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SERIES REPRESENTATIONS OF THE REMAINDERS
IN THE EXPANSIONS FOR CERTAIN TRIGONOMETRIC
FUNCTIONS AND SOME RELATED INEQUALITIES, I

CHAO-PING CHEN AND RICHARD B. PARIS

(Communicated by J. Pecari¢)

Abstract. We present series representations of the remainders in the expansions for certain trigono-
metric and hyperbolic functions. From these results, we establish some inequalities for trigono-
metric and hyperbolic functions.

1. Introduction

The Bernoulli numbers B, and Euler numbers E,, are defined, respectively, by the
following generating functions:

}’1

w -
Z —' (t| <2m) and sect = ZE"E (|| < 7).
n=0 n=0 :

Series representations of the remainders in the expansions for 2/(e’ 4+ 1), sechr
and cothr can be found in [5, 11]. For example, for 7 > 0 and N € N:={1,2,...},

N—-1

E2/ (2
secht = T+ Ry(1)
ZE) @)
with
(—1)N2t2N co (—l)k

Ry(r) = n2N-1 =0 (k+ 1)2N- 1<z2+n2(k+ ))’

and, in addition,

N B (2
sechr = 74+ 0O(t,N)
Zb @i’

Mathematics subject classification (2010): 11B68, 26D05.
Keywords and phrases: Bernoulli numbers, Euler numbers, trigonometric function, hyperbolic func-
tion, inequalities.
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with a suitable 0 < ©(r,N) < 1. By using the obtained results, Chen and Paris [5] de-
duced some inequalities and completely monotonic functions associated with the ratio
of gamma functions.

This paper is a continuation of our earlier work [5]. In Part I we present series
representations of the remainders in the expansions for certain trigonometric and hy-
perbolic functions. From these results, we establish some inequalities for trigonometric
and hyperbolic functions.

2. Series representations of the remainders
In this section we present expansions for several trigonometric and hyperbolic

functions together with expressions for their remainders. Here, and throughout this
paper, an empty sum is understood to be zero.

THEOREM 1. Let N > 0 be an integer. Then for |t| < /2, we have

& 2%(2% =1)[By| »;
tanr = Y ————— =2 9N (), (1)
Z‘l (2))!
where
22N+3l2N+1 oo 1
Uy (1) = N - (2)
NS k-1 <7r2(2k— 12— 4t2>
Proof. 1t follows from [ 10, p. 44] that
x  4dx & 1
tan— = — » —— ——.
2 7r,€§‘l(Zk—1)2—x2
Replacement of x by 2¢/7 yields
- 8t
tanf = » —— 3
o %nZ(zk—1)2—4z2’ ©)
which can be written as
8t < 1
tanf = — Y . 4
[y} 2 x \?
k—1)2(1- (n(zk_1)>
Using the following identities:
1 NoL N
2 Jgoq i, @#D (5)
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and
= (2k— 1)z 2-(2n)!
(see [10, p. 8]), we obtain from (4) that
' o ON
8 & N 2%\ <7r(2k71)>
tant = —
an 22 2k—1 %(n(Zk—l)) +1  \2
B ! - (ﬂ(2k71)>
N 221 - 1 B
2 )‘ 2]|2/1+,l9()
where
D2N+32N+1 o 1
19]\/(1‘) = N .
m = 2k — 1)V <7t2(2k— 12— 4z2)
The proof of Theorem 1 is complete. [
Becker and Stark [3] showed that for 0 < x < /2,
8 tanx n? o
—4x? x T2 —4x%

The constant 8 and 7> are the best possible. The Becker—Stark inequality (7) has
attracted much interest of many mathematicians and has motivated a large number of
research papers (cf. [2,4, 8,9, 12, 14, 16, 17, 18] and the references cited therein). For
example, Banjac et al. [2, Theorem 2.7] proved recently that for 0 < x < /2,

2 T 2\ ,4 2
P (F) (B e i e
< —<
2 —4x2 x 2 —4x2

®)

There is no strict comparison between the two lower bounds in (7) and (8). The upper
bound in (8) is sharper than that in (7).
Here we shall improve on the above inequalities. Write (1) as
tans _ N 22i(22 - 1)\sz\t2j_2
t = (2))!

N 22N+3t2N 1 o 1

2N 2_an " 2 ©)

& 2k — 1)V <7r2(2k 12— 4t2>
Noting that the function
d 1

0= kg‘z (2k — 1)2N<7r2(2k 12 4t2>
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is strictly increasing for 0 < ¢ < /2, we then obtain from (9) that for 0 <7 < /2,

22N+3t2N oo 1 _ tant N 22j(22j _ l)‘B21| 2j2 22N+3t2N
T2N+2 = (2k _ 1)2N+2 t = (2]-)! 7172N(7172 _ 4t2)
22N+1t2N o 1

N2 e e(ke— 1) (2k— 1) (10

Direct computations yield
o 4 oo 2
1
D R e Sy L
= 2k—1 96 S k(k—1)(2k—1)? 2

The choice N =1 in (10) therefore yields

32¢2 [t : <tant . 3242 <8t2 s 2 NP
m \ 96 t nX(n?—42)  nt 2 )7 2’

which can be rearranged for 0 < x < /2 as

2 712 y2 .y 384—dnt 4 2, 72—87% 2 | 16m%—160 4
+ === L + 371,47.r X tanx e+ ﬂzn' X°+ 71'”4 X 1
72 —4x2 S 2 —4x2 ’ (n

The inequality (11) improves the inequalities (7) and (8).
THEOREM 2. Let N > 0 be an integer. Then for all t € R, we have

< 27(2Y —1)By; 201

tanht = - + v (1), (12)
,-:21 @)
where
22N+3t2N+1 oo 1
w(t) = (- —5 : (13)
n = 2k — 1)2N<7t2(2k— 1)2 +4z2)
and

N 22](22]

_ I)sz it 22N+2(22N+2_ 1)
tanhr = Y —————L 1 L E(1,N
j=1

BZN+2 t2N+1 (14)
(2N +2)! ’

where 0 < &(t,N) < 1.

Proof. 1t follows from [10, p. 44] that

x  4x o« 1
tanh &> =~ 15
s ng Qk—12+2° (1>
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Replacement of x by 2t /7 yields

- 8¢ 8 < 1

tanht = 2 —_—— = 2 . (16)

“m(2k—1)2+42  w & 2

k=1 ( ) — (Zk_l) <1 <ﬂ(2it,1)> )

Using the identity
N v 4"

e —1 17
1 = ,;) iy @ D (17)

and (6), we obtain from (16) that

o
8 & N 2%\ <7t(2k71))
tanht = — 1) [ ———— N =7
o 22 2k—1 2= (n(2k—1)> =D 2y V2
Ao\ % k)
m(2k—1)
X2 - 1By
= R ee— j_1+TN(t)7
j:zl @)
where
PN N+I o 1
w(t) = (_I)N 2N

= (k- 1)2N(n2(2k— 1)2+4t2> '

Noting that (6) holds, we can rewrite Ty(z) as
22N+2(22N+2 _ l)

Bani2 N1
(2N +2)! ’

w(t) =& (,N)

where
1

—1) ZN( 2(2k—1)2+4t2>.

_ &) Y
SUN): g (2k

Obviously, the even function g(z) > 0 and is strictly decreasing for 7 > 0. Hence,
for + #0, 0 < g(r) < g(0) and thus 0 < &(#,N) < 1. The proof of Theorem 2 is
complete. [J

From (12), we obtain the following

COROLLARY 1. Fort #0, we have

tanht & 2%/(2% —1)By; ,;
—1)N — : 112772 ] >0,
(=1 ( t j:z‘l )

that is,

& 2X (25 —1)Byj 5 5 - tanhr 21 2225 — 1)By; 5, 5

)74 18
&7 o C AT @) (19
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We now establish an inequality for tanhz /7 analogous to that in (8). Write (12) as

(1) tanhs N 22j(2% - I)szt2~f’2
t = 2))!

22N+3t2N 1 oo 1

= 2 (19)
PP S - Y (r2 2k - 12+ 42)

Noting that the even function
< 1

G(t):=
v = (2K — 1)V <7r2(2k— 1)2 +4t2>

is strictly decreasing for 7 > 0, we then obtain from (19) that for ¢ # 0,

(1N tanhs 221(221.—1)32”2]._2
t = 2))!

22N+3t2N 1 oo 1
< . 20
n2N n2 4412 +k§‘2 m2(2k —1)2N+2 20)

The choice N =1 and N = 2 in (20), respectively, yields

3212 3212 & tanhz
R 2 <
m(m+42)  mt 2k— 1)4 t

21

and

tanht 1, 1284 128;4 ad 1
< t 2
t 3 7t4(77:2+4t2) s (2k—1)6°

(22)

Noting that

71'4 oo 7.[6

—— 1 = — 1
2k—1 96 ’ZZk—l 960

Ms

we obtain from (21) and (22) that for ¢ # 0,

2 2\ 2 4 128 .4
T +(4_%>t _<§_F>t _ tanhz
n2 + 412 t

;o (23

which is an analogous result to (8).
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THEOREM 3. Let N > 0 be an integer. Then for |t| < w/2, we have
‘ 21‘ (2
sect = T+ wn(t), (24)
Zé @)’
where
D2N+2/2N 1)k
On (1) = 5y cy : (25)
n S k=1 (22K - 12 - 40)
Proof. 1t follows from [ 10, p. 44] that
S"C—Zzg 2k—172—
Replacement of x by 21 /7 yields
4 & -1 k+1
sect = — Y (=1) o (26)
k=1 (Zk— 1)(1 — (m) )
Using (5) and the following identity:
= (= 1)k g2+l
g 2k 2n+1 - 22n+1( ) |E2”‘ @7

(see [10, p. 8]), we obtain from (26) that

42 1)k+1 N N\ (%)m
’ mw(2k—1
sect = E 2 Y ( ( ) +

- -1 n(2k—1) 1_<%>2

= Nil |2 % + (1)
=0

(2))!
where
22N+2t2N oo 1
(1) = = X (=) :
NS (2k — 1)2N—1 <7t2(2k— 1)2 —4z2)

The proof of Theorem 3 is complete. [J

Chen and Sandor [7, Theorem 3.1(i)] proved that for 0 < |t| < /2

2

T sect< "
sec
n? —4r?

—— (28)
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The constants 72 and 47 are best possible. To improve on this inequality write (24) as

N—1 . 2N+2.2N oo k+1
sect = Y ‘E%J‘tzj"'z 2J1rvt1 2 : 2+2 S,
=0 (2))! N w2 S ok - 1)2N—1(n2(2k— 1)2—412)
_N 1 ‘EZJ‘ 21+ 22N+2t2N
- = (2]) 77:2N—1(7t2 _4;2)
22N+2 2N oo 1
+ e Y : (29)
NS (2k—1)2N-1 (n2(2k— 12— 4t2>
Let
- 1
H(t) =Y (-1)*! .
& (2k— 12V (m2(2k — 1)~ 4r2)
Differentiation yields
= 1
() = 8 3 (~Dfmi = N
k=2 (2k — 1)2N~1 <n2(2k— 1)2 —4t2>

Then it is easily seen that 1y > Ny for k€N, 0 <t < /2 and N € N; thus
H'(t) <0 for 0 << m/2. Hence, forall 0 <t < /2 and N € N, we have H(7/2) <
H(t) < H(0). We then obtain from (29) that for 0 < |¢t| < 7/2,

N-UIE | . 92N+2,2N 2NN (—1)k+1
2 T IN—1 (2 FAL) 2N—1
= (2))! T (m>—41?) & S k(k—1)(2k—1)
N-1 ON+2,2N IN+2,2N o k+1
Exj| 5; 22N+ 27V -1
< secr < | %j‘IZJ IN-1 (72 — 472 INF ( >2N+1' (30)
= (2))! T (m? —41?) T = (2k—1)
Direct computations yield
o )k oo 1)kt 3
S k(k—1)(2k— 1) = 2k—1 D)
The choice N =1 in (30) then yields, for 0 < || < 7/2,
2, 28-8m,2 | —48+167 4 2 _ 8-n?,2 _ 4m3-128 4
als -+ t me— S5 — 2=y
n > < sect < 2 . (31
— 412 n? — 412

which improves the inequality (28).

THEOREM 4. For 0 < |t| < &, we have

cott = ——2 |Bz" 7oy (r), (32)
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where

2l2N+1 o 1
On(t) = .
2N = k2N (12 _ 7'[2](2)

Proof. 1t follows from [13, p. 118] that

1 i 1
cott =—~4+2ty ——,
t + ,Z‘l 12 — m2k?

which can be written as

Using (5) and the following identity:

g T\BM

(see [10, p. 8]), we obtain from (35) that

! 2 i l Nil ! 2j+ z
cott = - -2y —— (—) 77

t = (km)? S \kn 1—(

1 N 22 By,

=-—2Y ==L o),
t j:z‘l (2!
where
2l2N+1 oo 1

Oy (t) = :
a2 &N (t2 _ nzkz)
The proof of Theorem 4 is complete. L[]

THEOREM 5. For 0 < |t| < m, we have

221 _

)|B
csct———f—z |2"2’1+r()

where

22N+ (— 1)kt
() = —3x OIN (242 — 12
N &N (2K — 1)

1011

(33)

(34)

(35)

(36)

(37)

(38)
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Proof. 1t follows from [13, p. 118] that

1 oo k+1
csc t g (39)
which can be written as
1 oo 1 k+1
csct = 7 Z =1 o (40)
t
&y (1= (%)°)
Using (5) and the following identity:
oo k+1 (22n71 _ 1)7.[2n
= B>, 41
§ k2" (2n)! B2l @1

(see [10, p. 8]), we obtain from (40) that

1 o (_)k+1 [Nl 2i 1 \2N
g (a@%,» )

k=1
1

N
_;jzzl

21— )|B
|2J‘ 2] 1+r(>

where
2 ANH1 1)k
() = —5x 2N( 2)2 2\
N SN (n2K? —12)

The proof of Theorem 5 is complete. [

Theorems 4 and 5 will be used in Part II.

3. A double inequality for the remainder in the expansion for secx

Let S,(x) denote

T
, x| < =.

i 22k—1)\32k\ 2%—1
o 2

By using induction, Chen and Qi [6] (see also [15]) established a double inequality for
the difference tanx — S, (x):

22n+2(22n+2 _ 1)
(2n+2)!

Banta| 5 2\* ,
x7tanx < tanx — S, (x) < (;) x~"tanx (42)

for 0 <x < m/2 and n € N, where the the constants

P22 1) Byl 2\
and —
(2n+2)! T
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are the best possible.
It is well known [10, p. 43] that

o [E2jl o m
secx = x| x| < =. (43)
Z;) 2))! 2
Let sy(x) denote
' B2l o; T
() = 3, o <5 (44)
C R

In this section, we establish a double inequality for the difference secx — sy (x), which
is an analogous result to (42) given by Theorem 6.

THEOREM 6. Let N > 0 be an integer. Then for 0 < x < /2, we have

|E2N‘ N1 2\ ON-1
(2N) tanx < secx — sy (x) < p X tan.x, (45)

where the constants |Exy|/(2N)! and (2/7)*N =1 are the best possible.

Proof. From the expansion [10, p. 42]

o 22%(2% — 1)[Boy| s

tanx = 2

T
=2 Pkl < 2
~T (20!

2

and (43), the left-hand side inequality (45) can be written for 0 < x < /2 as

oo

1)|Baj—on+2| 2 2 2;| €

oo ZN‘ 22] 2N+2(22J 2N+2
; (2j—2N+2)!

or

i { |Eqy| 227 2NF2(2272NF2 1) |By; gyio|  |Eyy }

A L) (2j—2N+2)! - (2))!

We now prove that

|Epy| 22772V 42(227 V42— 1)|By; gyio|  |Eyjl
(2N)! (2j 2N +2)! 2

>N+1.  (46)

Using the following inequalities (see [1, p. 805])

2 |B2n‘ 2

(2m)?" (1 —21-2) > 2n)! > 2 n>1

)
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4n+1 1 ‘E2n| 4n+1
n-2n+l <1+3—1—2n> < (2]’1)' < n-2n+l’ n:O,l,Z,...,

it suffices to show that

gN+1 22./'72N+2(22./'72N+2 _ 1)2 _ 4J+1 1
T2N+1 (2n)2j72N+2 (1 . 2172(./'7N+1)) i+l \ 1 _|_3—1—2j )

j>=N+1,

which can be rearranged as

8 4/-N+1_1 32j+1
AN ) S 3G

8 (, 1 | 1
2\ T wmi ) S T

8 1 8
2@ ) 3

Noting that the sequence

8 1
R@ N2y 32T

is strictly decreasing for j > N + 1, it is enough to prove the following inequality:

4 1 8

T <

which can be rearranged as
s 80 6 e671s1 (47)
60—

Obviously, (47) holds for all integers N > 0. This proves (46). Hence, the left-hand
side inequality (45) holds.

By Theorem 3 and (3), the right-hand side inequality (45) can be rearranged for
0<x<m/2as

N (_1)k+1 o 1
2 < 2 2 2 27
k=1 (2k —1)2N-1 (7172(2/(— 1)2 —4x2> = w2k —1)2 —4x

or

oo | (_1)k+1 1 . "
g’g{ T (2k— 1)1 } 22k 1) —4x2 > 0. (48)

Obviously, (48) holds. Hence, the right-hand side inequality (45) holds.
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Write (45) as

N— 1‘E2j j IN—1
Bl o TG (2)

(2N)! x2N- 1tanx T
We find
N— 1 \Ez i
; secx — X0 2 |En|
im =
x—0 x2N- 1tanx (2N)!
and
secx — ZN LE 2’l)czj 9\ 2N-1
li e
im ST =(= .
-z X tanx T

Hence, the inequality (45) holds, where the constants |Eyy|/(2N)! and (2/)?N~! are
the best possible. The proof of Theorem 6 is complete. [
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