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NEW HILBERT DYNAMIC INEQUALITIES ON TIME SCALES

S. H. SAKER, A. M. AHMED, H. M. REZK, D. O’REGAN AND R. P. AGARWAL

(Communicated by I. Peri¢)

Abstract. In this paper, we prove some new dynamic inequalities of Hilbert type on time scales.
From these inequalities, as special cases, we will formulate some special integral and discrete
inequalities. The main results are proved using some algebraic inequalities, Holder’s inequality,
Jensen’s inequality and a chain rule on time scales.

1. Introduction

In the early 1900’s Hilbert (see [13, 19]) discovered the inequality
b - 12 , 1/2
I <ox( Y AR (1.1)
+n n=1

m m=1

D
m=1n=1

where {a,,};_, and {b,}" | are nonnegative real sequences such that

Y ay <eo, and Y a; < co.
m=1 n=1

In 1911, Schur [17] gave the best constant 7 in (1.1), instead of 27 that was proposed
by Hilbert, and proved an integral analogue with a best constant of Hilbert’s inequality
(1.1), namely

1/2

/ON/ON %giy)dm'y T (/waz(x)dx> . (/Omg2(x)dx> , (1.2)

where f and g are measurable nonnegative functions such that
/ f*(x)dx < o0, and / g2 (x)dx < oo.
0 0

In 1925, Hardy [8], extended (1.1) by introducing a pair of conjugate exponents (p, ¢)
with 1/p+1/q =1, and proved that

o o« . r [ = Ur /o 1/q

Y Y L > ah A (1.3)

m=1n=1 n=1

~ . Vi
m—+n s\ o
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where {a,,};_, and {a,};" | are nonnegative real sequences such that
P
Y, ab <o, and

m=1 n=1

ajl < oo

Hardy and Reisz [9] proved an integral analogue of (1.3) of the form

= [ 80) T ([ e .
/O/Oﬁdxdy<@</o fp(x)dx) (/0 g’i(x)dx> ) (1.4)

where f and g are measurable nonnegative functions such that

/ SfP(x)dx < e, and / g1(x)dx < eo.
0 0

As a special case of (1.4), we get the inequality

(=0 N r \' e
/0 (o )Tydy> dx < (Sin ) /0 fP(x)dx. (1.5)

n
p

The constants 7/sin(rt/p) and (rt/sin(r/p))? in (1.4) and (1.5) are the best possible.
In 1926, Hardy, Littlewood and Pélya [10] proved that

(WY -
/O ( /0 max{x,y}dx) dy < p” /O 7 (x)dx, (1.6)

where 1 < p < e, and f € L”(0, ) be a nonnegative function. The constant (p)” is
the best possible.

In 1929, Hardy [11] established a new inequality with a different kernel by re-
placing 1/(x+y) by the exponential function and proved that if f(x) >0, and p > 1,
then

oo oo p oo
/ ( / e f(y)dy> dx <TP(1/p) / xP72 P (x)dx, (1.7)
0 0 0
where T" is the gamma function.

In 1933, Hardy [12] generalized the inequality (1.7) to inequalities with a general
kernel and proved that

/om /om K (xy)f(x)g(y)dxdy
s o) (/wap_zf ; (XW) ’ (/ON gq(x>dx) " (1.8)

and

/Om ( /O TK(w)f (x)dy) Tix< o (1/p) ( /0 T2 fl’(x)dx) , (1.9)
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where ¢ = p/(p—1), and

= / K(u)u*'du.
0

The constants ¢(1/p) and ¢P(1/p) are the best possible. The above inequalities were
studied extensively and numerous variants, generalizations, and extensions appeared in
the literature. We refer the reader to the survey paper [6] which discusses the develop-
ment of Hilbert type inequalities.

One of the generalizations of a Hilbert type inequality was given by Pachpatte in
[14]. In particular, he proved thatif p, g > 1, A, =Y ja; >0 and B, =Y b, >0,
then

2 zV{APBII

m=1n=1

1
k 7
C(p, q, k, r) (2 k+1—m)(AP~ la )2>

m-+n
1

X (i(rﬂ—n)(leb,,)z) 77 (1.10)

n=1

where

1
C(pv q, k? I") = qu\/ﬁ
In the same paper [14] Pachpatte proved the integral analogue of (1.10), namely

b S st <0 (/oa(“—S><F”‘1<s>f(s>>2ds>2

x (/Ob(b—t)(Gq_l(t)g(t))zdt>z, (1.11)
where p, ¢ =1, F(s) = [ f(1)dt >0, G(t) = [5g(v)dv >0, and

1
D(p, q) = qu\/@

In recent years the study of dynamic inequalities on time scales has received a lot of
attention, and we refer the reader to [1, 18, 15, 7, 4] and the references cited therein.

The general idea is to prove a result for a dynamic inequality where the domain
of the unknown function is a so-called time scale T, which may be an arbitrary closed
subset of the real numbers R. The cases when the time scale is equal to the reals or
to the integers represent the classical theories of integral and of discrete inequalities.
The three most popular examples of calculus on time scales are differential calculus,
difference calculus, and quantum calculus, i.e., when T=R, T=N and T = qNO =
{¢" :t € No} where g > 1. For more details on time scale analysis, we refer the reader
to the two books by Bohner and Peterson [2], [3] which summarize and organize much
of the time scales calculus.
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The natural question arises now: Is it possible to prove new delta dynamic inequal-
ities on an arbitrary time scale T that resemble generalizations of both the discrete and
the continuous inequalities (1.10) and (1.11)?

The main aim of this paper is to give an affirmative answer to this question. In
Section 2, we present some basic concepts on the calculus of time scales. In Section
3 we state and prove the main results and formulate some special integral and discrete
inequalities.

2. Preliminaries and basic lemmas

A time scale T is an arbitrary nonempty closed subset of the real numbers. For
t € T, we define the forward jump operator 6 : T — T by o(¢) :=inf{s € T:s >1}.
The mapping g : T — R = [0,00) such that u(z) := o(r) —1 is called graininess.
A function f: [a, b] — R is said to be right-dense continuous ( rd— continuous) if it
is right continuous at each right—dense point and there exists a finite left limit at all
left—dense points, and f is said to be differentiable if its derivative exists. The space of
rd— continuous functions is denoted by C,4(T, R). A useful formulais f° = f+uf2,
where f° := foo.

THEOREM 2.1. Assume f, g:T — R are delta differentiable at t € T, then
(f8)* = rPg+ 18" = f&" + f5°. 2.1

Integration on time scales for delta differentiable functions is defined as follows.
For a, b € T, and a delta differentiable function f the Cauchy integral of f* is defined
by

[ P oa = o)~ sta)

The integration by parts formula on time scales is given by
b A b b A c
| rogton = sl - [ g o 22
a a

THEOREM 2.2. Let f: R — R be continuously differentiable and suppose g :
T — R is delta differentiable. Then fog:T — R is delta differentiable and the formula

o0 ={ [ £ [s0+ 0] an} ) 03

holds.

A special case of (2.3) is given by

(1) =y /0 1 4 (1= R dhd (), (2.4)
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The Holder’s inequality, see [2, Theorem 6.13], on time scales is given by

(s [ [irora] [ o] | @)

where a, be T and f, g€ Cy(I, R), y>1land 1/y+1/v=1.

THEOREM 2.3. (Fubini’s Theorem [5, Theorem 6.13]) Let f be bounded and delta
integrable over a rectangle R = [a, b) x [c, d) and suppose that the single integral

10 = [ 1t s,

exists for each t € |a, b). Then the iterated integral

/ubl(t)Alt - /abAlt/Cdf(t, §)Ass,

exists and the equality
b d
J[ @ mumas = [“awe [ se. )0 (2.6)
R a C

holds.

It is evident from Theorem 2.3 that we can interchange the roles ¢ and s, that is,
we may assume the existence of the double integral and existence of the single integral

k)= [ e, 9

for each s € [¢, d) and then Theorem 2.3 will guarantee the existence of the iterated

iterated integral
d d b
/ k(s)A2s=/ Ags/ S, s)At,

//f(t, $)A1tAys = /CdAQS/abf(t7 s)At, 2.7
R

and the equality

holds. If together with the double integral / / f(t, s)A1tA;s there exist both single

R
integrals, then the formulas (2.6) and (2.7) will hold simultaneously, i.e.,

/abAU/Cdf(t, $)Ags = /CdAzs/abf(t, $)At. (2.8)
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THEOREM 2.4. (Jensen’s Inequality [1]) Let a, b € T and c, d € R. Suppose
that g € Cry(|a, blt, (¢, d)) and h € Cy(|a, b]T, R) are nonnegative with

b
/ h(s)As > 0.
If ® € C((c, d), R) is convex, then

o[ L2H0)2)8s\ _ [2H(5)(g(s))as
1P h(s)As h [Ph(s)as

a

(2.9)

3. Main results

In this section, we will prove the main results. Throughout this paper, we will as-
sume (usually without mentioning) that the functions in the statements of the theorems
are right-dense continuous nonnegative functions and the integrals considered exist. We
also assume that all the constants and the boundaries of the integrals that appear in the
inequalities are real numbers greater than or equal to zero. In particular, we will assume
that i, [ > 1 be real numbers,and p > 1, g > 1 with 1/p+1/g=1.

In the following, we prove the basic lemma that will be needed in the proof of the
main results. It can be considered as an extension of the power rule for integrals; see
[16]. The proof uses the time scales chain rule.

LEMMA 1. Let x, ce T withx>c. If « > 1, then

1

(/fo(T)Ar)a < a/:f(n) (/Cg(n)f(r)Aq,-) N An. 3.1)

Proof. Let
Flx):= / F(1)AT, (3.2)

Using the chain rule (2.4), we see that
(FE(0)* = o /O LRFC () + (1 — ) F (0] dhF (v), (3.3)
Since F"(x) = f(x) >0 and o(x) > x, we have
FWP < a [ IF0 )+ (- W) dns ()

- “/01[F<<’<X>ﬂ°"ldhf<x> = a[F(c(x)]* f(x). (3.4)

Integrating both sides of (3.4), from ¢ to x, we have

[ iFemtan <a [ rmiF o) an. G3)
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Since .
[ man = F(m) [z = P20 = F(e) = FO(x),

we get from (3.5), that

(/fo(T)AT>a < oc/cxf(n) (/Cc(n)f(r)m) a_lAn.

This completes the proof. [l

Now, we are ready to state and prove the main results in this paper.

THEOREM 3.1. Let x, y, c € T with x, y > c and define

Ax) = /Cxa(T)AT, and B(y /b

Then for x1, y1 € T with x1, y; > ¢, we have that

X Y1 Bl()
A
/ / x—c)pr- 1+p(y T
1

<Milh 1 p. )| [ (o)~ (ot)ra

1
P

1

X { / "ot —y)(b(y)Bl_l(G(y)))qu] "

where
hl p=1 g-1

Ml(h7 la P q) = _(xl _C)T(yl _C)T'
rq
Proof. By using inequality (3.1), it is easy to observe that

h/ mA= (a(n))An.

lw<y[mmy*wm»mh

forany x € (¢, xi]y and y € (¢, y1]y. From (3.10) and (3.11), we see that

awp) <an ([ amatoman ) ([ oma - otnan ).

c

Applying Holder’s inequality (2.5) on the term

| atma™(o(m)an,

c

1023

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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with indices p, p/(p—1) with f =1 and g = a(n)A""!(c(n)), we see that

1
X p-1 X B P
[ amar!om)an < - o)'7 ( [ tatma 1<c<n>>>mn) NERE)
Applying Holder’s inequality (2.5) on the term

y
| omB em)an.

with indices ¢, ¢/(q¢—1) when f =1 and g = b(n)B'~'(c(n)), we see that

[ o eman < -7 ([ ems - ompan)’. G

Substituting (3.13) and (3.14) into (3.12), we have

1
y q
«( [0 omyran)" a.15
Applying Young’s inequality
P q 1 1
ap< @ P oo g0 il oy e, (3.16)
P q P q

p—1 g—1

on the right hand side of (3.15), with o = (x — c)’T and B = (y—c) 9 , we observe
that

AM)BL(y) < ((

x—)rl (=)t
S

([ tatma o myyan) : ([ s emran)".

This implies that

h e [ %
e Ol < ([t (on))an

x ( / y(b(n)B"l(G(n)))qAn) et

Integrating both sides of (3.17) from ¢ to y; and from ¢ to x;, we see that

/Xl /yl o) 1+B;((y) )q,lAyAx

<o [ o (n)))”Aanx " ([ oms-tomyran) sy
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Applying Hélder’s inequality with indices p, p/(p — 1) on the term

I ( / x(a(n)Ahl(o(n)))”An> ’
A ( / y(b(n)B”(G(n)))‘fAn> ay

with indices ¢, g/(q— 1), we see that

and the term

1

/ (/Cx(a(n)Ah_l(G(n)))pAn) " Ax
<a-9” [/ (/Cx(a(n>Ah‘l(o(n)))PAn) Ax] : : (3.18)

and

1

[ ([ ems - omian) s

1
q— Y y q
<hi-o)7 [/(/ (b(n)Bl‘l(o(m))qAn) Ay] . (3.19)
Substituting (3.18) and (3.19) into (3.17), we have
g (x)B'(y)
/ / P 1+p( 1A

< B0 T 0= | [ ([t omyran )

<[ ([ oo eman) o] ;

Applying Fubini’s Theorem, and using o (s) > s, we see that

X1 V1 Bl
/ / ) AyAx
—cPl+p( c)r!
1

<lh 1., a)[ [ (0t~ ata o) ]

==

1
P

<| / (o) - 60)E (00|

This gives us the desired inequality (3.8). This completes the proof. [l
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REMARK 3.1. If we apply the inequality (3.16) on the right-hand sides of (3.8),
then we get the following inequality

/Xl/yl x—c)P- 1+B;((yy)—c) TAYAY
<M1, p. g) {E [ [ (o) —x)(a(x)Ah*(o(x)))pr]

+$ [/cyl (o(y1) —y)(b(y)Bl_l("(x)))qu] } '

As a special case of Theorem 3.1 when T =R we have ¢(s) = s and then we get
the following result.

COROLLARY 3.1. Assume that a(x) and b(y) are nonnegative functions and de-

fine
A(x):/oxa(s)ds7 and B(y /b

Then
/-xl /OYI o 1+pyq 1dydx
<l 1, pr ) [ [N —x)(a(x)AWx»de] '
X [ /O " —y)(b(y)B“(y))‘fdy} " (3.20)
where

p=1 g1

hl 7
Ci(h, I, p, q) == —x;" y
( ) by

REMARK 3.2. If we put p = g = 2 in the inequality (3.20), then we get Theorem
5 due to Pachpatte [14].

As a special case of Theorem 3.1 when T = Z we have 6(s) = s+ 1 and then we
get the following result.

COROLLARY 3.2. Assume that a(n) and b(m) are nonnegative sequences and
define

n m

A(n) =Y a(s), and B(m)=Y b(k).

s=1 k=1
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Then

) LA IR (N N+1—n)( n)Ahl(n))”>F

1 TS
n=1m=1 47~ +pmi =1

1

<2ALH— ()ylmmﬁ_, (3.21)
where - -
Cilh 1. pr )=o) " (1)

REMARK 3.3. If we put p = ¢ =2 in the inequality (3.21), then we get Theorem
1 due to Pachpatte [ 14].

COROLLARY 3.3. Ifwe take h=1=1, then the inequality (3.8) is
1

X1 (V1 B
/ / )B(y) AyAx
—cpl+p@—dql

<mi(p. )| [ (ot - ><<>>w} [t -nenrm|. 6

where
p—1 q—1

My(p, q) = é(xl — )T -0

Our next result deals with further generalizations of the inequality given in (3.22).
In the next theorems we assume that @ and ¥ are two real-valued, nonnegative, con-
vex, and submultiplicative functions defined on [0, ). The function ® is said to be a
submultiplicative on [0, o) if ®(xy) < P(x)P(y), for x, y € [0, oo).

THEOREM 3.2. Let A(x) and B(y) be defined as in Theorem 3.1. Assume that x,
v, ¢ € T with x, y > ¢ and define

X) :/fo(l')A?:7 and G(y /g (3.23)

Then for x1, y1 € T with x1, y1 > ¢, we have

[ e g
<. { "ot —0 (se00 [ 93] ) ac}’
x { JRCEDES (g(y)‘l’ [%qu}%, (3.24)
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where

p—1 q=1

oo ()L CER) )

(3.25)

Proof. Since @ is a convex submultiplicative function, we get by applying Jensen’s
inequality that

B F(x)fcxf(r)“;g—gm fff(f)?E—T%Af
e _q)( Trmar ) SCEWP A

o ron 2]

Applying Holder’s inequality with indices p, p/(p — 1), we see that

DAW)) < W(x—c)pl’l {/ (f(r)d) {%DPAT};. (3.26)

Also, since YV is a convex submultiplicative function, we get by applying Jensen’s
inequality and Holder’s with indices ¢, g/(q— 1) that

%%B@»szwgﬁg”bw—dﬁf{[ﬁ(g@ﬂ?{égﬂ}>qAn}%. (3.27)

From (3.26) and (3.27), we have

D(A(x))¥(B(y)) |
<o -0 (S (o] o))
(g oo

Apply Young’s inequality (3.16) on the right hand side with oo = (x—¢) » and f8 =

> |2

sl
1
==
:‘
N———
BN
>
=
—
S
N———

a=1
(y—c) ¢ ,and we get
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From (3.28), we have

< (S (oo [55]) )
(G e ]y n))- oo
. and applying Holder
ain

Integrating both sides of (3.29) from c to y; and from c to
inequality with indic pp/( ) nd g, q/(q—1),

// 1+p )_lAyAx
<l (m ([ (row[s2])"sef )
<[ (T(GCES» { I (g(n)‘P [:(—M anl?
s i{/ (“’EF(S”)W} irr (f(r)cp[%z)bpmm};
A ()" (1 o)

Apply Fubini’s Theorem 2.3, and we obtai

X1 V1 q)(A()C))‘P(B(y))
/" / o= T+ pl—ar 1
X] N p
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which is the desired inequality (3.24). The proof is complete. [J

REMARK 3.4. If we apply the inequality (3.16) on the right-hand sides of (3.24),
then we get the following inequality

[ o
<l {3 [ [0t -0 (o0 [22]) s

2] [Moon-n (eore | 23] ) ] }.

As a special case of Theorem 3.2 when T =R, we have o(s) = s and then we get
the following result.

COROLLARY 3.4. Assume that a(x), b(y), f(x) and g(y), are nonnegative func-
tions and define

A(x):/ox s)ds, B(y /b )ds, F(x /f )ds, and G(y /g

Then
I ‘I’q 1+pyq(yl))dydx
<mv o ['n (oo [55]) ")
x { [ o1y (g(y)‘P [%] )4@}; , (3.30)
where

o=l (o)) (1))

REMARK 3.5. If we put p = g = 2 in the inequality (3.30), then we get Theorem
6 due to Pachpatte [14].

As a special case of Theorem 3.2 when T = Z we have o(s) = s+ | and then we
get the following result.

COROLLARY 3.5. Assume that a(n), b(m), f(n) and g(m) are nonnegative se-
quences and define

g(s).

S
=
I
M
Q
=
=
5
Il
E

S
=
!
S
Il
M
=
Q
=
[N
Q
ZE
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Then

Hi(p. q>{n§1<N+1—n> (0 >d>[f2fl§]) }

x {nﬁl(M+1—m)< [—ZD({} (3.31)
where

m=1

- {E (52 {E ()]

REMARK 3.6. If we put p = ¢ =2 in the inequality (3.31), then we get Theorem
2 due to Pachpatte [14].

The next theorem considers different forms of the inequality given in Theorem 3.2

THEOREM 3.3. Assume that x, y, c € T with x, y > c and define
1 X
Ax) = / a(t)At, and B(y / b(n (3.32)
x—clJe —c

Then for x1, y1 € T with x1, y; > ¢, we have

/)q /yl x—c_c < c)®(A(x))¥(B(y))

L p(y—c)at

AyAx

<o) [ (o) - @latoprar)”

1

< ( [t —y><W[b<y>]>qu) " (3:33)

where

p—1 q—1

Mi(p, q) = i(xl —c) P (y1—c) 7.

Proof. From (3.32), we see that

D(A(x)) = @ (xic /Cxa(T)AT> . (3.34)

Applying Jensen’s inequality on the right hand side of (3.34), we observe that
1
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Applying Holder’s inequality with indices p, p/(p — 1), we have

D(A()) < (x(;i; ( / x(@[a(r)])”m:) " (3.35)

From (3.35), we get that

1

BAN) (x—¢) < (x—)'T ( / x(d)[a(r)])l’Ar) " (3.36)

In a similar way, we obtain

1

q— y q
BN -0 < 60T ([ crpmiean)” (3.37)
From (3.36) and (3.37), we observe that

O(A(X))¥(B(y))(x—c)(y—c)

-1

<07 0-07 ([ x(@[a(rmw)‘l’ ([ wempean)”. @3

p—1

Applymg the inequality (3.16) on the right hand side with &z = (x—¢) 7 and B =
(y— c) 7, we get the following inequality

O(AX)P(B(y))(x—c)(y—c) |
(x—;)ﬂl N (y—;)ql] </Cx(q)[a(1)])pm)5 (/Cy(lp[b(n)})qATI)E' 539)

From (3.39), we have

P(A(x))¥(B(y))(x—c)(y—c)

é [q(c— )P 4 plyr— )]

«([[@iampra) 'l_’ ([ ewetmpan) 3 (3.40)

Dividing both sides by g(x—c¢)?~!+ p(y —¢)?~! and integrating both sides of (3.40)
from ¢ to y; and from ¢ to x;, we get that

/ / A(X))‘P(B(f’))AyAx

—c p 1+p(y )q
l/ch ([ cemomran) ).

< é l/l (/Cx(d)[a(r)])pAT)%Ax

N

(3.41)
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Applying Holder’s inequality with indices p, p/(p—1) and ¢, q/(qg— 1), on the right
hand side of (3.41), we obtain

/)”/ q)(AEX) ‘P(B(ly))AyAx

<Lin-97 =0 | [ ([ @amirar) s
}

Applying Fubini’s Theorem 2.3, we get that
¢)D(A(x))¥(B
/ / JP(A(x))¥( (y))AyAx
1

—c” 1+p( c)r!
< =07 0= { [ -n(@lat)ar

X {/Cy1 62 —y)(‘f‘[b(y)])qu} '

Since o (s) > s, we have

M (x—c) c)®(A(x))¥(B(y))
// —cl’“rp(y )11 Avie

< Mi(p, 0) ( [ (o) —x><<1>[a<x>}>mx) ’

. ( [ ot -nerpoi)

which is the desired inequality (3.33). The proof is complete. [J

REMARK 3.7. If we apply the inequality (3.16) on the right-hand sides of (3.33),
then we get the following inequality

/x1 /yl x—c) c)D(A(x))¥(B(y))

—cf’ 1er(y c)a!

< Mi(p, ) {; [ (et - n@lam)ra]

AyAx

w2 [ ot -nerpoia |

As a special case of Theorem 3.3 when T = R, we have ¢(s) = s and then we get
the following result.
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COROLLARY 3.6. Assume that a(x) and b(y) are nonnegative functions and de-

fine
A(x):/o a(s)ds, and B(y /b
Then
—)P(A(x))¥(B(y))
/ / —cP T ply— )q—ly dydx
< Li(p q) (/CXI (x1 —x)(d)[a(x)])z’dx) ’
<[ on-neepoiray)” 642
where L
Li(p, q):=—x" '

REMARK 3.8. If we put p = g =2 in the inequality (3.42), then we get Theorem
7 due to Pachpatte [14].

As a special case of Theorem 3.3 when T = Z we have 6(s) = s+ 1 and then we
get the following result.

COROLLARY 3.7. Assume that a(n) and b(m) are nonnegative sequences and
define

- ia(s), and B(m)= i b(k).
s=1

k=1
Then
S (r=c)(m—c)D(A(n)¥(B(m))
nglmgl qn” L+ pmi
N P
Li(p, q) { D (N+1 —n)[q>(a(n))}”}
n=1
M 7
{2(M+1— )[‘P(b(m))]q} , (3.43)
m=1
where R
Li(p, q) EN M

REMARK 3.9. If we put p = g =2 in the inequality (3.43), then we get Theorem
3 due to Pachpatte [14].
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In the following theorem, we prove a new dynamic inequality with two different
weight functions.

THEOREM 3.4. Let x, y, c€ T with x, y > ¢, F and G be defined as in Theorem
3.2, and define

/ F(Da(t)At, and B(y / g(mb(mAn.  (3.44)

Then for x1, y1 € T with x1, y1 > ¢, we have

/)q /yl F(x)G(y)P(A(x ))\P(B(Y)l)

—cf’ 1er(y )~
X1

<Mp, q) { [t (f(x)@[a(xmw}

AyAx

1
P

<{ [ 00 - riem ) (.45
where | | B
Ni(p, q) := %(Xl )T -0,

Proof. From (3.44), we see that

1 X
D(A(x)) = D (W / f(r)a(r)Ar) . (3.46)
Applying Jensen’s inequality on the right hand side of (3.46), we observe that
l X
(AW) < 573 | @0l (3.47)

Applying Holder’s inequality with indices p, p/(p — 1), on the right hand side of
(3.47), we obtain

o) < L ([ Umeim)rar) (3.48)
DAN)F(x) < (x—c)7 (/Cx(f(r)cl)[a(r)])pA‘L') . (3.49)

WBO)GH) < (o)’ ( / y(g(n)‘i’[b(n)])”An> | (3.50)



1036 S. H. SAKER, A. M. AHMED, H. M. REZK, D. O’REGAN AND R. P. AGARWAL

From (3.49) and (3.50), we observe that

O(A(x))¥(B(y)F(x)G(y)

1

<@-0F (-0 ( / X(f(T)Q[a(T)])”AT)%

«( [ temenmiian)”

Applying the inequality (3.16), on the right hand side of (3.51) where o =

~1
and § = (y—c)qT , we get that

O(A(X))Y(B(y)F (x)G(y)

< [(X‘;}’” ; Wj’“} ([ reearac)’

([ wvmmean)”
This implies that

PAW)Y(BY)F(x)Gy )

q(x—c)P~ !+ ply—c)r!

<L ([swotaenrar)” ([ owpmpan)”

Integrating both sides of (3.53) from ¢ to y; and from ¢ to x;, we have

[ [ e
< ( I ( / x(f(f)ﬂb[a(f)])”m) ' Ax)
x ( [ ( / y(g(n)‘f‘[b(n)})qAn> é Ay> .

(3.51)

p-1
(x—c)7

(3.52)

(3.53)

(3.54)

(3.55)

Applying Holder’s inequality with indices p, p/(p—1) and ¢, q/(q—1), on the right

hand side of (3.55), we have
X F(x )WY (B
[ (CNYBOD)
¢ qx— cl’ 1+py c)a-!
X1

(xl—c)pT()d—C) ? [/c

1
< —
rq

[ emeempean) s

<=

</Cx(f(r)d>[a(r)})pm> Ax] ’
)
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Applying Fubini’s Theorem, and using o (s) > s, we see that

X F(x YD(A(x))W(B(y))
/ / —cl’ 1+P(y—c)"*1AyAx

1
P

<Milp. o { [ o) -2 (rela)ar)

1

q

V1
<{ [ o0 -neorrpem )
which is (3.45). This completes the proof. []

REMARK 3.10. If we apply the inequality (3.16) on the right-hand sides of (3.45),
then we get the following inequality

M (x (Ax)¥(B())
/ / —cP 1—|—p(y )i~ TAvAx

< Mip, >{;[/ (o) ) ()0l

+é le (o) —y)(g(y)‘l’[b(”])my] } '

As a special case of Theorem 3.4 when T = R, we have ¢(s) = s and then we get
the following result.

COROLLARY 3.8. Assume that a(x), b(y), f(x) and g(y)are nonnegative func-
tions and define

A(x):/ox s)ds, B(y /b )ds, F(x /f )ds, and G(y /g

Then
/"1 /yl F)GO)PAW)YBY) ,
o Jo qxP—1 + pyd—1 Y
<Di(p. q) { IR (f(x)d>[a(X)])”dx}E
X {/Oyl (1 —y)(g(y)‘l’[b(y)])qdy}q , (3.56)
where
1 p*l qfl

Di(p, q) == —x;
pq 1 1

REMARK 3.11. If we put p =g =2 in the inequality (3.56), then we get Theorem
8 due to Pachpatte [14].
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As a special case of Theorem 3.3 when T = Z we have 6(s) = s+ 1 and then we
get the following result.

COROLLARY 3.9. Assume that a(n), b(m), f(n) and g(m) are nonnegative se-
quences and define

A(n) = Ea(s), B(m) = ib(k), F(n)= if( and G(n i

s=1 k=1 s=1 k=1
Then
XM F () G(m)D(A(n))¥(B(m))
nglmz:'l q"p U pma—1
N 1
<Dip. q){ N+ 1=n (AP
M 1
X9 >, (M+1—m)lg(m)¥(Bm)) 5 (3.57)
m=1
where 1 - .
Di(p, q) E(N) (M)

REMARK 3.12. If we put p =g =2 in the inequality (3.57), then we get Theorem
4 due to Pachpatte [14].

REFERENCES

[1] R. AGARWAL, D. O’REGAN AND S. H. SAKER, Dynamic Inequalities on Time Scales, Springer,
Switzerland, 2014.

[2] M. BOHNER AND A. PETERSON, Dynamic Equations on Time Scales: An introduction with applica-
tions, Birkhiuser, Boston, 2001.

[3] M. BOHNER AND A. PETERSON (eds.), Advances in Dynamic Equations on Time Scales, Birkhduser
Boston, 2003.

[4] M. BOHNER, A NOSHEEN, J. PECARIC AND A. YOUNIS, Some dynamic Hardy-type inequalities
with general kernels, Math. Ineq. Appl. 8 (2014), 185-199.

[5] M. BOHNER AND G. SH. GUSEINOV, Multiple integration on time scales, Dynamic Sys. Appl. 14
(2005), 579-606.

[6] L. DEBNATH AND B. YANG, Recent developments of Hilbert-type discrete and integral inequalities
with applications, International J. of Math. and Mathematical Sci. (2012), Article ID 871845, 29 pages.
doi:10.1155/2012/871845.

[7] T.DONCHEV, A. NOSHEEN AND J. PECARIC, Hardy-type inequalities on time scale via convexity in
several variables, ISRN Math. Anal. 2013 (2013), Article ID903196, 9 pp.

[8] G. H. HARDY, Note on a theorem of Hilbert concerning series of positive term, Proc. London Math.
Soc. 23 (1925), 45-46.

[9] G.H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, 2md B, Cambridge Univ. Press,
1934.

[10] G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA, The maximum of a certain bilinear form, Proc.
London Math. Soc. 25 (1926), 265-282.



[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]

[19]

NEW HILBERT DYNAMIC INEQUALITIES ON TIME SCALES 1039

G. H. HARDY, Remarks in addition to dr. Widder’s note on inequalities, J. London Math. Soc. 3
(1929), 199-202.

G. H. HARDY, The constants of certain inequalities, J. of London Math. Soc. 8 (1933), 114-119.

D. HILBERT, Grundziige einer allgemeinen theorie der linearen intergralei chungen, Gottingen Nachr.
(1906), 157-2217.

B. G. PACHPATTE, On some new inequalities similar to Hilbert’s inequality, J. Math. Anal. Appl. 226
(1998), 166-179.

U. M. OZKAN AND H. YILDIRIM, Time scale Hardy-Knopp type integral inequalities, Commun.
Math. Anal. 6 (2009), 36-41.

S. H. SAKER, R. R. MAHMOUD AND A. PETERSON, Weighted Hardy-type inequalities on time
scales with applications, Mediterr. J. Math. 13 (2016), 585-606.

1. SCHUR, Bernerkungen sur theorie der beschrankten Bilinearformen mit unendlich vielen verander-
lichen, Journal of Mathematics 140 (1911), 1-28.

A. TUNA AND S. KUTUKCU, Some integral inequalities on time scales, Appl. Math. Mech Eng. 29
(2008), 23-29.

H. WEYL, Singulare integral gleichungen mit besonderer berucksichtigung des fourierschen integral
theorems, [Inaugeral-Dissertation], W. F. Kaestner, Gottingen, Germany, 1908.

(Received August 16, 2016) S. H. Saker

Department of Mathematics, Faculty of Science
Mansoura University

Mansoura 35516, Egypt

e-mail: shsaker@mans.edu.eg

A. M. Ahmed

Department of Mathematics, Faculty of Science
Al-Azhar University

Nasr City 11884, Egypt

e-mail: ahmedelkb@yahoo.com

H. M. Rezk

Department of Mathematics, Faculty of Science
Al-Azhar University

Nasr City 11884, Egypt

e-mail: haythamrezk64@yahoo.com

D. O’Regan

School of Mathematics, Statistics and Applied Mathematics
National University of Ireland

Galway, Ireland

R. P. Agarwal

Department of Mathematics
Texas A and M University
Kingsville, Texas, 78363, USA

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



