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ALMOST EVERYWHERE STRONG SUMMABILITY OF CUBIC
PARTIAL SUMS OF D-DIMENSIONAL WALSH-FOURIER SERIES

USHANGI GOGINAVA

(Communicated by I. Peri¢)

Abstract. In this paper we study the a. e. strong summability of the cubic partial sums of the
d-dimensional Walsh-Fourier series of the functions belonging to L (logJr L)‘F1 .

1. Introduction

We shall denote the set of all non-negative integers by N, the set of all integers
by Z and the set of dyadic rational numbers in the unit interval T:=[0,1) by Q. In
particular, each element of @ has the form 2% for some p,n € N, 0 < p <2". Denote
Iy :=1[0,27N), Iy (x) := Iy +x, where by 4+ we denote dyadic addition (see [37], [14]).

Let ro (x) be the function defined by

ro(x):{ 1, ifxe[0,1/2)

1, ifxellyz,1) EFD=m00).

The Rademacher system is defined by
rm(x)=ro(2"x), n>1.

Let wo,wy,... represent the Walsh functions, i.e. wp(x) =1 and if k = 2™ +
---+ 2" is a positive integer with n; > ny > --- > ng then

Wi (x) = 1y (%) - T (%) -

Given x € [, the expansion

x=Y x2 *h, (1)
k=0
where each x; = 0 or 1, will be called a dyadic expansion of x. If x € I\ Q, then (1)
is uniquely determined. For the dyadic expansion x € Q we choose the one for which
lim X = 0.

k—oo
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The dyadic addition of x,y € I in terms of the dyadic expansion of x and y is
defined by

plx,y) =x+y= Y |l —yl 27 ¢,

() = [ ) wnl)ax
I

is the n-th Fourier coefficient of f.
The partial sums of Fourier series with respect to the Walsh system are defined by

M=1
f)=% fmw
m=0
For n € N let us itroduce the projections

En (s f) i= Son (3 f) = /f ds (feLi(),xel),

If f€ L' (), then

E* (x;f) :=supE, (x;|f])-
neN

Let I¢ = [0,1)? denote the cube in the d-dimensional Euclidean space R?. The
elements of R? will be denoted by X = (x1,...,x4). For any X = (xq,...,x;) and
Y = (y1,...,vq) the vector (x; +y1,...,xs+yg) of the space R? is denoted by X +
2
Y-

Let M ={1,2,....d}, B={l,....I;}, i <lit1,i=1,....r—1,BCM, B =
M\ B, |B| = card (B).

For any x € R and B C M, the symbol X g will stand for the point of R whose
coordinates with indices from B coincide with the corresponding coordinates of X ,
and those with indices from B’ are zero. Besides, X j := x .

If ¥ €1 and Ii(x;), i =1,2,...,d, are dyadic intervals containing x;, then the
set

L(X) = Ie(xr) X R(x2) X -+ X L (xq)

is a dyadic d-dimensional cube.
We denote by L (log™ L)” (I?) the class of measurable functions f, with

[1f1(0g" 17)* <=, a0,
1

where log" u := I} ) logu and I is character function of the set E.
The rectangular partial sums of d-dimensional Walsh-Fourier series are defined as
follows:

mj— 1 mg— 1

d
g @ X ) = Y Y F ey ia) [Tws (),
i=1

J1=0  jg=0
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where the number

~ d
f(jl;'-'ajd):/f(.X1,...,xd)iji(xi)dxl...dxd
i i=1

is said to be the (ji,...,j;)th Walsh-Fourier coefficient of f.
Set

EY (x1,exanf) - Sgn) (X1, %0 f)

=2" / FOen, e X1, 8, X4 1,y Xq)ds, i=1,....d,
L (x;)
En (xl,...,xd;f) = S2n7_._72n (X17... ,xd;f)

=2 / f(s1,...,8q)dsy---dsq,

Ly (oep ) XX Ly (xg)
E,(,B) (x1 g ,xd;f) = Sélj’)m’zn (X17 e ,xd;f)
.= 2"lBl / f(?g—i—?y)dsll'”dslr,BCM,B#@.

In (x,l )><'~'><In (x,r)

The dyadic maximal functions is given by

E.(x1,...,xg; ) :=supE, (x1,...,xq:|f]),
neN

E® (x1,... xaif) = sugE,Sm (1. oxas ).

ne

We denote by Ly (Hd) the Lebesgue space of functions that are measurable and
finite almost everywhere on I, |A| is the Lebesgue measure of the set A C 1¢.

Let BCM, B# @ and f € L(log" L) 151 (I?). Then it is well-known that (see
[43D)

/E£B> (F) (%1, xgs f) oy - dxg )
Hd

< /‘f(xlw”vxd)' (10g+ |f(x17"'7xd)|)|B‘dxl"'dxd+cd
1

and for BC M, B# @ and f € L(log" )" (14),

{one ) €1 EP (1) (va,oxaif) > e | 3)

< % /|f((x1,...,Xd))|(10g+|f((x1,...,xd))|)|B‘*ldxl...dxd+cd
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Denote by ST (x, f) the partial sums of the trigonometric Fourier series of f and
let
n

1
ol (x.f) = o > Si(x.f)

k=0

be the (C,1) means. Fejér [3] proved that o, (f) converges to f uniformly for any
2w -periodic continuous function. Lebesgue in [23] established almost everywhere con-
vergence of (C, 1) meansif f € L;(T), T :=[—r,x). The strong summability problem,
i.e. the convergence of the strong means

1
n+12|5kxf f()|p’ xeT, p>0, 4)
k=0

was first considered by Hardy and Littlewood in [20]. They showed that for any f €
L.(T) (1 <r<oo) the strong means tend to 0 a.e., if n — o. The Fourier series
of f e Li(T) is said to be (H,p)-summable at x € T, if the values (4) converge to
0 as n — . The (H,p)-summability problem in L;(T) has been investigated by
Marcinkiewicz [28] for p =2, and later by Zygmund [48] for the general case 1 < p <
oo. Almost everywhere (H,p)-summability of Walsh-Fourier series with p > 0 was
proved by F. Schipp in [35].

Almost everywhere ®-summability of Fourier series with respect to trigonometric
and Walsh systems with condition was proved by Oskolkov in [29], Rodin [32], Schipp
[33], Karagulyan [21], Gét, Goginava, Karagulyan [8] .

For quadratic partial sums of two-dimensional trigonometric Fourier series Marc-
inkiewicz [28] has proved, that if f € Llog™ L(T?), T := [~m,x)?, then

lim — 2 (Skk x y7 f(xvy)) =0

n—o0 n

for a. e. (x,y) € T2. Zhizhiashvili [47] improved this result showing that class
Llog™L(T?) can be replaced by L; (T?) (for d-dimensional trigonometric Fourier
series see Dyachenko [2], for two-dimensional Walsh system see Weisz [42], and in
case of d-dimensional Walsh-Fourier series see Goginava [9]). Almost Everywhere
strong summability of quadratical partial sums of two-dimensional trigonometric Forier
series was proved by Goginava, Gogoladze, Karagulyan in [13] and in case of two-
dimensional Walsh system by Gét, Goginava and karagulyan in [7]. In this paper we
study the a. e. strong summability of the cubic partial sums of the d-dimensional
Walsh-Fourier series.

The results on strong summation and approximation of trigonometric Fourier se-
ries have been extended for several other orthogonal systems, see Schipp [34, 35, 36],
Fridli and Schipp [4, 5], Leindler [24, 25, 26, 27], Totik [39, 40, 41], Rodin [30, 31, 32],
Weisz [45, 44, 46], Gabisonia [6], Goginava, Gogoladze [12, 11], Gogoladze [16, 17],
Glukhov [18], Goginava [9, 10].
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2. Main results

THEOREM 1. Let f € L(log" L)™' (1), p >0 and d > 1. Then

neN

1 21 1/p
(X1, )G]Id sup<2n Z S (X153 xg3 )] ) > A

< C ’p 1+/‘f Xlse-ey X, ((log ‘f(xla iR d)‘))d_ldxl"'dxd

By making use the well-known density argument due to Marcinkiewicz and Zyg-
mund we can show that Theorem 2 follows from Theorem 1.

THEOREM 2. Let f € L(log" L)d_1 (I?) and d > 1. Then for any p > 0

1
}}1_1;10102_" Z ‘Sm (x17 -5 Xds f) f(x17'”7xd)|p:0

a.e. on 1.

We note that from the theorem of Getsadze [15] and Konyagin [22] it follows
that the class L (log L)d*1 (Hd) in the last theorem is necessary in the context of strong
summability question. That is, it is not possible to give a larger convergence space than
L(logL)™! (14).

We also note that in the case of two-dimensional trigonometric system Sjolin [38]
(for d-dimensional case see Antonov [1]) proved that for every » > 1 and d- variable
function f € Lr(Td) the almost everywhere convergence S, .f — f (n — o) holds.
Since this issue with respect to the Walsh system is still open, then in this point of view
Theorem 2 may seem more interesting.

3. Proofs of main results

In [33] Schipp introduced the following operator

D)= | 3 /

p>1, 1/p+l/g=1, ej:=27"1

g \ V4
1)Son (x+t4eis f)| d ;

where

In order to prove Theorem 2we need the following lemma (for p =2, see [33], for
p > 2 see[7]).
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LEMMA 1. Let p > 2. Then
sup | {x e 1V (il f1) > A }| <) I

A>0
Proof of Theorem 1. 1t is easy to show that

2 p
(Z S (X15 - X3 )] ) (5)

m=0

n_y 1/p
= ( > 1Smm (X1, xa3 S22 (f)) p)
m=0

2"—1
2 Oun (X015 3%g) Syoon (X1, - Xa3 80020 (f))

m=0

{am)l(xl7"'7xd)}

by taking the supremum over all {0y, (x1,...,x4)} for which

m_q 1/‘]
(2 O (51 32) ‘f) <1 Up+i/g=1. ©

m=0

Let

In ([33]) Schipp proved that

k
. 1 1
Z IA\Ik+1 Z &2/ o (t+ej)— 3 Wm (1) + (m—|— 5)]11,1 (1), m<?2".
@)
Then we can write
P (e, oxa) (8)
2]
= Olnn (xh xd)Sm,...,m (xh xd,S2” ..... on (f))
m=0
_ 2] d
= /Szn on x1—|—t1, Xa+ta f) 2 (an(xl,...,xd)HDm(tj)dtl"'dtd
m=0 j=1
_ 2]
< Y /52" ..... n(xr i, xa F g f) Y O (X1, xa)
BCM ,B#2 1 m=0

_)l#]
XHEH["\I"“ tl 28}‘12 W’“ t+e})H( 2) wm(ts)dll"-dtd
1€Bk=0 sEB’
2n—1

+ 2 /S2n7_._72n (xl—i—th...,xd—i—td;f) 20 Olnn (x17...,xd)
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1
XHZHIA\IHI t; zska W t—i—ej) H <m—|—§>111,, (l‘s)d11~~~dtd

i€Bk=0 o
) ) 2)1_1
+ 2 /Szn’m’zn (x1—|—t1,...,xd —|—l‘d;f) 2 OYynn (xl,...,xd)
BCMBAo | =0
(_1)\B|
H ) W (tz) H <m + = )]Iln (ls)dll -dty
i€B seB’

= J(B)l(xl, X))+ Y J(B)z(xl, LX)+ Y J(B)g(xl, Xq) -

BCM B+@ BCM B#M BCM B4@

Let B= M. Since

we can write

T (x1,.. . xq) 9)
) ) 2" —1
= /52",...,2" (x1F11,.. . xg+ a5 1) Z O (X1, .., Xq)
1d m=0
d n—1
X H EHIA\IHI ti 2 Ska Wi (t,—|—e dty---diy
i=1k=0 j
- n—1 ki ) ) ) )
< Z DD INE Z /1t tia / Son_an (X1 + 11, xa +tas | f)
k=0 k=071=0" Jja=0 T Dy 1 XX Ny 1
1
Z Olnn (xl,...,xd)wm (11 "i‘"'—i-ld‘i‘ej'l —i—--~—i—ejd) dty---dty
n—1 n—1 ) ) )
< 2 21+ +ia / Szn’m’zn (xl +1,..Xg T g |f‘)
Jj1=0 Ja=0 I X--XI:
2n_l . . . . .
X 2 Otmn(xl,...,xd)wm (t1—|—~~~—|-ld—|-€jl —|-"'—|-€jd) dty---dty
m=0

2Jj1tta Son.

I
M
M

..... on (xrFrr, . xq Feas| f])

Ile-"Xde
2"—1
X 2 amn(xl,...,xd)wm (t1—|-~~~—|-l‘d—|-€jl—|-~~~—|-ejd) dty---dty
m=0
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where the sum is taken over all rearrangements ¢ := {o (k) }¢_, of the set {1,2, ...

Let 0 (k) =d+1—k forsome k=1,...,d. Then we have

J;Ei/l)lo ()Cl, e ,xd)

_ 3 Qi+t / Sonon (k1 11, xq F 13| f])

0<ja<<ji<n
Slasos Ij1><"~><1jd

2"—1
X 2 amn(xl,...,xd)wm (tl—i—--~—i—td—i—ej1—i—---—i—ejd) dty---dty.
m=0

Denote
U1 =g FtqFej,;
Ug—n = lg_2Fug_1;
Ug—3 = tg_3Fug_o;

up =1t 4 us.
Then it is easy to see that
up€lj,, k=12,....d-1.
Hence, we can write
g

Ml (xl,. .. ,xd)
— Z 21t ta

0<jg << ji<n

X / Son,.on (X1 F 11, xgy g, xg Fua—1 Fia-1 e f])

Ijl ><-<-><de

2"—1
X Z Ohnn (xl,... ,xd)
m=0

Wi (1 + - FtaaFug1+ej ey, ) |dh - dtg_1dug_

_ Z it ta

0<jg<<ji<n

(10)

(1)

X / Sy on (x1F 11, Xgo F g1, Xa FugoF g1 Ftaate | f])

Ijl ><~'~><de

2"—1
X Z Ohnn (xl,... ,xd)
m=0

xwi (1 + - FtasFugotej, +--Fej, ) |dn - dig_1dug—
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= 2 21t ta
0<jg<+<ji<n
X Sonom (100, xao1 F v xa o g Fun e f])
Ijl ><-<-><de
-1

XN O (x1,- -y xa) Wi (uy Fej, + - Fej, ) |diy - digyduy.
m=0

Set

F(xt,..0xq) = f (X1, cosxg—1,%1 + - Fxq)

and

Ajyjay (X155 xas f)

= 21t / |f Gor 411, xgoy g xq 00+ tgog)|dey - diy .

Ijl ><---><de71

It is evident that

Ajlv"'vjd—l (xl,...,Xd_l,XI—i—"'-i-xd;f) (12)

.= J1t et ja
x / |f (o1 11,y xg 1 Ftg goxg F o Fxg bt dt - dig g
IlemXde—l
= 2j1+"'+jd—l / F(Xl‘Ftl,...,Xd,]—Ftd,],Xd)dtl"-dtd,1
IlemXde—l
< BV (ED (- (B ) ).
Denote
Alxr,-oxasf) = sup Aj gy (81 xas ).

Jirdda—1€EN

Then from (2) and (12) for f € L (log® L)‘F1 (I?) we obtain

/A(xl,...,xd;f)dxl...dxd
1d

13)

= /A(xlv"'axd—laxl‘i‘""i‘xd;f)dxl-"dxd

1
< /E,El) (E,Ez) ( o (E,Ed_l) (xl,...,xd;F)> )) dxy - -dxg
1



1060 U. GOGINAVA

d)—|—cz(d)/|F(x1,...,xd)| (log" |F (X1,..-,xd)|)d_1dx1---dxd

= 1@+ eald) [ 1f (reeoxa)| (logtIf (o) )1
d
From (11) we can write

J}/(LpM)lo(xh tee axd)

0<jg<+<ji<n dj, XX

dx1 o -dxd.

(14)

_ Z 2Ja /2j1+"'+jd—l ( / Szn."mrzn (xl —i—tl,...,xd,l —i—tdfl,
de

Jd—1

xd-i-tl-i---~+td_14—u+ejd;|f|)dt1 ---dld_1>

du

’ Z Conn xla )W’ﬂ(u+ejl + +eld l)

_ /2]1+ Fia-1 / ond / |f(x1—i—t1—i—sl,...,
0<m<~</1<" I,

X x1;

Jd—1 I)1><"'><In

Xg—1Ftar1Fsa—1,xa+ 0+ F g Futej, +sq)lds "'dsd> dr -

2"—1

‘ Z Conn xla )W’ﬂ(u+ejl + +eld l) du

0<jg<-<j1<n Iy %X Ly xooxly,

xdfl—i-tdfl—E-Sd,l,xd—i-tl—i-"'—i-tdfl—i-u—i-ej'd—i-sdﬂdtl---dtd,l)dsl--

2"—1

’ 2 O (X155 X, )Wm(u_i—ejl_i_.“_i_ejd—l) du

-dfd—1>

< 2 2Jd /2"d< / (2jl+"'+jd*1 / |f()C1 +t1 451,
1,

-dsd>

= 2”/2"(/ 2/t tan / LfCer 11,0 xg 1 a1,

0<Jd< <Ji<n
Ly >y,

xd—i—tl —i-“'—i-td,l —i—u—i—ejd—i-sd)|dt1 ~~~dtd1)dsd>
-1

X‘ 2 amn(xla"'axd)wl’ﬂ(u_i_ejl _i_“._i_ejd—l)
m=0

du
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< Z 2”/2" /A X1y Xg—1,Xq Futej, +54)dsq
0<jg<+<ji<n 2 I,
’ Z Olnn xla )W’ﬂ(u+ejl + +e]d l) du

2 2Jd/82" (X5 Xg1,xg+utej3A)

0<jg< < ji<n

2"—1
' 2 O (X155 X, )Wm(u_i—ejl_i_.“_i_ejd—l) du
. d . .
< 2 2 Zjd]lljd (u)Sgn)(xl’~"7xd*17xd+u+ejd;A)
Ja-1SSh<ny jaSia-1
2n—1
’ 2 Olnn xla )W’ﬂ(u+ejl + +e]d l) du

N

1/q
2 (/( 2 2~dede(u)Sg.f)(xl,m,xd1,Xd+u+ejd§A)>qd’4>
I

Ja—1<-<J1<n Ja<Jd—1
» 1/p
du .

211
</) Z Olnn x17 X )Wm(u—i_ejl—i_”.—i_ejd—l)
First use Holder’s inequality and Hausdorf-Young inequality from (6) we have
(p=21/p+1/q=1)

n » 1/p
2 71 . . .
/2Ozm,,(xl,...,xd)wm(u+ej1+--~+ejd71) du
I m=0
2’171 . . .
= sup /2O{m,,(xh...,xd)wm(u—l—ej1+--~+ejd71)h(u)du
IRllg<t{y m=0
] N
= sup O (X1, Xa) Win (€j,) -+ wm (€5, ) e (m)
[I2]l4<1 | m=0
m_1 1/‘1 m_1 1/17
< s | 3 fon x| (3 [rn)|" ) <e s il <o
2]l <1 \ m=0 [l <1
Hence, by (14) we obtain
( ) n—1 ]l Jd 2
N CTe” Ay N Y 2l l/pV (x1,...,xs;A)  (15)

J1=0j2=0 " j4-1=0
< c2"/ppd_1Vd(p) (X1, -, x5 A).
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Consequently,
(p)
J XlyeoosX,
sup% <c(d7p)Vd(p) (x1,. .-, xg3A) . (16)
neN

Set
Q:= {(xh...,xd) G]Idlvd(p) (X17...,xd;A) >Clﬁ,}.

Then from Lemma 1 we can write

Q| = /]IQ Xty xg) dxy - dxd:/ /HQ Xy xa)dxg | dxa---dig
]Id—l
< %/\A(xl,...,xdﬂdxd dxz---dxd_l
-1 I

12

/|A X15- 05 Xq)|dxy -+ -dxg

Hence, from (13) we obtain <f € L(log" L)aL1 (]Id)>

H(x17...,xd) el?: Vd(p) (X1, X3 A) > )LH

C ) d—1
< p 1+/‘f Xlyee ey X, (IOg |f(x17 © d)|) dxl"'dxd

From (16) we conclude that

(p)
J
H(m,...,xd)e]ldzsugw>c7LH (17)
ne
c(d, _
< ) 1+/\fx1, )] (log™ f (1, xa) ) vy - dixg

for o (k) =d+1—k.
Similarly we can prove that for all other summands in (9) the estimation (17) holds.
So, we have

(p)
H(xl,...,xd)e]ld:supM>c7t}' (13)

neN zn/p

c(d, _
< p 1+/\fx1,, )| (log* 1 (et xa) ) oy -+ dxg
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Let BC M, B# M. Then analogously, we can prove that

(p)

J

(1) € 19 - sup 8L LX) (19)
neN 2n/p

d, B
< % 1+/\f(x17...,xd)|(log+|f(x1,...,xd)|)d Ydxy - dxg

(p)

Now, we estimate J, 55 (x1,...,X4). Let B = &. Then we have
(p)
Jn32 (xl7 ,Xd)

n_y
= /52",...,2" (141, xa F1a3f) Y, O (X1, 0, H( )Hln (t5)dty---dty
m=0
1
2 Ohnn (xla <m )
m=0

n 1/q

21

< c(dy2rdtie / |f G+, xa Fta)|dt - dty ( D, |0t (x1,~~~7xd)|q>
m=0

Iy x---x1I,

< /S2”,,,,,2" (xl—i—tl,...,xd—i—td;|f|) HH]H dl‘l -dty

seM

C(d)zn/pE* (Xl, s axd;f) :

Hence, from (2), we have

(p)

J

(1) €14 : suptam2FL %) g (20)
neN 2n/p

d, B
< % 1+/\f(x17...,xd)|(log+|f(x1,...,xd)|)d Ydxy - dxg

LetBZ:{ll,...,lr}CM7li<l,‘+1, i:l,...,}"—l,B#@,BIZM\BIZ{kh...,kS},
r+s=d. Since

Son . on (x1 411, xq F 13| f]) diy, - -y, = 2| |S2",...,2" (7M—F7B; If1).

0.2
(2D
Repeating the arguments in the same way as in estimation J}5§)1 (x1,...,xq) we get
TRLIETS ) (22)
n—1

zwﬁ+h [ [ smeatidne sl

=0
i Jir= Ly sy, 0,018
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2! L S |B'|
X Z Olmn (xl,...,xd)wm (tll —|—~~~—|—tlr—|-€j,l —|—~~~—|—ejl,> (m—|— 2) dty---dty
m=0
n—1 n—1 ) B (B) SN (B/)
< 2 2 2]1+~-~+Jr2*n| ‘ / SZ” ..... on <XM+ tBsE* (|f|)>
=0 =0 I./'/l x---xl_/'l,
2! L S |B'|
2 Ohnn (xl,...,xd)wm (tll —|—~~~—|—tlr—|-€j,l —|—~~~—|—ejl,> <m+ 2) dl‘l1 "'dtl,-
=0
Hence, from (2) and (3) we have
(p)
J ey
(1) €10 : sup tam2FL %) (23)
neN 2n/17

c(d,p)
A

< <ap) <1+/|f<x1,...,xd>|<log+ |f<x17...,xd>|)"ldxwdxfz)
1

(1, xd;f)) (logJr

B ‘B|71
E; (xl,...,xd;f)D dxy---dxy

Analogously, we can write

J,Eg)3 (xh...,xd) </ / Son ., (xl—i—th xd+td;|f‘) (24)
111 10,2-n) 8l
m_1 . . | |B/|
X 2amn(xl,---,xd)wm(tzl+~--+zz,><’"+§> dy ---di
m=0
S ( + 1B (1))
Z‘B/‘ 2)1' 2n M B,
/8l

21

L 5]
XY Cn (X1, %) W (11, -+ 1) <m+2> dy, ---di,,
m=0

(p)
J (x1 xd)
d . qup B3\ 7d)
{(xl,...,xd)e]l :lelg Th >

<1+/f x17 X (log |f(x1, d)|)dldx1---dxd>.

Combining (8), (17)—-(24) we complete the proof of Theorem 1. []
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