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CHARACTERIZATIONS OF BOUNDEDNESS FOR GENERALIZED
FRACTIONAL INTEGRALS ON MARTINGALE MORREY SPACES

EllcHI NAKAI AND GAKU SADASUE

(Communicated by J. Soria)

Abstract. On generalized martingale Morrey spaces we give necessary and sufficient conditions
for the boundedness of generalized fractional integrals as martingale transforms.

1. Introduction

It is well known as the Hardy-Littlewood-Sobolev theorem that the fractional inte-
gral operators I, on the Euclidean space R" is bounded from L, to L, for 1 <p <g <
o, 0 <a<nand —n/p+ o = —n/q. The fractional integrals are very useful tools to
analyze function spaces in harmonic analysis and the Hardy-Littlewood-Sobolev the-
orem was generalized and extended to various function spaces. In martingale theory,
based on the result by Watari [16, Theorem 1.1], Chao and Ombe [3] proved the bound-
edness of the fractional integrals for H),, L,, BMO and Lipschitz spaces of the dyadic
martingales. These fractional integrals were defined for more general martingales in
[14]. See also Hao and Jiao [8]. On the other hand, martingale Morrey spaces and
their generalization were introduced by [12] and [13], respectively, and the bounded-
ness of fractional integrals as martingale transforms were established. In this paper we
give necessary and sufficient conditions for the boundedness of fractional integrals on
generalized martingale Morrey spaces which are improvement of the results in [13].

Let (Q,.%#,P) be a probability space and let {.%,},>0 be a nondecreasing se-
quence of sub- o -algebras of % such that % = 6(UJ,-%,). We suppose that every
o-algebra %, is generated by countable atoms, where B € .7, is called an atom
(more precisely a (%,,P)-atom), if any A C B with A € .%, satisfies P(A) = P(B)
or P(A) =0. Denote by A(.%,) the set of all atoms in .%,. The expectation operator
is denoted by E'. Let L 1oc be the set of all measurable functions such that |f1PxB is
integrable for all B € A(%). If %y ={Q,0}, then L, joc = L,. An .%,-measurable
function g € Ly joc is called the conditional expectation of f € L 1o relative to %, if

Elgxsxc| =E|fxsxc] forall BeA(%)) and G e .Z,.

We denote by E,f the conditional expectation of f relative to .%,. We say a sequence
(fu)n=0 in Ly o is a martingale relative to {.%,},>¢ if it is adapted to {.%,},>0 and
satisfies Ey[fin] = f for every n <m.

We first recall the definition of generalized fractional integrals of martingales.
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DEFINITION 1. ([13]) Let (7%)a>0 be a non-increasing sequence of non-negative
bounded functions adapted to {.%#,},>0. For a martingale (f,).>0, its generalized
fractional integral I,,f = ((Iyf)n)n>0 is defined as a martingale by

(Ipf)n =Y, Y1 (fi = fim1)
k=0

with convention y_; =y and f_; =0.

Our definition of I, is based on the notion of martingale transform in the sense
of Burkholder [2]. For quasi-normed spaces M| and M, of functions, we denote by
B(My, M) the set of all bounded martingale transforms from M; to M,, that is, I, €
B(M,, M,) means that

sup || (Zyf)ullar, < Csup || fulls,

n=0 n=0

for all M, -bounded martingales f = (f,)u>0-
Next we state the definition of generalized Morrey spaces.

DEFINITION 2. ([13]) For p € [1,00) and ¢ : (0,1] — (0,e0), let

Lpo ={f € Lpoc: [ fllL,, <=}

where
17 L (L ap)
f =sup sup 7<—/f dP) .
o 0 pents 0(P(B)) \ P(B) Ji

Then ||-||z,, isanormon L, . If A €R and ¢ (1) = t* then L, 4 = L, 5 which
was introduced in [12]. We also define weak Morrey spaces. Let Ly be the set of all
measurable functions.

DEFINITION 3. For p € [1,0) and ¢ : (0,1] — (0,e0), let

WLy ={f €Lo:[fllwr,, <}

where
sup,~otPP(BN{|f] > 1})\ /7
— Pr>0
1fllwz, o =sup sup —rry >7E :
n>0Bea(7,) 9(P(B)) (B)
Then |- |lwz,, is a quasi-normon WL, 4. Itis easy to see that

”fHWLp,q) < Hf||Lp‘¢7 fELp,d)' (1

REMARK 1. If (Q,.7,P) is a o-finite measure space and each atom in A(.%)
has a finite measure, then we also define generalized Morrey spaces L, ¢ and weak
Morrey spaces WL, ¢ by using ¢ : (0,00) — (0,e0) instead of ¢ : (0,1] — (0,c0). See
[15] for martingales on © -finite measure spaces.
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We denote by .}, the setof all L, 4 -bounded martingales f = (fu)n>0. In this
paper we give necessary and sufficient conditions on p,q,¢, ¥ and ¥ = (y,)n>0 for

sup [(yf)allL,y < Csupllfallz,y, [f€AL,,.
n=0 n=0

or
sup H(lyf)n”qu#,,, < Csup anHLp,¢7 fe '//L,m'
n=0 n=0

It is known that, if there exists a positive constant Cy such that ¢(r) < Cp (Z)( ) for
0 <s<t<1,then,for f € Lo and its corresponding martingale (f,)n>03 fu = Enf,
we have
[RAIVAES sup 1fallL, e < Collfllz, 2)
see [12, 13].
Next, for a function p : (0,1] — (0, ) such that f t L0 gt < oo, let
by t
yn:/ &dt, by= Y PB)xs, n=0,12--. (3)
o 1 BEA(F,)
In this case we denote I, by I,, namely, for a martingale f = (fu)n>0,
" by—1 p(t
W= e =3 ([ Pa) G-pe @
n=0

If p(r) = ot® and o > 0, then fé”"l & dt = (bx_1)® and I, is the fractional integrals
introduced by [12] as a generalization of I, on dyadic martingales investigated in [3].
As corollaries of boundedness of I, we get necessary and sufficient conditions for the
boundedness of I,,. See [9, 10, 4] for I, on R".

We state main results in the next section. To prove them we establish Doob’s
inequality on martingale Morrey spaces and show several lemmas in Sections 3 and 4,
respectively. Then we prove main results in Section 5.

At the end of this section, we make some conventions. Throughout this paper, we
always use C to denote a positive constant that is independent of the main parameters
involved but whose value may differ from line to line. Constants with subscripts, such
as Cp, is dependent on the subscripts. If f < Cg, we then write f S g or ¢ 2 f; and if
f < g < f,wethen write f ~ g.

2. Main results

In this section we state our main results. Theorem 1 gives a sufficient condition
for the boundedness of I, which is improvement of [13], and Theorems 2—4 give three
kinds of necessary and sufficient condition under some different restriction which are
independent each other. As corollaries we state results on the boundedness of 1,. At
the end of this section we give examples to show the independence of Theorems 2—4.
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First we state some notion on functions defined on an interval. Let / be an interval
in (0,0). A function 0 : I — (0,0) is said to be almost increasing (almost decreasing)
if there exists a positive constant C such that

0(r) <CO(s) (0(r)=CO(s)) for r<s. 3)

A function 0 : I — (0,e0) is said to satisfy the doubling condition if there exists a
positive constant C such that

c! Q <C for

1 r

- <-<2. 6
For functions 6,k : 1 — (0,e), we denote 0(r) ~ k(r) if there exists a positive constant
C such that

clo(r)<xk(r)<CO(r) for rel
Let ¢;: (0,1] — (0,00), i =1,2.If ¢; ~ ¢, then L, 4, =L, 9, With equivalent norms.
Recall that
ba= Y P(B)xs

BeA(Fy)

The first result is a sufficient condition for the boundedness of /.

THEOREM 1. Let 1 < p<g<eoand ¢ :(0,1] — (0,00). Assume that ¢ is almost
decreasing. If there exists a positive constant C such that

n

> (o1 — )9 (bx) + %9 (ba) < CO(by)?/1 forall n>0 @)
k=0

with convention Y = Yy, then I € B(LM),WLq ¢,,/,,). Moreover, if 1 < p < q < oo,
then Iy € B(Ly oL, yp/a)-

REMARK 2. Let supgcy(z,) P(B) — 0 (n — ). For example the dyadic mar-
tingales on the interval [0,1]. If ¢(r) — 0 (r — 0), then L, 4 = {0}. Actually, for
fe Lpﬁ and By 614(52b),

| \srap= 3, / pars 3 oY PENE) I,

BeA(% BeA(%

< sup @(P(B)” D) P(BﬂBo)IIfHLM,
BEA(Fn) BEA(F)

= sup O(P(B))"P(Bo) [ flL,, =0 (n—eo0).
BEA(F)

Therefore, the almost decreasingness of ¢ is not a strong assumption.

REMARK 3. For an almost decreasing function ¢, let w(r) = info,<, ¢(¢). Then
Y is non-increasing and satisfies the relation ¢ ~ y.
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Now we state necessary and sufficient conditions for the boundedness of /. The-
orems 2—4 below are independent each other, see Examples 1-3.

THEOREM 2. Let 1 <p<g<eoand ¢ :(0,1] — (0,00). Assume that ¢ is almost
decreasing and that there exists a positive constant Cp, ¢ such that

oY/
b W—)f “di < Cpg 0N forall e (0,1] ©

Then I, € B(LM,,qu q),,/q) if and only if (7) holds for some constant C. Moreover, if
1 <p<q<eo, then Iy € B(Lpg,WL, 4p/q) is equivalent 1o Iy € B(Lpg,L, 4p/q)-

REMARK 4. If ¢ is almost decreasing and (8) (or (11) bellow) holds for some
positive constant C), 4, then the function ¢ — ¢(t)1'/P (or t — ¢(¢)r) is almost increas-
ing, see the proof of Lemma 5. Hence ¢ satisfies the doubling condition (6).

REMARK 5. If the function 7 — ¢ (¢)z/? is almost decreasing, then

inf 1/r > 0.
zel(r(l),l]q)(t)t >

This implies L, 4(Bo) = Ly(Bo) for all By € A(F). Actually, for f € Lpoc, Bo €
A(Hy) and B € Uy ,A(#,) with B C By, we have

1 ( 1 /fde>l/p 11, (80) 111z, (Bo)
¢(P(B)) \P(B) /s " 9(P(B))P(B)V/P ~ infie(o 1) (1)1
Therefore, the almost increasingness of (p(t)tl/ P is not a strong assumption.

THEOREM 3. Let 1 < p <g <o and ¢ : (0,1] — (0,00). Assume that ¢ is al-
most decreasing, that t — (p(t)tl/ P is almost increasing and that there exists a positive
constant Cyy such that

D (N1 = W9 (bx) < Crg % (by) forall n>0 9)
k=0

with convention y_ = Y. Then Iy € B(Lp7¢,qu_¢p/q) if and only if there exists a
positive constant C such that /

Y <CO(bp)P/97" forall n>0. (10)

Moreover, if 1 < p < g < oo, then I, € B(LM,,WLq ¢,,/,,) is equivalent to I, €
B(Lp7¢7Lq7¢p/q)‘
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THEOREM 4. Let ¢,y : (0,1] — (0,00). Assume that ¢ and y are almost de-
creasing and that there exists a positive constant Cy such that

-
/ O(r)dt < Cy ¢(r)r  forall re(0,1]. (11)
0
Then the following are equivalent:

(1) There exists a positive constant C such that

n

S (Bt = %) 0 (br) + 19 (bn) < Cyi(by)  forall n>0 (12)
k=0

with convention y_1 = Y.
(i1) Iy € B(L17¢,L171,,).
(iii) Iy S B(L17¢,WL17W).

REMARK 6. In Theorem 4, to prove (ii) = (iii), there is no need to assume (11).

REMARK 7. If (Q,.7,P) is a o-finite measure space and each atom in A(.%)
has a finite measure, then we also have the same results as Theorems 1-4 by using
¢ : (0,00) — (0,0) instead of ¢ : (0,1] — (0,0).

Next, for a function p : (0,1] — (0,0) such that [y 2 LW gt < oo, let I, be the
generalized fractional integral defined by (4). If {Jn}n>o is regular that is, there
exists R > 2 such that

E f SRE,f 13)

for all non-negative integrable function f, then the inequality b, < b,—; < Rb, holds,
see [12, Lemma 3.1]. Hence, if ¢ satisfies the doubling condition (6), then

(by) /h i @dr

k

M
§
|
§
\_/
Il
M
=

L% [ ee@

=17bx !

_ [,
b t

That is, (7) is equivalent to

b b
0 (bn) &dﬂ—/0¢(t)p(t)dt<C¢(bn)1’/‘1 forall n>0.  (14)
0 4 by t

This type inequality was first introduced by Gunawan [6] to extend the result of Adams
[1] on Morrey spaces defined on R" to generalized Morrey spaces.

Recall that the almost decreasingness of ¢ and the condition (8) (or (11)) imply
the doubling condition (6) of ¢, see Remark 4. For the boundedness of I, , we have the
following corollaries:
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COROLLARY 1. Let { %, }n>0 be regular, 1 < p < q<eoand ¢ :(0,1] — (0,0).
Assume that ¢ is almost decreasing and satisfies the doubling condition (6). If (14)
holds for some positive constant C, then 1, € B(LM,,qu ¢,,/,,). Moreover, if 1 < p <

q <o, then I, € B(Lp7¢7Lq7¢"/")'

COROLLARY 2. Let { %, }n>0 be regular, 1 < p <q<eoand ¢ :(0,1] — (0,e0).
Assume that ¢ is almost decreasing and that (8) holds for some positive constant
Cpo- Then I, € B(Lp’q),qu_d)p/q), if and only if (14) holds for some positive con-
stant C. Moreover, if 1 < p < q < oo, then I, € B(Lp’q),qu’(p,,/q) is equivalent to

Ip € B(Lyg, Ly sp/a)-

COROLLARY 3. Let { %, }n>0 be regular, 1 < p < g <eoand ¢ :(0,1] — (0,e0).
Assume that ¢ is almost decreasing and satisfies the doubling condition (6) and that
there exists a positive constant Cp ¢ such that

/1 ¢(t_)tp(t) dr < Cp@(r)p(r) forall re(0,1]. (15)

Then I, € B(Lp’q),qu’ ¢,,/,,) if and only if there exists a positive constant C such that

bn (¢
@dt <CH(by)P'™" forall n>0. (16)
0
Moreover, if 1 < p < q <o, then I, € B(Lp7¢7qu.¢,,/q) is equivalent to I, €

B(LP,(P?Lq’q)I’/‘i) :

COROLLARY 4. Let {%,}n>0 be regular and ¢,y : (0,1] — (0,00). Assume that
¢ and y are almost decreasing and that (11) holds for some positive constant Cy.
Then the following are equivalent:

(1) There exists a positive constant C such that

¢(bn)/0b" @dH— bbowdz <Cy(by) foral n>0, (17

(i) I € B(L1¢,L1y).
(i) Ip € B(L1,9,WL1y).

REMARK 8. The definition (4) is an improvement of [13]. Hence Corollary 1
is also improvement of the corresponding result in [13]. See [5] for necessary and
sufficient conditions for the boundedness of I, on generalized Morrey spaces defined
on R".

We denote I, by I, if p(t) = at® and o > 0. If ¢(r) =%, then L, 4 = Lyj
(see [12]). In this case (14) means oA < Ct*P/4 if @+ A < 0. Then we have the
following corollary.
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COROLLARY 5. Let {Z,}u>0 be regular, 1< p<g<eoand —1/p<A<—0<
0. Then Iy € B(Lp 3, WLy 3p/q) ifand only if Ap/q < oc+A. Moreover, if 1 <p <q <
oo, then Iy € B(Ly, 5, WLy 3.p/4) is equivalent to Iy € B(Lp, 3,Lg3p/q)-

If Zy={Q,0} and ¢(¢) = =P then Lpo =L,. In this case (14) means
2 Ur <oV if o < 1/p. Then, for the boundedness of I, on Lebesgue spaces, we
have the following corollary.

COROLLARY 6. Let { %, }n>0 be regular, Fo={Q,0}, 1 <p<qg<eoand0<
o< 1/p. Then Iy € B(L,,WLy) ifand only if —1/q < oo —1/p. Moreover, if 1 <p <
q < oo, then Iy, € B(L,,WLy) is equivalent to I, € B(Lp,Ly).

The following examples show the independence of Corollary 2—4, which also show
the independence of Theorems 2—4 by setting ¥, = b " P ( Ldr.

EXAMPLE 1. Let I <p<g<e, u<0, = (p/qg—1)u+1 and

p(r) = (log(e/r)) P, ¢(r) = (log(e/r)) "
Then (8) and (14) hold, but (15) does not hold. More precisely,

r /
/ o(r)el/p g q)(r)rl/p
0 t

and
o) [P ai [ OO0 gy (rog(er) B = p(ry,
but
[ 2P0 4z 600

EXAMPLE2. Let I <p<g<o, u>0,a=1/p—1/q, B=(p/q—1)u and

p(r)=r(log(e/r)) P, ¢(r)=r"""(log(e/r)) ™"
Then (15) and (16) hold, but (8) does not hold. More precisely,

[ 2P0 4 < 5p0r

and

[ 2 at~ p) = oy,

/or o - /r (log(et/t))‘“ di Z (log(e/1)) ™ = ¢(r)r'/7.

14 0

but
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EXAMPLE3. Let < p<g<oo,0<A<1,B>1and

p(r)=(logle/r)) P, o(r)=r"* w(r)=r"(logle/r))' P

Then (11) and (17) hold, but (14) does not hold. More precisely,

[ owar~r= =g

and
r 1
o) [ B i+ [ 2P gy gt/ )) P = i),

but

o) [P ars [MOOPE 4t 10g(esr)'# s r0la = o

3. Doob’s inequality on martingale Morrey spaces

In this section we establish Doob’s inequality on martingale Morrey spaces which
we use to prove the boundedness of 1.

For a martingale f = (fu)n>0 relative to {.%,},>0, the maximal functions are
defined by

M,f = sup |fu|, Mf=sup|fl

o<m<n n=0

For a function f € Ly joc With p € [1,00), let f, = E,f, n>0. Then (f,)n>0 is a
martingale and lim f,, = f in L,(B) for each B € A(%). For this reason a function

f € Ly o and its corresponding martingale (f,)n>0 With f, = E,f will be denoted by
the same symbol f. In this case

M, f= sup |Emf‘7 Mf:sup|E,,f\ for f € Lijoc-

o<m<n n=0

It is known as Doob’s inequality that (see for example [17, pages 20-21])
p
ML, < IﬁHfHL,ﬂ feL,(p>1), (18)

IMfllwe, < fllzys f € Lo (19)

In this section we extend (18) and (19) to generalized Morrey norms.

THEOREM 5. Let p € [1,00) and ¢ : (0,1] — (0,00). Assume that ¢ is almost
decreasing. Then there exists a positive constant Cp, ¢ such that, for any f € L, 4,

||MfHLp,¢ < Cp7¢||fHLp,¢7 fp>1,
IMfllweiy < Crolfll,, #Fp=1.
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Proof. Case 1: p>1. Forany B€ A(%,), m>0,let f=g+hand g= fys.
Then, using (18), we have

[gyrar< [ (agyars [ jgirar= [ |frar.
B Q Q B
Hence

1 1 1/p
———= | 5 [ (Mg)PdP < . 20
s (i M7 aP) <1l 20
Next, take B, € A(%,), n=0,1,--- ,m, such that B=B,, C B;,—1 C --- C By. Then,
foras. w € B,

0 (n>m)
E.h(0) = 1
m 5, hdP (l’l < m)
If n < m, then
1 1/p
@) < (s [ 10PaP) < (B, S OB o

since ¢ is almost decreasing. Hence

M S 6(PB)f Ly, on B. o
Then ,
1 1 p

s (g omrae) <151, @)

By (20), (22) and the inequality M f < Mg+ Mh, we have

1 1 1/p
¢o(P(B)) (ﬁ /B(Mf>”dP) SISy

which shows the conclusion.
Case 2: p=1. Let g and & be as in Case 1. Then, using (19), we have, for all
t>0,

tp(Bm{Mg>t})gtp(Mg>z)</Q|g\dP:/B\f\dp

and then
1 tP(BN{Mg>1})

<Al
¢(P(B)) P(B) b
We also have (21) for the case p = 1. Then
1 tP(BN{Mh>t})
CLLESLYTPTI

¢(P(B)) P(B)
Therefore we have the conclusion. [

From Theorem 5 we have the following corollary for martingales:
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COROLLARY 7. Let p € [1,0) and ¢ : (0,1] — (0,°0). Assume that ¢ is almost
decreasing. Then there exists a positive constant C,, ¢ such that, for any f = (fu)n=0 €
M,

P9’

HMf”Lpd) ¢Sup||f"||Lpd)? #p > 1

[Mfllwe, o <Cryg sup | fllLy g, #p=1
nz

4. Lemmas
In this section we show several lemmas to prove the main results.

LEMMA 1. Let p€[l,o0) and ¢ : (0,1] — (0,00). Let (¥)n>0 be a non-increasing
sequence of non-negative bounded functions adapted to {%,}n>0. Let = (fn)n>0 €
M1, ;- Suppose that sup,~q || fullz, , = 1. Then

n

(L f)nl <, (Bee1 — %) 9 (br) + 10 (bn) (23)

k=0

Jor all n > 0 with convention y_1 =y and f_| =

Proof. First note that

[ful < 9(bn). 24)
Actually, for any B € A(%#,) and for a.s. ® € B, we have
1 1/p
= - p
0) =55 [oa?| < (g [ ar) " < oteio),

since || fu]| L, < 1. Hence, for n=0, (23) is easily verified. For n > 1, by resummation
and the assumption on (,),>0, we have

(LS )n| =

.o+ i Yeo1(fx — fa1)
k=1

= | N1fe— D, Ve + Wk
k=0 k=0
<Y (1 — WISl + 1wl ful-

k=0

Hence, by (24) we obtain (23). [

LEMMA 2. Let (Yu)n>0 be a non-increasing sequence of non-negative bounded
functions adapted to {F, }p>0. Let f = (fu)ns0 be a martingale. Then,

| (L f)m — Iy f)n—1] 2% Mf (25)

for all 0 < n < m with convention (I,f)—1 = f-1 =0 and y_1 = .



940 E. NAKAI AND G. SADASUE

Proof. If n =m, then

|(I)’f)m - (I}'f)n—1| = |7’n—1(fn —fn—1)| < 27n—le-

If n < m, then, by resummation, we have

Uy — | = | S e G — i)

k=n
EYk 1fe— 2 Yk
k=n—1
m—1
< Z (Ye—1 = YOSl + Y1 [ fnl + Va1l fu1
k=n
m—1
<Y (Yot — WM + Y Mf + Yo M
k=n
22’]/,,,1Mf.

This is the conclusion. [

LEMMA 3. Let (V)n>0 be a non-increasing sequence of non-negative bounded

functions adapted to { Fy }n>0. Let f= (fu)nz0 € M1, , suchthat sup,~ || fullL,, = 1.
If 0 <n<m, then

"B /|ny (Lf)aldP < 22576 (P(B)) forall BeA(F,).

Proof. If n=m, then itis clear. If n+ 1 = m, then

|(I)/f)m - (I)/f)n‘ = V-1 = fn—1)| < Yl finl + Wl Sl -
If n+2 < m, then, by resummation as in the proof of the previous lemma, we have

m—1
|(I)/f)m_(IYf)n|< Z (Yk—l_’Yk)|fk|+7/m71|fm‘+%‘fn|'

k=n+1

Using the fact | f;| < Ex|fm|, where n < k <m, for B € A(%,), we have

%/B(Yk 1= Y/l dP < P(l )/(Yk 1= %) fm| AP,
and

1
@A%‘fn‘dpg @/B%‘ﬁn“lp'
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Then,

Py J, 0 n = Ul ap

s %/B ( 2 (Yk_l _Yk)ﬁ”+yml|fm+'ynﬁn|> dP

k=n+1

B
- "—/27n\fm|dP
<2819 (P(B ))||meL1¢
Since ||fm||LL¢ < 1, we have the conclusion. [
LEMMA 4. Let 1 < p<qg <o and ¢ : (0,1] — (0,00). Assume that ¢ is al-

most decreasing and that t — ¢(1)t Y s almost increasing. Then, for any atom
B € U;_(A(#,), its characteristic function g is in L, s and

C
lx8llL,, < o(P(B))’

where the positive constant C is independent of B.

Proof. Let B’ € Uy _(A(.%,) such that P(B'NB) > 0. Then, B C B or B' D B. If

B' C B, then
1 1/p 1 1/p
S dP = —/ dP =1
(P(B/) p X ) (P(B) 5" )

and ¢(P(B)) < ¢(P(B')), since ¢ is almost decreasing. Hence,

1 1 e 1 e 1
o(P(B) (W Bf"BdP) S 5P®) (ﬁ/g’“‘”’) = o(PB)

If B’ O B, then
1/p 1/p
(fmar) = (funar)
B B

and ¢(P(B))P(B)'/? < ¢(P(B'))P(B)"/?, since t — ¢(¢)t'/? is almost increasing.
Hence,

1/ 1/
¢<P<B/>>1P<B’>1/P </ xe ‘”D) e q)(P(B))lP(B)l/P (/" ‘”D) p

Therefore, we have the conclusion. [
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LEMMA 5. Let 1 < p<g <o and ¢ : (0,1] — (0,°0). Assume that ¢ is almost
decreasing and that (8) holds some positive constant C, 4. For any n and any atom
B € A(%,), take a sequence

B=B,CB, 1 C--CByC---CBy, BrcA(%),
and let

ff= 2 O(P(BY)) (X8, — XBisr) + 0 (P(Bn)) X5, (26)

Then f? isin L,y and
HfB”L,w <C,

where the positive constant C is independent of B and n.

Proof. First note that, from the almost decreasingness of ¢ and (8) it follows that
1/17 N t tl/P
1/p</ AL </ %dt,ﬂ(b(s)sl/p for r <s.
0

This shows that ¢ — ¢(r)¢!/7 is almost increasing. Then we have

[ oopa— [ G007,
§(¢(V)”l/p)pI/Orwdtf,((P(r)rl/”)p:d)(r)”r for r > 0.
(27)

See also Lemma 7.1 in [1 1] for these type inequalities.
Now, for any atom B’ € U7 |A(%), if P(B'NBj) =0, then

/ 7BPaP = 0.
B,

If P(B'NBy) >0, then B’ C By. Let kg = max{k < n: B’ C B;}. Then we have three
cases:

ko<n and B' =By,
ko <n and B C Bko \Bk0+17
ko=n and B’ C By, = B,.

In all cases we have

{ b 1/p< { . 1/p
(PB,)/B,f dP) N<P(Bk0>/3k0f| dP) 7
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since ¢ is almost decreasing. Then we have

1/p
101, 5 st ¢( ( /"|f|pdp) |

By the definition of f? and (27) we have

n—1
/B /EP dp = %¢(P(Bj))p(P(Bj)—P(B,/+1))+<P(P(Bn))pP(Bn)
k j=

n—1 P(Bj) B,l
= 2/ I’dt+/ )P dt
=k P(Bj+l)

P(By)
N/ (1) dt < 6 (P(BY))"P(By).
This shows that

1
¢(P(By))

and the desired conclusion. [

1 » 1/p -
dP 1 for 0<k<n,
(P(Bk) ‘/Bk il ) ~

5. Proofs of main results

In this section we prove Theorems 1-4. First we show the following pointwise
estimate by the method of Hedberg [7].

PROPOSITION 1. Under the assumption in Theorem 1, there exists a positive con-
stant C such that, for all f = (fu)n>0 € A1, , satisfying sup,~q || fallz,, =1,

M(Lf) < C(Mf)P/a. (28)

Proof. We may assume that ¢ is non-increasing by Remark 3. Let f = (f,),>0 €
My, , such that sup, || fullz,, = 1. Combining (7) and Lemmas 1 and 2, we have,
forall n >0,

|(Lyf)ul < C(ba)P/4, (29)
and,if 0<n<m,
(L) — (I f)n—1| < C(by)P/97 M, (30)

with convention (I,f)_; = 0, since (7) implies %1 < ¢(b,)P/7~". Let

N= Z.OX{ManMf}»

and define measurable subsets Q, Q, and Q3 by

le{Nzoo}, QQZ{NZO}, Q3={O<N<°°}.
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Case 1: Let o € Q. Since ¢(b,) in non-decreasing with respect to n, we have
¢(by(w)) < (Mf)(w) forall n > 0. Hence, we have

|(Iyf )n(@)] < CP(ba(@))P4 < C(M[)()")

by (29), that is, (28) holds on Q.
Case 2: Let o € €. Combining the fact Mf(w) < ¢(bo(®w)) and (30) with
n =0, we have

(I f ) (@)] S @ (b))~ M () S (Mf ()"~ Mf(w) = (Mf(0))"9,

that is, (28) holds on 5.
Case 3: Let @ € Q3. Then, we can take an integer n such that

¢(bp-1(@)) <Mf(w) and  ¢(bn(w)) > Mf(w).

If m<n— 1, then we have |(Iyf)m(®)] < CMf(w)?/9 by (29). If m > n, then, using
(29) and (30), we have

|y f)m(@))]

< Bt (@) + Iy (@) = (s (@)]
S (b1 (@)1 4 0(ba(@))? M (@)
< MF(0)"/9+ {Mf(0)}"/ M f(0)
< Mf(w)"/9.
That is, (28) holds on Q3 and we have the conclusion. [
Now, using the above pointwise estimate, we prove Theorem 1.

Proof of Theorem 1. Let f = (fu)nz0 € A1,, such that sup,q||fullz,, = 1.
Then, using (28) and Corollary 7, we have

sup [ (B nllueyjy < IMUF) e, g S 1PV

>0 q.0P/4 ™ q.0P/4

rlq
= (IMfllwr, )7 < (sggnfnnw) =1

Moreover, 1 < p < g < o, then, using the boundedness of M on ///LM, we have the
desired conclusion. [

Proof of Theorem 2. 1Tt is enough to prove the necessity by Theorem 1. For B €
A(F,), let f? be the function defined by (26). Then ||f#||, , <1 by Lemma 5 and
Ecf® > xpo(br), 0<k<n. 31
We regard f2 as a martingale f? = (E;f®);0. By resummation and (31), we obtain

n

Xy fP)n =18, (Vw1 — W)ERS® + xpmEnf®

> B (i(Ykl = %)9 (i) +%B7fn¢(bn)> :
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Then, noting (2), we have

xB (i(Ykl —%)9 (i) +Yn¢(bn)> < 28I f%)n

k=0

B P(BN{|(Lf5)a) > 1)\
‘“2?( P(B) )

< xs9(PB) (Ll ,
< 289 (ba)?" 450 || (1P )il

>

q.0P/4

< 280 ()" sup | Exf®| L,
k>0

S x50 (Ba)” ) £\,
S 256 (ba)1.

This shows the conclusion. [

Proof of Theorem 3. 1f (9) and (10) hold, then (7) holds. Therefore, by Theorem 1,
we have Iy € B(Lpg, WL, 4p/q) if 1 <p <gq<eoandly€B(Lyy,L, 4pq) if 1 <p<
g < . Conversely, assume that (9) holds and that I, € B(Ly4, WL, 4p/q). For the
martingale xg = (EnX8)m>0 With B € A(.%,), we have

n

(Iyxs)n = X, (Ye1t — W) ExXB+ YaXB (32)
k=0

by resummation. Therefore, noting that 1 — % > 0 and using the fact || yz|| Lyy S
C/¢(P(B)) (Lemma 4) and (2), we have

xBYn < XB(IyXB)n

B PBN{|(Lyxs)al > 1)\
“*$525t< P(B) )

< xs9 (P(B))"' | (Iyxts)nl v

< XB¢(bn)p/q su%) | (Zyx)kllwe

q.0P/4

q.0P/4

=

< 289 (ba)P/ sup |ExxBllL,.

=

Then (10) holds. [

Proof of Theorem 4. Proof of (i) = (ii): Let f = (fu)uz0 € 41, such that
Sup,~o || fallz, , = 1. Combining (12) and Lemmas 1 and 3, we have

(I f)m| < Cyr(by) forall m=0, (33)
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and,if 0 <n <
/ (L) — (Lyf)u dP < Cw(P(B)) forall B € A(F,). (34)

Now, for any m,n and any atom B € A(%,), if m < n, then, using (33) and the almost
decreasingness of y, we have

|(Lyf)m| S w(bm) S W(ba) = w(P(B)) onB.

Hence

1
5y E P < w(P(E).

If m > n, then, using (33) and (34), we have

ﬁ/BKlyf)m‘dP P(lB /‘ Iyf)nldP + 525 /\ Lyf)m — (Iyf)nldP
S w(P(B)).

From these two cases, we have

sup [|(Zyf)ml|zy, <

m=0

which shows I € B(Ly ¢,L1y).

Proof of (ii) = (iii): Itis clear.

Proof of (iii) = (i): Taking p = g = 1 and replacing ¢*/? by y in the proof of
Theorem 2 above, we have the conclusion. [
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