpo(X) = 0.

Thus, the definition of @ gives ®(ps) = 0 for every € € (0,1), and hence
limg_o®(pe) = 0. Lemma 3 is proved. [

Proof of Theorem 1. Using Lemma | and the definition of @, we get

1

BS,(K;X) = sup Fl'(p) = { sup dD(p)} : (6)
pes! pes!
We claim that
sup®(p) = sup ®@(p)= sup ®(p)= sup D(p). (7
pes! PEB,(K) PEEn(K) PEE,(K)NS!

Indeed, let us set

A=supd(p), A= sup B(p), Ti= sup B(p),
pes! PEB(K) PEEN(K)
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and
C:= sup D(p).
pEEL(K)NS?

The inequality A < A follows from the fact that @ is a continuation of ® from
S! to B,(K). Let us suppose that A < A. Then there exists a polynomial py € B,(K)
such that A < ®(py). The definition of A excludes the possibility py € S!, hence
po € B,(K)\ S! and, by Lemma 3, we have ®(py) = 0, a contradiction.

The second equality in (7) is a consequence of (3). Finally, again by Lemma 3, we
clearly get C = C. This completes the proof of (7).

It follows from (6) and (7) that

1

BS.(K:X) = { sup c1>(p)}2 = sup  Fl(p).
PEEL(K)NS! pEEL(K)NS?
Since ||p|| =1 for every p € E,(K), we have E,(K)NS' = E,(K)NS =: D and
F'(p) =F(p), forevery p € D. Theorem 1 is proved. [

3. Proofs of Theorems 2 and 3

Proof of Theorem 2. We shall apply Theorem 1. Our first goal is to find E;(A),
i.e., the set of all extreme points of Bj(A). We claim that a polynomial p € 7 belongs
to Ej(A) if and only if p satisfies the conditions:

p(O)| = |p(A)| = [p(B)| =1, (8)

where 0(0,0), A(1,0), and B(0,1) are the vertices of A. Indeed, let p € Ej(A). On
the contrary, we assume that (8) are not satisfied and, without loss of generality, let
|[p(0)] < 1. There is an unique A € (0,1) such that p(O) =4 -1+ (1—A1)-(-1).
Then we define the first-degree polynomials g; and ¢, by the conditions:

qi(0)= (=171, qi(A)=p(A), qiB)=p(B), for i=1,2.

Clearly g; € B(A), i = 1,2, and since p = Ag; + (1 — A1)g> we conclude that p is not
an extreme point of Bj(A), a contradiction.

Let us suppose now that p € 7t12 and satisfies (8). It is sufficient to prove that
the equality p = Aq; + (1 — A)g2, with some 1,92 € Bi(A) and A € (0,1) implies
g1 =q>»=p. Letusset g:=¢q; —qo and fi¢ := p+€q. The representation fi, =
(A£e)g1+ (1 —A Fe€)go shows that fi. € Bi(A) for every sufficiently small € > 0.
If X € {O,A, B} then the inequality |fis(X)| < 1 leads to ¢(X) =0, and hence ¢ =0,
which finishes the proof of the assertion.

Using (8) we find that Ej(A) = {+po,£p1,+p2,£p3}, where po(x,y) =1,
p1(x,y) :=1=2x, pa(x,y) :=1—2y, ps(x,y) := 1 —2(x+y). Note that E;(A)NS
= {+£p1,£p2,£p3}. Then, by Theorem | we conclude that

1 | V2 }
V=2 (1 =y) )T —x=y) |

BSi(Asx,y) = iI=n132X3Fl (pi) = max{
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forevery (x,y) € intA.

Since Fi(cp) = Fi(p), it remains to prove that every extremal polynomial for F;
from S such that ||p|| = 1 belongs to the set {£p,+p2, £p3}.

Note first that for n = 1 the domain of definition of ® is S! = Bj(A)\ {1},
because X € intA. A careful examination of the proof of Lemma 2 shows that, if n =1,
then @ is strictly convex on the segment [r|,r2], provided r| # r, are nonconstant
polynomials from S'. In fact, the assertion of Lemma 2 remains true for S! D intB,(K).

On the contrary, let us suppose that there is a polynomial p € (SN dBi(A))\
{£pi}3 such that ®(p) = BS3(A;x,y). Since po ¢ S it follows that p ¢ E;(A). Then
p can be represented in the form p = Ar; + (1 — A)rp, where ri,r, € B1(A), r1 # 12,
and A € (0,1).

Case 1. r1 and r, are nonconstant polynomials. The strict convexity of @ implies
®(p) < AD(ry) + (1 — A)®(r2) < BS3(A;x,y), which is a contradiction.

Case 2. ri=c¢;, for i = 1,2, where ¢; < ¢, are constants. Then p =c¢ € (¢,¢2)
and thus p cannot be extremal.

Case 3. r; =cy, while r, is not a constant. Let us consider the polynomial
71 := (1 —&)r; + €ry, provided € > 0 is sufficiently small. Since p € (Fy,r;) and
D7 (X) # 0, we conclude, by Case 1, that p is not extremal, a contradiction.

Theorem 2 is proved. [J

Proof of Corollary 1. Let (x,y) € intA. It is easily seen that Fi(p;) < Fi(p2) if
and only if (x,y) € int AOAO;, where O, is the midpoint of the side [AB]. Next we
compare Fi(p2) and Fi(p3) on AOAO,. The condition Fy(py) < Fi(p3) is equiva-
lent to y> — (2x+ 1)y +x—x> <0, i.e., y € [y1,y2], where y; := @(x), y; := % +x+
\/2x2+ %. Since 0 < @(x) < min{x, 1 —x} < y2(x), for every x € [0, 1], we conclude
that the graph of ¢ lies inside AOAO|, while the graph of y, does not intersect it.
Therefore, p, is extremal for (x,y) € D, and p3 — for (x,y) € int AOAO; \ D,. The
proof for AOBO is similar. [

Proof of Theorem 3. Let us fix the point (x*,y*) € intA. If a polynomial p € %,
satisfies |p(x*,y*)| = ||p|| then Dp(x*,y*) = 0, hence (4) holds true. In what follows,
we assume that [p(x*,y*)| < ||pl|, so that (4) is equivalent to

F(p) < M(x",y"). €)

Since F,(cp) = F,(p), we shall suppose that ||p|| = 1. By definition of %,, let
p(x,y) = P(0x+ By+7y), where P=P(t) € ). If

a:= min {ox+By+7y}, b:= max {ax+ By+7},
(x.y)eA (x.y)eA

then ||P||ciap) = llpll = 1. Clearly, [Dp(x,y)|2 = /o> + B2 |P'(0x+ By +7)|. Apply-

ing (1), we get
n\/a2+B2\/1—P2(t*)7 (10)
(b—1*)(t*—a)

IDp(x*,y")]2 <
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where 1" := ox* + By* +y. Note that t* € (a,b) since a linear function attains its
maximum and minimum only on the boundary of A. Dividing the both sides of (10) by

ny/1— P2(t*) we obtain the equivalent inequality

Vo P
V=)t —a)

Recall that T, gives equality in the inequality of Bernstein-Szegd for the interval (a,b).
In particular, for n =1 this implies

Fa(p) < (1)

!

1 )

V(b —1)(t* —a) \/1 T2 (1)
It follows from (11) and (12) that

V@R

1—T<>

12)

= Fi(q),

where g(x,y) := T (0x+ By +7) € n7. By Theorem 2,
Fi(q) < BS1(Asx",y") = M(x",y"), (13)

which completes the proof of (9).

It remains to clarify the cases of equality in (4). Every polynomial p such that
[p(x*,y*)| = ||p|| satisfies (4) as an equality. Therefore, without loss of generality we
can suppose that p € S and ||p|| = 1. Let F,(p) = M(x*,y*). It follows from the
proof of (9) that (10) and (13) hold true as equalities. We shall consider only the case
(x*,y") € intDy, since the remaining cases for the point (x*,y*) are similar. Then Re-
mark 1 implies 71 (ax+ By+7v) = opi(x,y) = 6(2x—1), where 6 € {—1,1}. Notic-

ing that Ty (¢) = ﬁt - ﬁ we determine the coefficients as follows: o = o(b—a),

B=0,and y= “+b GT The equality in (10) is attained only if P(t) = £T,(t) =
T (2t — M) Consequently,

a—i—b)

p(x,y) = P(ax+ By+7y)==+T, <G¥(2x— 1)+ 2

= :l:Tn(G(zx_ 1)) =1q1 (.X,y),
where 7 € {—1,1}. Conversely, if p = +q;, then it can be directly checked that
F,(p) = M(x*,y*). Theorem 3 is proved. [
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