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SHARP GAUTSCHI INEQUALITY FOR

PARAMETER 0 < p < 1 WITH APPLICATIONS
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Abstract. In the article, we present the best possible parameters a,b on the interval (0,∞) such
that the Gautschi double inequality [(xp +a)1/p − x]/a < exp ∫ ∞

x e−t p dt < [(xp +b)1/p − x]/b
holds for all x > 0 and p ∈ (0,1) . As applications, we find new bounds for the incomplete
gamma function Γ(a,x) =

∫ ∞
x ta−1e−t dt .
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[31] N. M. TEMME, The asymptotic expansion of the incomplete gamma functions, SIAM J. Math. Anal.

10, (4) (1979), 757–766.
[32] M.-K. WANG AND Y.-M. CHU, Refinements of transformation inequalities for zero-balanced hyper-

geometric functions, Acta Math. Sci. 37B, (3) (2017), 607–622.
[33] M.-K. WANG, Y.-M. CHU AND S.-L. QIU, Sharp bounds for generalized elliptic integrals of the first

kind, J. Math. Anal. Appl. 429, (2) (2015), 744–757.
[34] M.-K. WANG, Y.-M. CHU AND Y.-Q. SONG, Asymptotical formulas for Gaussian and generalized

hypergeometric functions, Appl. Math. Comput. 276, (2016), 44–60.
[35] M.-K. WANG, Y.-M. LI AND Y.-M. CHU, Inequalities and infinite product formula for Ramanujan

generalized modular equation function, Ramanujan J. DOI 10.1007/s11139-017-9888-3.
[36] K. YAMAGATA, A contribution to the theory of non-isothermal laminar flow of fluids inside a straight

tube of circular cross section, Mem. Fac. Engineering, Kyushu Imp. Univ. 8, (1940), 365–449.
[37] Z.-H. YANG, A new way to prove L’Hospital Monotone Rules with applications, arXiv:1409.6408

[math.CA], available online at http://arxiv.org/pdf/1409.6408v1.pdf.
[38] Z.-H. YANG AND Y.-M. CHU, Asymptotic forumlas for gamma function with applications, Appl.

Math. Comput. 270, (2015), 665–680.
[39] Z.-H. YANG, Y.-M. CHU AND M.-K. WANG, Monotonicity criterion for the quotient of power series

with applications, J. Math. Anal. Appl. 428, (1) (2015), 587–604.
[40] Z.-H. YANG, W. ZHANG AND Y.-M. CHU, Monotonicity and inequalities involving the incomplete

gamma function, J. Inequal. Appl. 2016, Article 221 (2016), 10 pages.
[41] Z.-H. YANG, W. ZHANG AND Y.-M. CHU, Monotonicity of the incomplete gamma function with

applications, J. Inequal. Appl. 2016, Article 251 (2016), 10 pages.
[42] X.-M. ZHANG AND Y.-M. CHU, A double inequality for gamma function, J. Inequal. Appl. 2009,

Article ID 503782 (2009), 7 pages.
[43] T.-H. ZHAO AND Y.-M. CHU, A class of logarithmicall complete monotonic functions associated

with a gamma function, J. Inequal. Appl. 2010, Article ID 392431 (2010), 11 pages.
[44] T.-H. ZHAO, Y.-M. CHU AND Y.-P. JIANG, Monotonic and logarithmically convex properties of a

function involving gamma functions, J. Inequal. Appl. 2009, Article ID 728612 (2009), 13 pages.



SHARP GAUTSCHI INEQUALITY FOR PARAMETER 0 < p < 1 WITH APPLICATIONS 1109

[45] T.-H. ZHAO, Y.-M. CHU AND H. WANG, Logarithmically complete monotonicity properties relating
to the gamma function, Abstr. Appl. Anal. 2011, Article ID 896483 (2011), 13 pages.

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


