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L,-MIXED AFFINE SURFACE AREA

TiAN L1 AND WEIDONG WANG

(Communicated by M. A. Hernandez Cifre)

Abstract. Lutwak introduced the notion of L, -affine surface area by L,-mixed volume and
obtained some related inequalities. In this article, based on the L, -mixed quermassintegrals, we
define the concept of the L, -mixed affine surface area and extend some of Lutwak’s result.

1. Introduction

We say that K is a convex body if K is a compact, convex subset in n-dimensional
Euclidean space R" with non-empty interior. The set of all convex bodies in R” is
written as ", and its subset #," denotes the set of convex bodies containing the
origin in their interiors. Similarly, 7" denotes the set of convex bodies with centroid
at the origin. Let .#" (.#)) denote the subset of J#" (J£)") that have a positive
continuous curvature function. Besides .} denotes the set of star bodies (with respect
to the origin) and .7 denotes the set of star bodies whose centroid lie at the origin
in R". Let §"~! denote the unit sphere in R” and V(K) denote the n-dimensional
volume of the body K, for the standard unit ball B in R", denote w, =V (B).

The notion of classical affine surface area was defined first by Blaschke ([1]). For
a smooth convex body K in R3, the affine surface area, Q(K), of K is given by

QK) = [ f(K.upas),
=

where f(K,-) denotes the curvature function of K € #", and dS(-) denotes the in-

finitesimal of Lebesgue measure S(-) on the unit sphere $"~!. Later, Q(K) was natu-

rally considered for sufficiently smooth K in .2 by Leichtweiss ([6]) as

Q(K) = - F(K,u)TTdS(u).

In 1989, Leichtwei 3 ([7]) extended the domain of Q: .#" — (0,+e0) from F#"
to £ ™ as follows: For K € #™, the affine surface area, Q(K), of K is defined by

ntl

n i Q(K) " = inf{nVy(K,Q")V(Q)7 : Q € ).
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Here Q" denotes the polar body of Q and V;(M,N) denotes the mixed volume of
convex bodies M and N.

Based on the classical affine surface area, Lutwak (see [12]) introduced the clas-
sical notion of mixed affine surface area and obtained some isoperimetric inequalities
for this notion. During the past three decades, the investigations of the classical affine
surface area have received great attention from many articles (see [2, 3, 7, 8, 10, 11, 12,
13, 14, 15, 16, 17, 20, 34, 35, 36]).

In 1996, according to the L,-mixed volume, Lutwak ([15]) introduced the notion
of L, -affine surface area. For K € %", p > 1, the L, -affine surface area, QP(K ), of
K is defined by

nhQ,(K) W = inf{nV,(K,Q")V(Q)" : Q € 7"},

Here V,(M,N) denotes the L,-mixed volume of M,N € JZ". Obviously, for p =1,
Q,(K) is the classical affine surface area Q(K).

In 2007, Wang and Leng ([24]) introduced the notion of ith L,-mixed affine sur-
face area and obtained results related to it. Regarding the studies of the L, -affine
surface areas also see ([21, 22, 25, 26, 27, 28, 30, 31, 32, 33]).

Based on the definition of L, -affine surface area, Lutwak ([15]) proved the fol-
lowing results:

THEOREM 1.A,. If p>1 and K € X, then

o’

Q,(K)"P 7 ‘
[n"ﬂ’V(K)”—P < V(K)V(KY). (L.1)
1
QKPP .
Here APV | 1S called the L, -affine surface area ratio of K.

THEOREM 1.A,. If p>1 and K € F)}, then

[%MWP

|| <V, (12)

with equality if and only if K* and A,K are dilates.
THEOREM 1.B,. If K€ 2", 1 < p <gq, then

1 1
QP(K)n+P 7 - Qq(K)n+q q (1 3)
PV (K)np | | prtaV (K)na | '
THEOREM 1.B,. If K€ .7, 1 < p <q, then
1 1
QP(K)VH‘P P < Qq(K)VH‘q a (1 4)
nn+pV(K)n—p = nn+qV(K)n—q ’ :

with equality if and only if A, K and A4K are dilates.
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THEOREM 1.C,. If K€ #]", 1< p<q<r,then

Qq(K)(n+q)(r—p) < QP(K)(n+p)(r—q)gr(K)(n+r)(q—p). (1.5)

THEOREM 1.C,. If K€ Z}, 1 <p<gq<r,then
Qq(K)("JF‘I)("*P) < QP(K)(n+p)(r*f1)gr(K)(n+r)(f1*p). (1.6)
with equality if and only if A,K and A, K are dilates.

The main purpose of this article is to define the notion of L, -mixed affine surface
area by Lutwak’s L,-mixed quermassintegrals (see [14]). Then by this notion we es-
tablish some inequalities which are extensions of parts of Lutwak’s results in [12] and
[15].

Associated with the L,-mixed quermassintegrals (see [14]), we first give the no-
tion of L,-mixed affine surface area as follows:

DEFINITION 1.1. For K€ )", p>1and i=0,1,---,n—1, the L,-mixed affine
surface area, Q, ;(K), of K is defined by

n+p—i

W, (K) T = inf{nW,(K,Q")Wi(Q)77 : 0 € Z}. (1.7)

Here W, ;(M,N) denotes the L,-mixed quermassintegrals of M,N € JZ.

Note that above definition is different from the notion of ith L,-mixed affine sur-
face area in ([24])

We easily see thatif i =0 in (1.7), then Q,,;(K) is just the L, -affine surface area.

Further, we establish some inequalities for the L, -mixed affine surface area which
extend the results of Theorems 1.A ,-1.C;. Our main results can be stated as follows:

THEOREM 1.1,. If Ke ', p>1and i=0,1,---,n—1, then

. n+p—i % -
| < wow), (18

1
Qp,i(K)n+’)7i

Here [W

K.
THEOREM 1.1,. If K€ Z!, p=1landi=0,1,--- .n—1, then

Ky b
| < ww ), (19

»
} may be called the i-th L,-mixed affine surface area ratio of

with equality if and only if K* and A, ;K are dilates.
THEOREM 1.2,. If Ke #)', 1<p<qgandi=0,1,---,n—1, then

nn+p7ivVl.(K)nfp7i n"+’17"‘/Vi(K)"*’1*i
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THEOREM 1.2,. If K€ F!, 1<p<qandi=0,1,---,;n—1, then

QK™ 17 [ @Ky
= | < - 2 I (1.11)
nn+p—z‘/Vi(K)n—p—t nn-&-q—zm(K)n—q—z
with equality if and only if A, ;K and A, ;K are dilates.

THEOREM 1.3,. If Ke #)', 1<p<g<randi=0,1,---,n—1, then
Qi K)rta=iir=r) < QPJ(K)(V“FP*")(V*’{)QM( K)mtr=ia=p), (1.12)

THEOREM 1.3,. If K€ F!, 1<p<qg<randi=0,1,---,n—1, then
Q%i([()(’”r‘{*i)("*l’) < QW.(K)(n+pfi)(rfq)gr7i(K)(nJrrfi)(qu)’ (1.13)

with equality if and only if A, ;K and A,;K are dilates.

The proofs of Theorems 1.1,-1.3;, will be completed in section 3 of this paper.

2. Notations and background materials

2.1. Support function, radial functions and polar set

If K € 2", then its support function, hx = h(K,-) : R" — (—oo,00), is defined by
(see [4, 19])
h(K,x) =max{x-y:y€ K}, xeR",

where x-y denotes the standard inner product of x and y. Obviously, #(AK,-) =
Ah(K,-), where A is a positive constant.

If K is a compact star-shaped (with respect to the origin) in R”, then its radial
function, px = p(K,-) : R"\ {0} — [0,0), is defined by (see [4, 19])

p(K,x) =max{A >0:Ax e K}, xeR"\{0}.

If px is positive and continuous, K will be called a star body (with respect to the
origin). Two star bodies K and L are said to be dilates (of one another) if pg(u)/pr(u«)
is independent of u € §"~!.

If E is a nonempty subset and contains the origin in R”, then the polar set, E*, of
E is defined by (see [4, 19])

E*={xeR":x-y<l,yeE}.
It is easily verified that (K*)* = K for all K € .%,". Moreover, for K € .} and all

ues1,
1

" hee ()

px (1) (2.1)
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2.2. L,-mixed surface area measure and L,-mixed curvature image

The L,-mixed surface area measure of convex bodies is introduced by Lutwak
(see[14]). For K € 22", real p > 1 and i =0,1,---,n—1, the L,-mixed surface area
measure, S, ;(K,-), of K is defined by

dSpi(K,-) 1o
————==h P(K,). 2.2
R =) 22)
Equation (2.2) is the Radon-Nikodym derivative of the L, -surface area measure S, ;(K, )
with the respect to the surface area measure S;(K,-).

For i=0,1,---,n—1, we say K € #™ has a curvature function f;(K,-): 5" ! —
R, if measure S;(K,-) is absolutely continuous with respect to spherical Lebesgue mea-

sure S, and
dSi (Kv )
—— = fi(K,-). 2.3
= K (23)
Let p>1 and i=0,1,---,n—1. A convex body K € %" is said to have a
generalized L, -curvature function (see[18]), f,:(K,-) : S"~ ! — R, if measure S, ;(K,")
is absolutely continuous with respect to spherical Lebesgue measure S, and

dSPJ(K» )
das
Obviously, f,0(K,-) = f,(K,-). Here f,(K,-) is the L,-curvature function of K € 7"

(see [15]).
Also, from (2.2), (2.3) and (2.4), we know that for K € .Z”,

foi(K,) =P (K ) fi(K, o). (2.5)

Meanwhile, according to the definition of L,-curvature image, Lu and Wang
([18]) gave the definition of L,-mixed curvature image as follows: For K € Fr.p=>1
and i=0,1,---,n—1, the L,-mixed curvature image, A, ;K € ., of K is defined by

:fp,i(K»')~ (2.4)

_i WA, K
P(Ap,iK7 .)n+p i %fm(lﬂ ) (2.6)
If i=0in (2.6), then
ApoK = ALK.

Here A,K is called L,-curvature image that was established by Lutwak (see[15]).

2.3. Quermassintegrals and L, -mixed quermassintegrals

For K € ", i=0,1,---,n— 1, the quermassintegrals, W;(K), of K are defined
by (see [4, 19])

Wi(K) = % [ i ()dSi(K )
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Here S;(K,-) (i=0,1,---,n— 1) are the area measure of K € .#". Obviously,

1
Wo(K) = - lI@K(u)dS(Km) =V(K).
n Jsn-
For K,L € %', p>1 and A,u > 0 (not both zero), the L,-Minkowski linear

combination (also called Firey combination), A - K +pu-Le %f,", of K and L is
defined by (see[14])

h(A K +p L) = Ah(K, )P+ ph(L, ).

Here ‘+,’ denotes the L,-Minkowski addition and ‘-’ denotes the Firey scalar multi-
plication.

Associated with L,-mixed surface area measure, Lutwak ([14]) defined the L,-
mixed quermassintegrals (also called mixed p-quermassintegrals). For K,L € ,/“if()",

p>1,i=0,1,---,n—1, the L,-mixed quermassintegrals, W, ;(K,L), of K and L are
given by (see [14])

W, (K, L) = / 12 (u)dS, (K ). 2.7)
From (2.7), it follows immediately that for each K € .2 and all p > 1,
W,i(K,K) =W;(K). (2.8)
Let i =0 in (2.7), the L,-mixed volume, V,(K,L), of K,L € %, is given by
V,(K,L) = ! - 1h”(u)dSp(IQu).

If i=0 and p =1 in (2.7), then the mixed volume, V; (K,L), of convex bodies K and
L is defined by

1
VKL= | (wdSE. ).

2.4. Dual quermassintegrals and L, -dual mixed quermassintegrals

For K € . and real i, the dual quermassintegrals, W,-(K), of K is defined by
(see[9])
W)= | ok s (). (2.9)
Obviously, for i =0,

(k) = [ PRS0 = V(E).

For K,L € .7}, p>1 and A, = 0 (not both zero), the L,-harmonic radial
combination, A x K+_p;,L xLe ), of K and L is defined by (see[li])

o

PX KT x L) P =Ap(K,) P +pp(L) "
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Associated with the L,-harmonic radial combination of star bodies, Wang and
Leng (see[23]) introduced the notion of L, -dual mixed quermassintegrals as follows:
For K,Lec .}, p > 1 andreal i # n, the L,-dual mixed quermassintegrals, w_ pi(K,L),
of K and L is defined by

1 e
WopaKiD) =+ [ ok wpy (0dS(u). (2.10)
From (2.9) and (2.10), it follows 1mmed1ately that for each K € . and all p > 1,
W_,.i(K,K) = Wi(K). (2.11)

The Minkowski’s inequality for the L, -dual mixed quermassintegrals is (see[23]):

Let K,L € ./}

(24

>l andreal i # n, thenfor i <n orn<i<n+p,

W_p,i<K7L> > Wi(K) 57 Wi(L) "7, (2.12)

for i > n+ p, the inequality (2.12) is reversed. Equality holds in each inequality if and
only if K and L are dilates.

3. Proofs of Theorems

In this section, we complete the proofs of Theorems 1.1,-1.3 ;. Here, we first give
a property of the L, -mixed affine surface area Q,, ;(K) as follows:

THEOREM 3.1. If K€ Z!, p>1and i=0,1,---.n—1, then
Qp7,-(K)"+p_izn"+p_iw:_iﬁ/i(l\p7i[()p. (3'1)
LEMMA 3.1. [18]1 If K€ %!, p>1landi=0,1,---,n—1, thenforany Q € S,

Wi(Ap.,iK)

Wfp,i(Ap,iK7 Q) = Wp,i(Ka Q*) (32)

Proof of Theorem 3.1. According to (2.12), for i < n, we have for any Q € .7

-
W_pi(ApiK,Q) = Wi(A,, ,K) = W-(Q) = (3.3)
Using (3.2), (3.3) and definition (1.7), yield

Wy (K) T = inf{nW,i(K.QWi(Q) 7 : Q € '}

. nay ~ ~ A
=inf{ ———W_ i A .iKa ‘/Vt n=il ‘%}n
g W e K Q@) 0 < 77|

. nay ~ ntp—i ~ P~ .
> infd =P WA K) T W) EWHQ) T Qe A
i {W,- o WA K ST Q) ()% - 0 }

L

—mf{na)nW(Ap,K) QG&’"}

= nw,Wi(A,K)7. (3.4)
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On the other hand, combining with definition (1.7) and (3.2), we obtain for any
Qe "

2 n+p—i ~
nTQ, (K) T < Wi (K, QF)Wi(Q) ™
nw, -~ ~ L.
==—W ,i(A,;K,Q)W; n=i, 3.5
WAy i) pi(ApiK, Q)Wi(Q)

Taking Q for A, ;K in (3.5) and using (2.11), then

n+p—i L

n_%Qm(K) = < nwyWi(ApK)7

From (3.4) and (3.6), we see that

n+p—i L

n7%QP7i(K) = = na,Wi(ApK)7

ie.
Qpi(K)"H 7 = 0" P Wi (A K
This yields (3.1). O
Let i =0 in Theorem 3.1 to get the following result which was obtained by Lutwak
(see [15]).
COROLLARY 3.1. Suppose K € F), p > 1, then

Q,(K) = neol 7V (A K) 77

Proof of Theorem 1.1 ,. From definition (1.7), we obtain for any Q € ./,

ntp—i ntp—i P

Qpi(K) 7T <nomT Wyi(K,Q1)Wi(Q) 7, (3.7)
Since Q* € £, thus taking Q* = K in (3.7), then

ntp—i ntp—i

QpJ(K) n—i <n n—i ‘/Vl( )W(K*)n’%z’

Hence
Q) i(K)"r
nn+p7ivVl. (K)nfpfi

< Wi(K)Wi(K").
This gives (1.8). O

Proof of Theorem 1.1,. Let Q* = K in (3.2), and together (2.8) and inequality
(2.12), we have that for all i < n,

Wi(K) = Ni"-)ﬁ/_pﬂ-(/\pﬂ-K,K*)

— S WiApiK) T W (KT)
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Then

Using (3.1), we get

[ Q, i (K)yr+r-i

|| W) 33)

According to the equality condition of (2.12), we see that equality holds in (3.8) if
and only if K* and A, ;K are dilates. This yields (1.9). O

In order to prove Theorem 1.2,, the following lemma obtained by Wei and Wang
(see[29]) is needed.
LEMMA 3.2. IfK,Le %), 1<p<qgandi=0,1,---,n—1, then
W,i(K,L) 1P _ [Woi(K,L)]1
Wi(K) | L owiK) ]
with equality if and only if K and L are dilates.

Proof of Theorem 1.2 ,. For any Q € .}, we have Q* € %" . Hence, by Lemma
32,wegetfor 1 <p<gq,

[ < [

Wi(K) Wi(K) (39)

with equality if and only if K is a dilate of Q*.
Combining with definition (1.7) and (3.9),if i=0,1,---,n— 1, then we yield

nnerfiVVi(K)nfpfi ntp—i n—p—i

i) - [

Hence

Q(K)" 1 17 [ Quu(K)"e
nn+p—i‘/Vi(K)n—p—i = nn-‘rq—i‘/Vi(K)n—q—i :

This yields (1.10). O
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Proof of Theorem 1.2;,. From (3.2), we have

==
<=

[Wm(lf’ Q*)} » _ [a’nwm(/\m[{’ Q)}

Wi(K) Wi(K)Wi(A iK)

Q=
EE

S L))" [aultD)

Using (3.9), we get that for 1 < p < ¢,

(3.10)

Wi(K)Wi(Ap,iK)

[mnw—p,i(ApiK» Q)} z < [wnﬁ/—q,i(Aq,iK» Q)] 7
Wi(K)Wi(AgiK) |

Taking O = A, ;K in (3.10), and using (2.11) and inequality (2.12), we obtain

] > [=hss)
)

So, we get

From (3.1), we have

= |-

(3.11)

Qp,i(K)anFi > . Q%I-(K)"Jf’i*i é
nn+p7ivVl.(K)n7pfi n"Jrq*l“/Vi(K)"*’ifi

According to the equality condition of (2.12), we see that equality holds in (3.11) if
and only if A, ;K and A, ;K are dilates. This yields (1.11). O

Proof of Theorem 1.3 ,. Since for any Q,0» € ., there exists Q3 € .7, such
that

(03,1 = p(Q1, )" Dp(Qy,-) 4P, (3.12)
Then for any u € S"~!, this yields

(n—i)p(r—q) (n=i)r(g—p)

Poy ()" = po,(u) T pg,(u) P

Since 1 < p < g <r, then Z((:’; ; > 1. According to the Holder’s integral inequality
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(see[5]) and definition (2.9), we get

~ plr=q) r(g—p)
Wi(Q1) =PI Wi (Qy) 40=7)

1 2l i3
i q{r—p n—i q(r=p.
= [— po, (u)" dS(u)} [— Po, (1) dS(u)]

n Jsn—1 n . Jsn—1

q(r—p) pr=q)

1 (n=)p(r—q) | p(r—q) q(r=p)
—J- )
{I’l /S’Hl [le () > :| dS(”)}

q(r—p) r(g—p)

1 (n—i)r(q—p) | Hg—p) (r—p)
x{— / l[p@(u) - ] “asw
Nos

n

1 (n=i)p(r—q) (n—)r(g—p)

> — pol(u) q(r—p) sz(u) q(r—p) dS(u)
nJsn—
1

= |, Pos ()" dS () = Wi(Qs).

Since g(r—p) > 0, then
Wi(03)70 P S Wi(Q1)P" IWi( Q)"0 P). (3.13)

From (3.12), we see that for any u € §" !,

S

—p

pos (1) Thi ()~ = [po, (w) P () 7] [pg, () i ()]

Then for 1 < p<g<r,ie. % > 1, according to the Holder’s integral inequality,

7

(2.1), (2.7) and (3.14), we get

=

(3.14)

r—q S
WPJ(K7 QT) ~r Wr,i(Kv Q2) r

r—

=p

_ [l [ e <u>PhK(u>1—Pde(K,u>}

x[l th(u)rhK(u)lrdSi(Km)}

n Jsn—1

_ F /s o, (u)f’hz«(w”’]””dsf("”)]

n

q—p r—

) [1 e () 1Y sk u)] ’

n

1
> Pos () ()~ dSi(K )

- Wq,i(Ka Q;);

i.e.
Wo.i(K,03)" 7 < Wy i(K,07)1W,i(K,05)"7. (3.15)
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Hence, combining with (3.13) and (3.15), we getfor i =0,1,---,n—1,

[Wa.i (K, Q5)Wi(Q3) 7] 7
< [Wpi(K, Q)Wi(Q1) 7)1 [Wyi (K, Q3)Wi(Q2) 71147
This together with (1.7) yields

Qq’i(K)(’H“I i)(r— p)<Q i(K K)mp=ii=a)q (k) Hr=ila=p),

B}

This gives (1.12). O

Finally, we give the proof of Theorem 1.3,. The following lemma is required.

LEMMA 3.3. If K € F"

Tl1<p<qg<randi=0,1,---,n—1, then
ﬁ/l.(AW.K)q(rfp) < W,-(Ap7iK)P(’*‘1>VT/i(Am-K)’(‘f*I’), (3.16)

with equality if and only if A, ;K and A,;K are dilates.

Proof. From the formula (2.5), it follows that for i =0,1,---,n— 1,

Jqi(K)P = [ (K, )™ fri(K )P
Thus, by (2.6), we get for any u € sl
W(Aq iK)P 7 (AgiK, u)(n+q i)(r=p)

= Wi(ApK) ™ p(ApK,u) " P~ D) Wi (A K )P~ (A )" 0],

that is

~ (p=r)(n—i) .
‘/Vi(Aq,i )n+q i)(r— p)p(quK u) —i

~ (g=r)(n—i) (ntp=i)(r—q)

= (A iK) 000 (p (A K ) 050031
(p=q)(n=i) . (n4r=0)(g=p)
X (Wi AriK) 000007 ( (A, ) i1, (3.17)

Using the Holder inequality and (2.9) in (3.17), we obtain
ﬁ/l.(AW.K)q(rfp) < W,-(Ap7iK)P(’*‘1>VT/i(Am-K)’(‘f*I’). (3.18)
From the equality condition of the Hdlder inequality, we see that equality holds in
(3.18)if and only if A, ;K and A,;K are dilates. This yields (3.16). LI
Proof of Theorem 1.3;. From (3.1) and (3.16), we have

Qq,i(K)(n+q i)(r=p) _ [ n+q—i o z}r pW(Aq lK)q
g[nrﬁ*q i, n— z}r pW(Ap,K)p )W(A”K)( p)
:Qp,i( )(n+p QEI(K) n+r—i)(qg— p). (3-19)



L, -MIXED AFFINE SURFACE AREA 961

According to the equality condition of (3.16), we know that equality holds in (3.19)

if and only if A, ;K and A,;K are dilates. This gives (1.13). [
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