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ITERATED HARDY-TYPE INEQUALITIES INVOLVING SUPREMA

AMIRAN GOGATISHVILI AND RZA CH. MUSTAFAYEV

(Communicated by L. E. Persson)

Abstract. In this paper, the boundedness of the composition of the supremal operators defined,
for a non-negative measurable functions f on (0,0), by

Sug(t) = esssupu(t)g(2), 1 € (0,00),
O<t<t
and
Sig(t) = esssupu(t)g(c), 1 € (0,%9),

1<T<00

where u is a fixed continous weight on (0,0), with the Hardy and Copson operators between
weighted Lebesgue spaces LP(v) and L7(w) are characterized.
The complete solution of the restricted inequalities, that is, inequalities

”Su(f)‘lq,wﬁ(()#m) < CHprﬁvﬁ(O#my
and
HSM(]‘) Hq.w‘(O‘oc) < CHprJa(O,oc)v

being satisfied on the cones of monotone functions f on (0,c), are given.
Moreover, the complete characterization of the inequality

HTu.bf”qw.(O.w) < C”f“p.v.(O.DO):

being satisfied for every non-negative and non-increasing functions f on (0,e), is given for
0 < p, g < oo, as well. Here the operator 7, is defined for a measurable non-negative function
£ on (0,%) by

u(7)

(Tu‘ngt) ::tj?gw B(T)

/{;Tg(s)b(s) ds, t € (0,00),

where u, b are two weight functions on (0,e0) such that u is continuous on (0,e) and the
function B(t) := [} b(s)ds satisfies 0 < B(t) < = for every ¢ € (0,0).

1. Introduction

Throughout the paper we assume that I := (a,b) C (0,0). By Mt(I) we denote
the set of all measurable functions on /. The symbol 91" (1) stands for the collection
of all £ € 9(I) which are non-negative on I, while 917 (1;]) and 9™ (I; 1) are used
to denote the subset of those functions which are non-increasing and non-decreasing on
I, respectively. The family of all weight functions (also called just weights) on I, that
is, locally integrable non-negative functions on (0,ee), is given by #/(I).
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For p € (0,00] and w € M (I), we define the functional || ||,,.; on M(I) by

Al ot = { Gl @IPwman'? i p<e
pwl esssup; | f(x)[w(x) if p=oo.

If, in addition, w € #/(I), then the weighted Lebesgue space L”(w,I) is given by

LP(w,I) ={f € M) = [[fllpws <o}

and it is equipped with the quasi-norm || - || .z
When w =1 on I, we write simply L”(I) and ||- ||, instead of L”(w,I) and
|| - |l p,w.1» respectively.
Given an operator T : I+ (0,00) — 9T (0,0), for 0 < p < oo and u € M (0,0),
denote by
Tu(g):=T(gu), €M (0,e0).

Suppose that f is a measurable a.e. finite function on R”. Then its non-increasing
rearrangement f* is given by

@) =inf{A >0:|{xeR": |f(x)| > A} <1}, 1€ (0,),

and let f** denotes the Hardy-Littlewood maximal function of f*,i.e.

7= [ r@as o

Quite many familiar function spaces can be defined by using the non-increasing re-
arrangement of a function. One of the most important classes of such spaces are the
so-called classical Lorentz spaces.

Let p € (0,0) and w € #/(0,0). The classical Lorentz spaces A”(w) and I'”(w)
consist of all measurable functions f on R" for which ||f{|ar(w) := |/l pw.0,0) <
o and || f|lrp(w) := lF [ pw(0,00) < oo, respectively. For more information about the
Lorentz A and I' spaces see e.g. [4] and the references therein.

The Hardy and Copson operators are defined by

He) = [ g()ds, g eM (0.,

and .
H'g(0):= [ gl9)ds,  gem(0,.),
t

respectively. The operators H and H* play a prominent role in Real and Harmonic
Analysis. There are other operators that are also of interest. For example, certain
specific problems such as the description of the behaviour of the fractional maximal
operator on classical Lorentz spaces [6] or the optimal pairing problem for Sobolev
embeddings [ 18] or various questions arising in the interpolation theory can be handled
in an elegant way with the help of the supremal operators

Sg(t) :=esssupg(r), g€ M™(0,e0),

o<t



ITERATED HARDY-TYPE INEQUALITIES INVOLVING SUPREMA 903

and
S*g(t) :=esssupg(7), g EMT(0,00).

1<T<00

In this paper, we give the complete characterization of restricted inequalities

182 ()l gan(0.00) < €l fllpo.e)s £ EMMT((0,00);1), (1.1)

||Su(f) q.w,(0,00) < CHf||p,v,(O.oo)7 f € m+((07°°);T)’ (1.2)
and

1S5 (Mg (0.00) < €l fllpeio.0)s f € IMT((0,00)31), (1.3)

1S5 (Mg 0.00) < €l a0y £ € IMT((0,00);1). (1.4)

Note that inequality (1.1) was characterized in [15]. It should be mentioned here that it
was done under some additional condition on weight function u, when g < p (cf. [15,
Theorem 3.4]).

In this paper, in particular, we give criteria for the validity of the iterated Hardy-
type inequalities involving suprema

(4"
(/%)

where 0 < g < oo, 1 < p<eo, u, wand v are weight functions on (0,0).
It is worth to mention that the characterizations of the ”dual” inequalities

()
S(/Oh)

can be easily obtained from the solutions of inequalities (1.5) - (1.6), respectively, by
change of variables. Note that inequality (1.8) has been characterized in [ 15] in the case
0<g<oo, 1 < p<oo.

We pronounce that the characterizations of inequalities (1.5) - (1.8) are important
because many inequalities for classical operators can be reduced to them (for illustra-
tions of this important fact, see, for instance, [13]). These inequalities play an important
role in the theory of Morrey spaces and other topics (see [1, 2] and [3]).

Investigation of the weighted iterated Hardy-type inequalities started in [12] and
[13]. The papers [12] and [13] do not contain the case of supremal operators. In [23,
24,25, 26] a unified method was created for all possible values of parameters, including
the supremal case. In particular, the inequalities (1.5) - (1.8) were characterized with

Lcllhllpy 00, hEM(0,00), (1.5)
q7w7(07°°)
and

<cllhllpy00), hEMT(0,00), (1.6)
q;w,(0,%0)

<cllhllpp 00, hEMT(0,00), (1.7)
q7w7(07°°)
and

chthM(OPQ), h€m+(0,°°)7 (18)
4,,(0,00)
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arbitrary measurable weight u in integral forms in [23]. But these characterizations
involve auxiliary functions, which make conditions more complicated. It seems to us
that our approach is more natural, we are reducing the unknown problems (1.5) - (1.7)
to the known one (1.8) and it gives better conditions from a practical point of view.
Recently, another characterization of (1.7) was found in [19].

The fractional maximal operator, My, y € (0,n), is defined at f € L}, [(R") by

loc
() () = sup Q171 [ 7]y xR,
Q0>x 0]

where the supremum is extended over all cubes Q C R" with sides parallel to the coor-
dinate axes. It was shown in [6, Theorem 1.1] that

() (0) 5 sup w0t [ " F0)dy S (Myf)(0), (1.9)

1<T<00

forevery f € L .(R") and t € (0,c0), where f(x) = f*(w,|x|") and @, is the volume
of the unit ball in R”. Thus, in order to characterize the boundedness of the fractional
maximal operator M, between classical Lorentz spaces A”(v) and AY(w), it is neces-

sary and sufficient to characterize the validity of the weighted inequality

(L o 'woa) ™ ([Tworoa)

forall @ € 9MM*((0,0);|). This last estimate can be interpreted as a restricted weighted
inequality for the operator 7y, defined by

1/p

T
(Te)0) = sup "1 [e()dy geM (O.0), 1€ (O).  (L10)
1<T<00 0
Such a characterization was obtained in [6] for the particular case when 1 < p < g < oo
and in [20, Theorem 2.10] for more general operators and for extended range of p and
q . Full proofs and some further extensions and applications can be found in [9, 10].
The operator T is a typical example of what is called a Hardy-operator involving

suprema
u(s) °
)= sup =2 [“g(r)ay,
t<s<oo s 0
which combines both the operations (integration and taking the supremum).
In the above-mentioned applications, it is required to characterize a restricted
weighted inequality for 7;,. This amounts to find a necessary and sufficient condition
on a triple of weights (u, v, w) such that the inequality

(/Ow (ti?fwu(S)f**(S))qW(t)dt)l/q S (/wa*(t)pv(t)dt>l/p (1.11)

holds. Particular examples of such inequalities were studied in [6] and, in a more
systematic way, in [15]. Inequality (1.11) was investigated in [16] in the case when
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0 < p < 1. The approach used in this paper was based on a new type reduction theorem
which showed connection between three types of restricted weighted inequalities.

Such operators have been recently encountered in various research projects. They
have been found indispensable in the search for optimal pairs of rearrangement-invariant
norms for which a Sobolev-type inequality holds (cf. [18]). They constitute a very use-
ful tool for characterization of the associate norm of an operator-induced norm, which
naturally appears as an optimal domain norm in a Sobolev embedding (cf. [21, 22]).
Supremum operators are also very useful in limiting interpolation theory as can be seen
from their appearance for example in [11, 8, 7, 27].

DEFINITION 1.1. Let u € #/(0,00)NC(0,0), b € #'(0,%0) and B(t) := [; b(s)ds.
Assume that b is such that 0 < B(t) < e for every r € (0,e0). The operator T, , is de-
fined at g € M™(0,00) by

u(t) [*
T )= sp 4D [“ep(s)ds, 1 (0.)
r<t<e B(T) Jo
The operator Ty, defined in (1.10), is a particular example of operators T, ;. These
operators are investigated in [15] and [16].
In this paper we give the complete characterization for the inequality

”Tu.,bf q,w,(0,00) < CHf”py,(O,oo)v f € m+((07°°);l) (1.12)

for 0 < g < oo, 0 < p < oo (see Theorems 5.1 and 5.5).
Inequality (1.12) was characterized in [ 15, Theorem 3.5] under the additional con-

dition 0 b(1)
u(t) [Tb(t
J

DB Jo um TS

Note that the case when 0 < p < 1 < g < oo was not considered in [15]. It is also worth
to mention that in the case when 1 < p <eo, 0 < g < p < oo, g# 1 [15, Theorem 3.5]
contains only discrete condition. In [16] the new reduction theorem was obtained when
0 < p < 1, and this technique allows to characterize inequality (1.12) when b =1, and
in the case when 0 < g < p < 1 this paper contains only discrete condition. Using the
results in [23, 24, 25, 26], another characterization of (1.12) was obtained in [30] and
[29]. In particular, (1.12) is precisely characterized in [29, Theorem 1 and Proposition
1], but this characterization involves auxiliary functions, which makes conditions more
complicated.

The paper is organized as follows. Section 2 contains some preliminaries along
with the standard ingredients used in the proofs. Full characterization of inequalities
(1.1) - (1.4) and (1.5) - (1.7) are given in Sections 3 and 4. Finally, the solutions of
inequality (1.12) are obtained in Section 5.

2. Notations and Preliminaries

Throughout the paper, we always denote by ¢ or C a positive constant, which is
independent of main parameters but it may vary from line to line. However a constant



906 A. GOGATISHVILI AND R. CH. MUSTAFAYEV

with subscript such as ¢; does not change in different occurrences. By a < b, (b = a)
we mean that @ < Ab, where A > 0 depends on inessential parameters. If ¢ < b and
b < a, we write a = b and say that a and b are equivalent. We will denote by 1 the
function 1(x) = 1, x € (0,e0). Unless a special remark is made, the differential ele-
ment dx is omitted when the integrals under consideration are the Lebesgue integrals.
Everywhere in the paper, u, v and w are weights.

We need the following notations:

V()= [§v, Vilt):= [,
W () := fow, We(t) := [T w.
CONVENTION 2.1. We adopt the following conventions:
e Throughout the paper we put 0-e0 =0, oo/eo =0 and 0/0 = 0.
o If p € [l,+], we define p’ by 1/p+1/p' =1.
e [f0<g<p<e,wedefinerby l/r=1/q—1/p.

e If /= (a,b) CR and g is monotone function on I, then by g(a) and g(b) we
mean the limits lim, ., g(x) and lim,_.,_ g(x), respectively.

In this paper we consider operators T : 97 (0,00) — M (0,0) satisfying the fol-
lowing conditions:

(i) T(Af) =ATf forall A >0 and f € 9MT(0,);

(i) Tf(x) < cTg(x) for almost all x € R if f(x) < g(x) for almost all x € Ry,
with constant ¢ > 0 independent of f and g;

(iii) T(f+g) <c(Tf+Tg) forall f, g€ M (0,00), with a constant ¢ > 0 inde-
pendent of f and g.

We recall some known results from [17]. Our formulations of the following theo-
rems, which are more convenient for our future applications, are not exactly the same
as in the mentioned paper. But by following the proofs of these theorems in [17], it is
not difficult to see that such formulations are also true.

THEOREM 2.2. Let 0< B <o and | <s<eo, andlet T : I (0,00) — M (0, 00)
satisfies conditions (1) - (iii). Then the inequality

HTfHﬁ,w,(O,w) < C”st,v,(O,oo)v f € er((O?oo)’l) (2.1
holds iff both the inequality

HT </ h) H < C”h“.\',V”vl*S,(O,m)a he er(O,OO) (22)
x ﬁ7w7(07°o)

and
1T 1| w,(0,00) < €l L[ 5,11(0,00) (2.3)
hold.
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THEOREM 2.3. Let 0 < B <ooand 1 <s<eo, andlet T : " (0,00) — MT(0,0)
satisfies conditions (1) - (iii). Then inequality (2.1) holds iff the inequality

l X
T —/ hV)H <ellhlly s ouys hEMT(0,00 2.4)
H <V2(x) A 0 [17lls, 015, (0.00 (0,00)

holds.

THEOREM 2.4. Let 0< B <o and | <s<eo, andlet T : IMNT(0,00) — IMT (0, 00)
satisfies conditions (1) - (iii). Then the inequality

ITf1lg w0.0) < €l flls o)y f € MMT((0,00)37) (2.5)

holds iff both the inequality

HT </ h) H < C”h||l\,J/y.‘v]}l—.r?(0700)7 he m+ (0700) (26)
0 Bw,(0,02)
and (2.3) hold.

THEOREM 2.5. Let 0< B <o and 1 <s<eoo, andlet T : IMNT(0,00) — IMT(0,00)
satisfies conditions (1) - (iii). Then inequality (2.5) holds iff the inequality
1 0o
T —/ hV, <cllhl, s (o, hEIMT(0,00 2.7
([ )], <Mlrmion 0) @)

holds.

REMARK 2.6. If f(')x’ v = oo, then condition (2.3) automatically holds, and in this
case this condition disappears in the statements of Theorems 2.2 and 2.4.

Note that Theorems 2.2, 2.3, 2.4 and 2.5 were proved in [17] under weaker as-
sumption than (iii): T(f+ A1) < c(Tf+AT1) forall f € M (0,00) and A > 0, with
a constant ¢ > 0 independent of f and A .

Now we recall some reduction theorems for positive monotone operators [ 14].
THEOREM 2.7. [14, Theorem3.1] Let 0 < g < oo, 1 < p < oo, andlet T : M (0,0)
— MT(0,00) satisfies conditions (i) - (iii). Assume that u,w € # (0,) and v €
W (0,00) is such that
/ W (dt <o forall x>0 2.8)
0

Then inequality

(4

Lcllhllpy 00, hEM(0,00), (2.9)
q7w7(07°°)
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holds iff
T2 Mg 0.00) < €N fllpg,00)s  FEM((0,20); 1), (2.10)

holds, where

and
P+l

@(x)z@[v;p](x):/ox(p(t)d,: (/Oxvlpl(t)dt)l/(

THEOREM 2.8. [14, Theorem 3.11] Let 0 < g < oo, and let T : M T (0,00) —
M*(0,00) satisfies conditions (i) - (iii). Assume that u,w € # (0,%0) and v € # (0, )
are such that V(x) < e for all x > 0. Then inequality

(4)

T2 f g 0.0) < €l flli o)y fEMT((0,00): ). (2.12)

<cllhllyy-1 (m)y  hEMT(0,00), (2.11)
q,w,(0,00)

holds iff

3. Supremal operators on the cones of monotone functions

In this section, we give complete characterization of inequalities (1.1) - (1.4).
To state the next statements we need the following notations:

u(t) ;= sup u(7), u(t) := sup u(t), (r>0).

o<t 1<T<00

For a given weight v, 0 <a < b < e and 1 < p < e, we denote

b A\
(f[v(t)]l_p dt) ,  whenl<p<oo,
Gp(a,b) = a
esssup [v(¢)] 71, when p = 1.
a<t<b

Recall the following theorem.

THEOREM 3.1. [15, Theorems 4.1 and 4.4] Let 1 < p < e, 0 < g < oo and let
u € W (0,00)NC(0,00). Assume that v,w € # (0,o) are such that

0<V(x) <eo and 0<W(x)<eo  forall x>0.
Then inequality (1.8) with the best constant ¢ holds if and only if the following holds:
(i) p < q and /) < oo, where

o 1/q
ot i sup (1w + [ lomo)an) 0.0,

x>0
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and in this case ¢ ~ 9,
(i) g < p and By| + By < oo, where

= ([ ([wromoa) " ot (0.0

= [Twre| s w00 winas) )

X< T<00

r

w(x) dx> 1/r7

and in this case ¢ ~ By + B».

Using change of variables x = 1/¢, we can easily obtain the following statement.

THEOREM 3.2. Let 1 < p < oo, 0 < g < oo andlet u€ #(0,00) NC(0,00). As-
sume that v,w € # (0,0) are such that

0 < Vi(x) <eo and 0 <W,(x) <ee  forall  x>0.

Then inequality (1.6) with the best constant ¢ holds if and only if the following holds:
(1) p < q and <5 < oo, where

x 1/q
= sup (@ 0+ [T ) 0y,

x>0

and in this case ¢ ~ o,
(i) g < p and By + PBry < oo, where

1/r

= ([ ([aromoa) " oyt i)

= ([Tw70)| swp w010, (5. wio)ar) 7

0<t<x

and in this case ¢ =~ By + $».

Proof. Obviously, inequality (1.6) is satisfied with the best constant ¢ iff

s(/0h>

<l p s 00, B EMT (3.1)
q7w7(0700)

holds, where

(1) = u(%), w(t) :w<%> %2, V(t) :v<%> (é)l_p7 t>0.

Using Theorem 3.1, and then applying substitution of variables mentioned above three
times, we get the statement.

<2
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THEOREM 3.3. Let 0 < p,q < oo and let u € #(0,00) NC(0,°0). Assume that
v,w € #(0,e0) are such that

0 < Vi(x) <eo and  0<W,(x)<eo  forall  x>0.

Then inequality (1.1) with the best constant ¢ holds if and only if the following holds:
() p < q and A1+ [|Su(1) | g, (0.00) /L5, 0,00) < 0, where

1/q
A, _sup< X)W, (x +/ ) volr(x),
x>0

and in this case ¢ 2 A1 + [|Su(1) [l g 0.00)/ [ Ll (0,00
(i) g < p and B+ Bo+||S ( )||qW 0,00 /||1||\v ) < oo, where

o </0N (/oXWU)W(t)dr) r/p[ﬁ]q(X)V_r/p(x)W(x) dx) v

= ([Tweo g v )

and in this case ¢ ~ 811 + Bz + HS,,(I)||qﬁw’(07,x,)/||1||S7V’(070<,)

Proof. 1t is easy to see that inequality (1.1) holds iff

1Sur ()l g/pan0.00) < P 1f 110005 f € DT((0,00)3]) (32)
holds. By Theorem 2.2, (3.2) holds iff both

([

”Su(l) q.w,(0,00) < C”l”.\',v,(O,OO) (3.4)

hold. In order to complete the proof, it remains to apply Theorem 3.2.
Using change of variables x = 1/, we can easily obtain the following “dual”
statement.

<Ay 0.0), hEMT, (3.3)
q/p:w,(0,00)

and

THEOREM 3.4. Let 0 < p,g < oo and let u € # (0,00) NC(0,0). Assume that
v,w € #(0,e0) are such that

0<V(x)<oo and  0<W(x)<e  forall x>0.

Then inequality (1.3) with the best constant ¢ holds if and only if the following holds:
() p < q and Ay + [|S5(1)lgn,(0.00) /[l 5,0,(0.00) < o0, where

1/q .
Ay = sup( +/ dt) v P,

x>0
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and in this case ¢ ~ A, + ||Sj;(1)||qﬁw’(07,,<,)/||1||5 (i
(i) g < p and Ba1-+ 822+ 1530 gt/ W) < = where

o= ([ [ o) r/pm]%x)v:’/”(x)w(x) ) "

B = ([TW)| swp o 0] wioyar) )

XL T<00

and in this case ¢ = B + By + [|S; (1),

w,(0 oo)/Hle.,v,(O,oo)

Proof. 1t is easy to see that inequality (1.3) is satisfied with the best constant ¢ iff

15211l g..(0.0) < € Lfllp.5.0.00) f € MMT((0,00); 1) (3.5)

i(t) = uG) W(t) :wG) tlz (1) = vG) tlz £>0.

Using Theorem 3.3, and then applying substitution of variables mentioned above three
times, we get the statement.

holds, where

THEOREM 3.5. Let 0 < p,g < oo and let u € # (0,00) NC(0,00). Assume that
v,w € #(0,e0) are such that

0 < Vi(x) <o and 0 <W,(x) <ee  forall  x>0.

Then inequality (1.2) with the best constant ¢ holds if and only if the following holds:
(1) p<q and A3+ HS,,(I)H%W 0,00 /||1||p ) < oo, where

1= sup | sup r/pw* - [ [sup u(e)? ]q/pwo)dz)I/q[v*]l/%c),

0 \ Lo<r<y Ve (T)? o<r<t Vi (T)?

and in this case ¢ ~ A3+ ||S,(1) aw, O,oo)/Hal,v,
(ii) 0 < g < p <o and B31 + Bz + [|S.(1)]|4

o[ ]){ o)

Bip = (/ONWZ/I’(x)[ sup [ sup u(r)” ]V*( )] r/pw(x)dx> l/r.

O<t<x LO<T<t V*( )

/Halv, ) < o, where

and in this case ¢ ~ B3, + Bip + HS,,(I)||qﬁw’(07,x,)/||1||p’vﬁ(0'o<,)
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Proof. 1t is easy to see that inequality (1.2) holds iff

”Sup(f)”q/p,w,(O,OO) < Cpr||l,v,(0,oo)7 f € er((O?oo);T) (36)

holds. By Theorem 2.5 with T = S,» we see that inequality (3.6) is satisfied with the
best constant ¢ iff both

o )

152 (W llgam0.00) < €l povy(0.)

hold. It remains to apply Theorem 3.2.
The following “dual” statement holds true.

Lcllhlli 1 v, (00, b € MT(0,00),
q/p.w,(0,0)

and

THEOREM 3.6. Let 0 < p,q < oo and let u € #(0,00) NC(0,°0). Assume that
v,w € #(0,e0) are such that

0<V(x)<oo and  0<W(x)<e  forall x>0.

Then inequality (1.4) with the best constant ¢ holds if and only if the following holds:
(i) p < q and Ay =+ 115D 0./ 1 0.0y < oo, where

Ay ::sup<[ sup u(7) ]4/1’ +/ [sup TL_ ]4/1’ (t)dt)l/qu/p(x),

2
x>0 X<T<o0 V( t<‘r<oo

and in this case ¢ = A4+ [[S;(1) || g.w0.)/ 11l p.v.c0
(il) g < p and By + B+ ||S5(1 )||qw’ 0.00 /||1||p’ ) < oo, where

o [ oo u(t)? q/p r/p u(z)? a/p 1
By = / / [ su ) yrlp [ su _} d) ’
! ( 0 ( X t<f£oo T 2 (x) x<TEN V(‘L’)2 W(x) X

mo:= ([wireo| s [ s 80 lvio] Vo)

X<T<o0 [ 1<T<0o0

and in this case ¢ ~ B+ Bz + [|S;(1)[ 4.

0 oo)/Hal.,v,(O.oo)
Proof. Obviously, (1.4) is satisfied with the best constant ¢ iff

13f1lg.,(0.0) < €[1f1lp,5,(0.000> f € DT((0,0)57)

i(1) =u<;>, w(t) :W<;>tl2’ (t) :v<;>tl2, t>0.

Using Theorem 3.5, and then applying substitution of variables mentioned above three
times, we get the statement.

holds, where
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4. Iterated inequalities with supremal operators

In this section we characterize inequalities (1.5) and (1.7).
The following theorem is true.

THEOREM 4.1. Let 1 < p < oo, 0 < g < oo andlet u € # (0,00) NC(0,00). As-
sume that v,w € # (0,e0) are such that

X !
0< / vITP () dr < oo and 0<Wi(x) <eo  forall  x>0.
0

Recall that

/

=P/ (p'+1)
) VP (x), x>0,

6 [vip] (x) = ( VP (1) di

S~ S

, 1/(p'+1)
@ v;p|(x) = ( yl=p (t)dt) , x> 0.
Denote by
@ (x) == sup u(t)®*[v;p|(1), x> 0.
0<t<x
Then inequality (1.5) with the best constant ¢ holds if and only if the following holds:
() p < q and 5+ ||S,0200p) (Dl gw,0.00)/ [X ] p. :p], (0.00) < o0, Where

. 1/
5 1= sup ([wmw*(xw / [d>1]‘f<r>w<r>df) ofpl (),

and i this case ¢ -+ 18,0345 (D g 00/ Ly ) 00
(i) g < p and ¢ = B3+ B+ ”Su(l)z[v;p](l) q,w,(O.,oo)/Hal.,(IJ[V;P]a(O,oo) < oo, where

= ([7( [ a) r/p[clmq(x)cb[v;p]—f/%x)w(x)dx) .
By = ( /O NW,:/I’(X)[ sup (I)l(r)q)[v;p]_l/p(r)]rw(x)dx) 1/r7

0<t<x

and in this case ¢ ~ $31+ B3+ ||S,02),) (1)

a0,0.2)/ [ 1 p,9 v3p],(0,00)-

Proof. By Theorem 2.7 with T = §,, it is clear that inequality (1.5) with the best
constant ¢ holds if and only if the inequality

HSu<I>2[V;p] (f)Hq,w,(o,oo) < CHf”pw[v;PL(O,oo), fe mﬁ((o’w);l) 4.1)

holds. Moreover, ¢ ~ C. Now the statement follows by Theorem 3.3.
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THEOREM 4.2. Let 0 < g <o andlet u € # (0,00)NC(0,0). Assume that v, w €
W (0,00) are such that 0 <V (x) < eo and 0 < W,(x) < e for all x > 0. Denote by

Vi(x):= sup u(t)V*(1), x> 0.
Then inequality
<cllillyy-1, 0.0 (4.2)

0<t<x
()
0 q.w,(0,%0)

with the best constant ¢ holds if and only if the following holds:
@) P<q and JZ{31 + HSuVZ(l) q,w,(O,oo)/Hal,v,(O,oo) < oo, where

- . 1/
oA = sup ([vgff(;o / w(t)dt + /0 [Vﬂ‘%t)w(t)dt) Y1),

x>0

and in this case ¢ ~ o} + 18,2 (W)l g (0,00) /1Ll v, (0,00)5
(i) g < p and B3, + B3, + 1S,y (1)l gaw0.00)/ L] v, (0.00) < o2, where

= ([ ([ wrowoa) " Wy i ) )

= ([ [Twora) h s A0V (0)] Wiy "

and in this case ¢ ~ B + B, + ||S,2(1)

g (0,0)/ 1] p.3,(0,00)

Proof. Applying Theorem 2.8 to the operator S, we see that inequality (4.2) with
the best constant ¢ holds iff the inequality

1502 ()| 0.0y < CIF N1 se(0.00) S € T ((0,00): 1) (4.3)

holds. Moreover, ¢ =~ C. Now the statement follows by Theorem 3.3.
The following “dual” statements also hold true.

THEOREM 4.3. Let 1 < p < oo, 0 < g < oo andlet u € #(0,00) NC(0,0). As-
sume that v,w € # (0,0) are such that

O</ vlfpl(t)dt < oo and  0<W(x)<e  forall x>0.
X

Denote by




ITERATED HARDY-TYPE INEQUALITIES INVOLVING SUPREMA 915

Wi (x):= sup u(t)¥*[v;p](t), x> 0.

XS T<00

Then inequality (1.7) with the best constant ¢ holds if and only if the following holds:
1) p<q and 42{4‘" ”Su\Pz[v;p](l)”q,w, 0,00 /||1||p ylv;p).(0,00) < oo, where

x>0

o = sup <[ +/ [¥1)7 )Uq‘PW;p]‘l/”(X),

and in this case ¢ ~ s+ ||S w27y, (Dl g, 0,00/ 1L pyrfvsp (0.00)3
(ii) g < p and ¢ = Bar + Baz + ||Suw2(:p) (Dl g (0.00) / L] p.yriv:p)0,00) < 00, where

By : = ( | ( / m[‘Pd‘f(r)w(r)dr) P Bl ] ) dx) "

b= (/ONWf/P(x)[ sup ‘Pl(r)‘f‘[v;p]_l/”(r)} rw(x)dx)l/r,

XS T<00

and in this case ¢ ~ B + Baz + ||, (D llg

w,(0 oo)/HIHp,u/[v;p]a(O,oo)-

Proof. Obviously, (1.7) is satisfied with the best constant ¢ if and only if
<cllhllpg(0m) B EM(0,0)

'Sﬁ</<:h) 4.7,(0,09)
(1) = uG) W(t) :wG) tlz (1) = vG) tlz £>0.

Using Theorem 4.1, and then applying substitution of variables mentioned above three
times, we get the statement.

holds, where

THEOREM 4.4. Let 0 < g <o andlet u € # (0,00)NC(0,0). Assume that v, w €
W (0,00) are such that 0 < V,(x) < oo and 0 < W, (x) < e for all x > 0. Denote by

Vi(x) = sup u(t)V3(t), x> 0.

XL T<00
<l y1 o) @5

()
x q7w7 (O/OO)

with the best constant ¢ holds if and only if the following holds:
(1) p<qand 42%1+HSMV2 qu /||1||p’ ) < oo, where

1/q
o, = sup ([ X)W, (x +/ [vi]4 ) vUr(y),

x>0

Then inequality
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and in this case ¢ ~ <, + HSMV2 || /Halv’ 0,00
(i) ¢ < p and B}, + B, + HSW2 qu /||1||p ) < oo, where

ah=([7( w[vl*rfa)w(t)dt)r/p[m WV (x)dx) )
= [Twr )| sup Wil )] vy ) "

and in this case ¢ ~ B, + Bi, + ||SMV2 H 7W7(07M)/||1||p’vﬁ(0’w)

Proof. By change of variables x = 1/z, it is easy to see that inequality (4.4) holds

holds, where
a(t) = uG) w(r) = WG) tlz (1) = /O[v<%))%dy, r>0.

Applying Theorem 4.2, and then using substitution of variables mentioned above three
times, we get the statement.

cHhHlV l ESE th)ﬁJr (45)

q?w7(07 )

5. Hardy-operator involving suprema - 7, ;
In this section we give complete characterization of inequality (1.12).
5.1. Thecase 1 < p < oo
The following theorem is true.

THEOREM 5.1. Let 0 < g < oo, 1 < p < oo andlet u € #(0,00) NC(0,0). As-
sume that b, v, w € #(0,00) are such that

0 <B(r) <oo, 0 <V(x) <eoand0 < W(x) < eoforall x> 0.

Then inequality (1.12) with the best constant ¢ holds if and only if the following holds:
(1) 1 <p<qand A1+ Ay < oo, where

i=sun ([ 5T weo o ] s 23] wiar)
([ (5) o)

Al o [ [ ] o)
Ay i=su su X)+ sup ———| w(t)dt
: x>g (Lgrgw Vz(T t<‘l:£)°° (1) )
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<([vionoa) "

and in this case ¢ ~ A| + A»;
(i) 1 =p < q and By + By < oo, where

u(t 0] v B()
B :=su sup —= +/ [ su —] w(t dt) ( su —),
! x>g <|:X<TE°° (T ] I<T£)°° T ( ) 0<y2xv(y)

s s 755w [ [ 8] woa) v

and in this case ¢ ~ B| + B»;
(iil) max{q,1} < p and C; + Cy 4 C3+ Cy < oo, where

o ([ ([ [ ] wra) [ on 55
<(f (B2 voar) " wrar) -
i ([[wreo s [ S8 (320) o) wenas)
(L s ] o) w2
x ( / xW”(y)v(y)dy) Yo dx) "
com([[wirea] s [ s 2] ([vonoa) i)

and in this case ¢ =~ C| + Cy + C3 + Cy;
(iv) g < 1=p and Dy + Dy + D3+ D4 < o, where

oo ([T ([ [ 53] o) s 53]

(oo 28 wiwar)

pes=( [Twr| s | e 5] (e 755) | o >1/,
b= ([ L:‘:iv"ffﬁ>}qw<’>d’)r/p[m<m } i)
b=

T
v s [ s v o)

Cg:
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and in this case ¢ =~ D+ Dy + D3+ Dy.

Proof. By Theorem 2.2, (1.12) holds iff both

Tu,b (/ h) < CHth’VPVlfp’(O’,X,), h S m+(0,°°) (51)
. q;w,(0,0)
and
12l g0, (0.0) < €l v, 0,00) (5.2)
hold.
Note that
Tu_;,</ h)(x)— sup M/ (/ h(y dy) s)ds
"\ x<r<e B(T) Jo
A sup M/ h(y)B(y)dy+ sup u( )/ h(s)ds
w<1<e B(T) Jo X<T<oo T
T oo
:S;;/B</O hB)+S;</T h)
Hence, inequality (1.12) holds iff inequalities
f +
‘ S;/B</ h) < C”h”p’B*I’VPvl*P’(O,oo)v heMm (Ovoo)7 (53)
0 q,w,(0,00)
lss([78)]  selilpmner reTOSL G
T q,w,(0,00)

and (5.2) hold.
Again by Theorem 2.2, (5.4) with (5.2) is equivalent to

152

q,w. <C||fH17v7 0,00)» f6m+((07°°);l)~ (5.5)

Now by Theorem 2.3, (5.5) is equivalent to

(1)

Consequently, (1.12) holds iff inequalities (5.3) and (5.6) hold.

(1) and (ii). Let p < g. By Theorem 3.1, (5.3) and (5.6) hold iff both A; < oo,
i=1,2,when p>1,and B; <eo, i =1,2, when p = 1, respectively.

(iii) and (iv). Let g < p. By Theorem 3.1, (5.3) and (5.6) hold iff C; < oo, i =
1,2,3,4, when p > 1,and D; < e, i=1,2,3,4, when p = 1, respectively.

<llhlly-rytp ey 1 EMT(0,00). (5.6)
(0.)
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5.2. Thecase 0 < p <1

We start with a simple observation. If 0 < p < 1 and 7 € (0,0), then

sup f(t /f

o<t

' /
5(Af@VB@V1mw¢QI< FeMI(O)). (57

Since f is non-increasing, the first inequality in (5.7) is obvious. The second one
follows, for instance, from the fact that (see, for instance, [5, Theorem 3.2], cf. also

[28])
St [ ) )

reon 0=y (i ()()d)

Our first aim is to prove a reduction theorem for the operator 7, ;. We first note
that, using the monotonicity of f('; fb and interchanging the suprema, we get that

(Towe)0) = sup 4D [ e()b()d
M,bg ,gTEX,B(T) 0 g y y y
= sup ( sup —)/ g)b(y)dy, t € (0,0).
1<T<00 \ 1< <00 B

As a consequence, we can safely assume that u(x)/B(x) is non-increasing on (0,eo),
since otherwise we would just replace u(x)/B(x) by sup <, ...u(x)/B(x).

THEOREM 5.2. Let 0 < p < 1, 0 < g < oo. Assume that u € # (0,00) NC(0,00)
and b,v,w € # (0,00) are such that 0 < B(t) < e for all x > 0. Then the following
three statements are equivalent:

([ (0 3 [romar) winar)”

< ( /0 o}(r)pv(r)dr)l/p, £ eMH((0,000:1); (5.8)
([ . (52 Lromor e} )
(/f dr)l/p, £ eMH((0,000:1); (5.9)

(oo 3 som ) i)

. /
< (/Of(r)l’v(r)dr)l L et (0,00 )). (5.10)
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Proof. Again, in view of (5.7), the implications (5.9) = (5.8) = (5.10) are obvi-
ous, and it just remains to show that (5.10) implies (5.9).
Suppose that (5.10) holds. Since u(x)/B(x) is non-increasing, we have
u(t
sup % sup f(y)B(y)

1<T<0 B 0<y<t

=maX{ sup ) sup f(v)B(y), sup ) sup f(y)B(y)}

1<T<00 B(1) 0<y<t 1<T<00 B(7) 1<y<T

=max{M sup F)B), sup F()B() sup ﬂ}

B(1) 0<y<t 1<y<oo y<T<o0 B(71)
= max { % Ogr;tf »)B(y), , <s;lgmf ()u(y) }

Hence, (5.10) breaks down into the following two inequalities:

(£ (amomo)<a(3h)'s)”

< </owf <T>”v(f>df> 1/p7 feMT((0,00); 1), (5.11)
([ (s sm1) wiar)
< ( | wf(f)”V(TMT) Y remtoer). G

Obviously, (5.11) and (5.12) are equivalent to

(o (é‘i‘;f(y)B(y)P)Ww(n (%)th)”/ '

S/wa(r)v(r)dr, £ EMH((0,00):]), (5.13)
o q/p r/a
(7 (sop_somtr) wioyar)
§/wa(r)v(r)dr, £ EMT((0,0); 1) (5.14)

(1) Let p < g. By Theorem 3.3, (5.13) holds iff both

sup ( /O " u(t)tw(t) di + B(x)? / ) {&} qw(t)dt) 1/qv—l/l’(x) <o (515

x>0 B(t)

(/Owu(t)‘IW(t)dz)l/q S (/Omv(r)dl') v (5.16)

and
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hold.
By Theorem 3.6, (5.14) holds iff both

u(y) a/p }q/p )1/11 Uy
sup ([ son_gg | [ ovars [ sup | wa) v <
(5.17)

oo a/p 1/q oo I/p
( / ( sup u(‘L’)p> w(t)dt) < ( / v(r)dr) (5.18)
0 1<T<00 0
hold.

On the other hand, by Theorem 5.1, (5.9) holds iff inequalities

ap (18] frwtrars [~ (] wia) ™ s L <

and

(5.19)
u()? 14/ ap va
swp ([ sow_ | v [ s G| o) e <
(5.20)

hold.

We will thus be done if we can show that (5.15) together with (5.17) imply (5.19).
The latter can be proved as follows:
Since

s ([ (5] o) i = () 53] o) iy

it remains to show that

sup ) ( /Oxw(t> dt) ta wp B

+0 B(x) o<r<x VI/P(1)
1/q o q 1/q
u(x) /x B(x) (/ [u(t)] )
< t)dt — t)dt )
sy (o) e (f (] wo
Interchanging the suprema, using the monotonicity of u/B, we get that
1/q
u(x) /x ) B(1)
su w(t)dt su
s () woar) s 570
B(1) u(x) ( / )l/ff
=su sup ——~ w(t)dt
r>p0 Vl/p(T) T<x<p°<) B(x) 0 ( )

s 0 V?/(PT()T) (é‘j&%) ( /0 Tw(z)d;) v




922 A. GOGATISHVILI AND R. CH. MUSTAFAYEV

(i)
/0°° (/Oxu(t)qw(t)dt) r/pu(x)qV_r/p(x)w(x) dx < oo,

F( () ) ] o (55 ) o<

By Theorem 3.6, (5.14) holds iff

[T L] sos) Lo s8] <

On the other hand, by Theorem 5.1, (5.9) holds iff
F (L g o) s 55] oo 3] <=
F(wnar)” (o [53] [, 565) i <o

)

F L L 5] i) s 5] v o<

—~
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=oo. Let {x;} be such

w(t)dr

Jo

when

rtion only in the case

2% Then

ve the asse

We will pro

that [;*w(t)dT
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PIMISDREL S REE
SO G wom) o, s o () o
[ (fwoa) (355w 0

REMARK 5.3. Note that Theorem 5.2, namely the fact that (5.9) < (5.8) < (5.10),
when b =1, was proved in [16].

As a corollary we obtain that for all the three operators mentioned in (5.7), the
corresponding weighted inequalities are equivalent. It is worth noticing that this is not
so when p > 1.

COROLLARY 5.4. Assume that 0 < p <1, 0 < g <oo, and v,w € #(0,00). Let
b be aweight on (0,e0) such that 0 < B(t) < o for every t € ( o). Then the following
three statements are equivalent:

(4 (fren ) woa) "

(/ flt dr) 1/,,, feMT((0,0): 1): (5.21)
(/O"" (/Otf(T)PB(T)P—lb(T)dT> q/pw(t)dt> W
< (/owf(r)pv(f)df)l/pv fEM((0,00):1); (5.22)
(f (g rmce) o)™
) e 1/p
< </0 f(T)pV(T)dT) , fEMT((0,00):]). (5.23)

This fact was proved in [16, Theorem 2.1], when b = 1. Recently, in [17, Theo-
rem 3.9], it was proved that (5.21) < (5.23) for more general Volterra operators with
continuous Oinarov kernels in the case when 0 < g < p < 1.

Proof. The proof immediately follows from Theorem 5.2 by taking u =1.
By the way, we have proved the following statement.

THEOREM 5.5. Let 0 < p <1, 0 < g < co. Assume that u € # (0,00) NC(0,00)
and b,v,w € # (0,%) are such that 0 < V(t) < e and 0 < B(t) < e for all x > 0.
Then inequality (1.12) with the best constant ¢ holds if and only if the following holds:
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(1) p < q and E| + E3 < oo, where

u<r>r [ /w[ u(t } )1/‘1 B()
E;:=su sup ——= w(t)dt + sup —= | w(z su ;
! x>13 ( [x<r<p°° B(T) ( ) X t<1'£)°<) T O<y2x Vl/p(y)

E> :zsup([ sup “(j’)pr/p/ dt+/ [sup )pr/p ()dt)l/qu/p(x),

x>0 \ Lx<y<eo 14 (y) t<y<°° y)

and in this case ¢ ~ E| + E»;
(1) g < p and F1 4 Fy 4+ F3 4 F4 < oo, where

([ (o) Lon [ n 55] (e 557)] o)
(L (L ] o) om ]

x[ sup M]qw(x)dx)l/r,

XS T<00 (T)

= () (fwom) " (am [ o 385 ]v0) o)

s (0 [ geg] e [ 555 WV”P( i)

and in this case ¢ ~ Fy + F> + F3 + Fy.
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