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ON THE ORLICZ SYMMETRY OPERATOR

LUJUN GUO AND RUIFANG CHEN

(Communicated by H. Martini)

Abstract. R. Schneider (1970) proved that if K € R” is a convex body, such that each shadow
boundary of K with respect to parallel illumination halves the Euclidean surface area of K,
then K is centrally symmetric. A generalization of the results of R. Schneider was given by
G. Averkov, E. Makai and H. Martini (2009). In this paper, by introducing an Orlicz symmetry
operator Ay : A" — ", we show a new method to obtain the characterization of symmetry
for convex bodies. As an application, we will show that there is a unique member of Ay (K)
characterized by having larger volume than that of any other member of Ay (K), where Ay (K)
is the Orlicz symmetric equivalence class of K.

1. Introduction

Let R" denote the n-dimensional Euclidean space. Let K € R" be a convex body
(compact, convex set with non-empty interiors) and x € R*\K. Then there is a unique
point of K closest to x, which we denote by p(K,x), see [23]. We write d(K,x) :=
|x— p(K,x)|, and u(K,x) := (x— p(K,x))/d(K,x), with |-| denoting the Euclidean
norm. For a Borel set B € R" and r > 0, we consider the Lebesgue measure of the set
{x e R"0 < d(K,x) <r,p(K,x) € B}. Itis of the form

1" (n—1
. (” )ck<K,B>r"
n&=o\ k
where C(K,B), for 0 < k < n, is called the k-th curvature measure of K.

Let H,[ := {x € R"|(x,u) >0} and H, := {x € R"|{x,u) < 0}. Using the curva-
ture measure, R. Schneider (see [21] and [22]) proved the following theorem.

THEOREM A. Let K € R" be a convex body with 0 € intK, and let k be an integer
with 0 <k < n. Suppose that for each u € S"~' we have Cy(K,H,| ) = Cy(K,H,). Then
K is O-symmetric.

For a Borel measure @ € S" !, G. Averkov, E. Makai and H. Martini considered
the signed Borel measure [, ¢(u)dSk(u) that satisfies the following two conditions.

Mathematics subject classification (2010): 52A20, 52A40, 33C55.

Keywords and phrases: Central symmetry, Minkowski space, normed linear space, shadow boundary,
Steiner symmetrization, surface area measure.

This research is supported by the National Natural Science Foundation of China (Grant No. 11526079 and No.
U1504101) and National science research project fund of Henan Normal University (No. 5101019279102).

The authors are very grateful to the referee who read the manuscript carefully and provided a lot of valuable sugges-
tions and comments.

© t1€I"€N' Zagreb 1189

Paper MIA-20-77


http://dx.doi.org/10.7153/mia-2017-20-77

1190 L. GUO AND R. CHEN

a) ¢ :S"! — R is an even Borel measurable function, with [, |@(u)|dSk (u), i.e.,
the total variation of the above signed Borel measure being finite, and

b) @(u) # 0 for dSk(u) almost every u € "~ 1.

A generalization of the result of R. Schneider was given by G. Averkov, E. Makai
and H. Martini [1] as follows.

THEOREM B. Let K be a convex body in R", let dSk(u) be the Euclidean surface
area measure of K, and ¢ : "' — R be a function satisfying a) and b) above. Then
the following statements are equivalent.

A) The body K is centrally symmetric.

B) The equality

|, owdsk) = | owdsi() M)
Su Su

holds for every direction u € S"~', where S} :={ve §" |(u,v) >0}, S, :={ve
S"1(u,v) <0}.

C) Equality (1) holds for du-almost every direction u € S"™', where du is the
Lebesgue measure on S"~!.

D) Equality (1) holds for du-almost every direction u € S"~' among those direc-
tions u, for which the shadow boundary of K with respect to parallel illumination from
direction u is sharp.

In this paper, the Orlicz symmetry operator Ay : £ — JZ" is introduced to ob-
tain analogous characterizations of symmetry for convex bodies. Motivated by recent
progress in the asymmetric L, Brunn-Minkowski theory (see, e.g., [7, 8, 9, 12, 14, 19,
20, 24, 26]), Lutwak, Yang, and Zhang introduced the Orlicz Brunn-Minkowski theory
in two articles [17, 18]. More precisely, Lutwak, Yang, and Zhang [17, 18] introduced
Orlicz projection bodies and Orlicz centroid bodies, and they successively established
the fundamental affine inequalities for these bodies. Recently, Haberl, Lutwak, Yang,
and Zhang [6] dealt with the even Orlicz Minkowski problem. For the development of
the Orlicz Brunn-Minkowski theory, see [2, 4, 5, 10, 11, 28].

We consider the convex and strictly increasing function ¢ : [0,+oc0) — [0, +o0)
satisfying ¢(0) = 0. It is not hard to conclude from [23] that ¢ is continuous on
[0,4-c0).

DEFINITION 1. Let K C R" be a convex body with origin in its interior, and ¢ €
¢ . For x € R", we define the Orlicz symmetry operator Ay : Z"" — £ by

hA¢K(x):inf{7L>O:¢(h;§x)>+¢(hl(2(;x)> <1}, @)

Using the Orlicz symmetry operator Ay : " — 2", we obtain the following
characterizations of symmetry for convex bodies.

THEOREM 1. (Main) Let ¢ € C and K € R" be a convex body containing the
origin in its interior. Then we have

V(4K) = riV(K), 3)
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where ry = —— . Equality holds if K is origin-symmetric. Furthermore, when ¢ is

2071(3)
strictly convex, equality holds if and only if K is origin-symmetric.

As an application, we obtain the following conclusion.

COROLLARY 1. Suppose K € ;" (the class of convex bodies containing the ori-
gin in their interiors). Then Ay (K) contains a unique member characterized by having
larger volume than that of any other member of Ay(K), where

Ao (K) = {L € A" : AgL = AgK}.

For later reference, we list in Section 2 some basic facts regarding convex bodies.
The basic properties of the Orlicz symmetry operator are introduced in Section 3. In
Section 4 we prove, by using symmetrization, the Theorem.

2. Notations and preliminaries

Let S"~! denote the unit sphere, B" the unit n-ball, w, the volume of B", and 0
the origin in the Euclidean n-dimensional space R". We write x -y for the standard
inner product of x,y in R".

A convex body K € R" is a compact, convex set with nonempty interior. The
volume of K will be denoted by V(K). A real normed linear space of dimension n is
called a Minkowski space and denoted by M" (i.e., R", endowed with some Minkowski
metric), whose unit ball is a convex body centred at the origin.

Denote by %" the class of convex bodies in R", and let %" be the class of
members of #" containing the origin in their interiors.

Let vk : K — S"~! be the Gauss map of K , defined on 9K (the boundary of K),
the set of points of JK that have a unique outer unit normal.

Let C be the class of convex, strictly increasing function ¢ : [0, 4e0) — [0, +o0)
satisfying ¢(0) = 0. We say a sequence ¢; € C is such that ¢; — ¢ € C, provided

o — |1 = r}ggfl@(@ —¢(x)| —0,

for every compact interval I C [0, +eo).

The support function hg : R" — R of a compact convex set K € R" is defined, for

x e R", by
hx(x) =max{x-y:y €K},
and it uniquely determines this compact convex set.

A function is a support function of a compact convex set if and only if it is pos-
itively homogeneous of degree one and subadditive. Obviously, for a pair of compact
convex sets K,L € R", we have hxg < hy if and only if K C L.

The Hausdorff distance between convex bodies K, L is defined by

8(K,L) :=min{A > 0|K C L+AB*,L C K+ AB“}.
In terms of the support function, the Hausdorff distance between two convex bodies
K, L can also be expressed as follows (cf. [23]):

O0(K,L) = max |hg(u)— hy(u)|. 4)
uesd—1
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A class of convex bodies {K;} is said to converge to a convex body K if 6(K;,K) —
0,as i — +oo.

For a convex body K and a direction u € §"~!, let K, denote the image of the
orthogonal projection of K onto u", the subspace of R” orthogonal to u. We write
(,(K,"): K, — R and ¢,(K,-) : K, — R for the undergraph and overgraph functions
of K in the direction u; i.e., K= {y +tu: —£,(K,y) <t < l,(K,y) fory € K,}.
Thus the Steiner symmetral S,K of K € )" in direction u can be defined as the body
whose orthogonal projection onto u" is identical to that of K and whose undergraph
and overgraph functions are given by

/ 1 / ”) /
£,(S.K,y') = E[EM(K,y)Mu(K,y)] (5)
and
_ 1 _
Cu(Suky) = 16 (KY) + L (K] (6)

The following two well known propositions will be used to prove our results.

PROPOSITION 2.1. (see [17], Lemma 1.2) Suppose K € J£" and u € "1, For
y' € relintK,,, the overgraph and undergraph functions of K in direction u are given by

Cu(K,y') = min {hg(x', 1) ="y}, (7
X' cu
and
£,(K,y') = min {hg(x',—1) —x"-y'}. (8)
X eut

PROPOSITION 2.2. (see [27], Lemma 4.2) Suppose K € " and u S§"1. For
any x},x5 € u* we have

/ / / /
(¥, 1) + h(xh, —1) = 2max{hSuK<x1 Jz”@ : 1>,hSMK<x1 erx2,—1) } 9)

3. Properties of the Orlicz symmetric operator

Since the convex function ¢ is strictly increasing on [0,0), it follows that the

function
2 o(1552) o(2L20)

is strictly decreasing on [0, o) and continuous. From this observation and (2), we obtain
the following proposition.

PROPOSITION 3.1. Suppose K € Z™" and O € €. Then
1) ha,x(x) < Ao if and only if ¢( ) +¢(h1< —X)>
2) hayk(x) =2 if and only if ¢< A{)>+¢(hk —x)zl;
3) hask(x) = Ao if and only if ¢<h x>+¢< )21'

N

1;
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PROPOSITION 3.2. Suppose K € )" and ¢ € €. Then AyK is a convex body
symmetric with respect to origin.

Proof. For r > 0, we have
hagx(rx) = inf {2 > 0: ¢( 2(;"))+¢(h"(21”))<1}
:rinf{%>0:¢<hK(x)>+¢<M> <1}

= rhA¢.K('x)' (10)

We claim that for x,x, € R",
Ry (1 +x2) < hayk (x1) +ha i (x2).

Set hA¢K(x1) =r; and hA¢K(x2) = rp, from (2) and Proposition (3.1), then we
have

sty ()
() e ()
hi(x hi(x hg(—x hg(—x
/(P( = (131—:—;2()( 2)>+¢< . 2(1:1—:—;;)( 2)>
<h1< X1 +x2) ) ( x1+xz))>7

r1 +r2 r1—|—r2)

+

which implies that
haok (X1 +x2) <11 +12 = ha,k (x1) +hagk (%2).- (11)

The positively homogeneous of degree one property of (10) and subadditivity (11)
of hp oK show that Ay K is convex.
From the definition (2), for any x € R”, it is obvious that

ot =12 0:0(48) o0 1) S,

which shows that Ay K is symmetric with respect to origin.
Thus, AyK is a convex body symmetric with respect to origin. [

PROPOSITION 3.3. Suppose ¢ € C and K € J%".

() If r >0, then AgrK = rAyK.

(ii) For A € GL(n), ApyAK = AAGK.

(iii) Suppose K; € ' are such that K; — K. Then AgK; — ApK.
(iv) Suppose ¢; € C are such that ¢; — ¢. Then Ay K — AyK.
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Proof. (i) Let r > 0. For any x € R",
hagric(x) = inf {2 > 0 ¢<h’(—(x>) +¢(hr"(_x)> <1}

2 27
_ rinf{% >0 ¢<h’2((f>) +¢(h’((2_&”)) <1}
= rha,k (%)
= hra,k(x).

Thus we have AyrK = rAyK.
(ii) Let A € GL(n). For any x € R",

hagak () =inf {2 > 0: ¢<hAK(x)) +¢<h*”‘(_x)) <1}

21 22
:inf{/l > 0:¢<hK(2iTx)) +¢(%X‘Tx>) < 1}
zhAd)K(ATx)
= hanyk ().

Thus we have AjJAK = AAGK.
(iii) Suppose ug € S"~ 1. We will show that for the support functions of the convex
bodies AyK;, we have
hagk; (o) = hayk (uo)-

Let A,k (up) = r;. From Proposition 3.1, we have

| = ¢(M) +¢,(hk,~(—iuo)> _ 2¢<h1<,-(uo) +hK,~(—Mo)>’

2r; 2r, 2r;
which implies r; < W On the other hand,
2
hx. hg.(— hr. he (—
1:¢( K,(Mo)>+¢( K MO)) >2¢< K (o) + i MO)))
2}"i 27‘,‘ 4}"i
which implies r; > %ﬁk{g_w Thus,
2
hi (o) + i, (—uo) _ - hi; (uo) + hi,(—uo)
4971(3) 2071(3)

Since K; — K, we have hg,(uo) + hx,(—uo) — hi(uo) + hg(—up). Thus there
are constants r,R > 0 such that 0 < r < r; <R, i=1,2,3,..., which means that the
sequence r; is bounded.

To show that the bounded sequence r; converges to ry, we show that every conver-
gent subsequence of r; converges to rp. Denote an arbitrary convergent subsequence
of r; by r; as well, and suppose that for this subsequence we have r; — rg. Thus
0 <r<ry <R, and from the continuity of ¢, we have

1= tim (oM7) +o ()] <o (M) w0 ),

i—oo 2r; 2r; 2rg 2ry
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This and Proposition 3.1 give
hayk; (o) = ri — 1o = ha,k (o).

But for support functions on §"~! pointwise and uniform convergence are equiva-
lent (see, e.g., Schneider [23]). Thus, the pointwise convergence fip ok; () = ha, o x (up)
shows that 6(AyK;,ApK) — 0, as i — +oo. Hence AyK; — AgK.

(iv) Suppose ug € S"~!. We will show that for the support functions of the convex
bodies Ay, K, we have

hagk (u0) = hayk (uo)-

Let hAd)Ki(uo) =7r.
As in the proof of (ii), we have

hi (o) + hx(—uo) _ - h(uo) +hx(—uo)
20, (3) 49, (3)
From the fact that ¢; — ¢, it is easy to show that ¢,-_1 — ¢~ Thus, there are con-

stants r,R > 0 suchthat 0 <r <r; <R, i=1,2,3,..., which means that the sequence
r; is bounded.
Denote an arbitrary convergent subsequence of r; by r; as well, and suppose that

for this subsequence we have r; — ry. Thus 0 < r < rp < R and from the continuity of
¢, we have

- o154 o () o) o)

i—oo 27’,‘ 27’,‘ 27’0 27‘0

This and Proposition 3.1 give

hag k(o) = ri — ro = ha,k (o).

As in the proof of (ii), we have shown Ay K — AyK. [J

4. The characterization of symmetry for convex bodies

LEMMA 4.1. Suppose ¢ € C and K € &'. Forany u € §"=1, we have
ApS.K C SuApK. (12)
If ¢ is strictly convex and the inclusion is an identity, then K is origin symmetric.
Proof. From Proposition 2.1,for any y' € (A¢K), there exist points x|,x} € u*
such that
Cu(AoK Y ) = hagk (X1, 1) =¥ -, (13)
and

EM(A¢K7)/) :hA¢K(x/2»_1)—x/2'y/~ (14)
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Let A, = hA¢K(x’17 1) and A, = hA¢K(x’2, —1). From Proposition 3.1, the convexity
of ¢ and Proposition 2.2, we have

= i [o () o ()]
1+ 20 20
2 - —X,
e {‘Z’(hl{(}zciz 1)>+¢<hK(z/{C; 1>>]
/ /
=l () e (5]
2{ _ /’_ 2{ _ /’
+[Al+lxz¢(hl(( 7 1)>+Mf12¢(h1((2;22 l)ﬂ
hK(x’“l;L—l—h[;(x’z—l)) d)(hK(—x’l,—l)—f—hK(—x’zl))
2 2(A + A
hsuK(%:Fl)z) hsuK(_)glJ;gz,_l; 1+42)
>0( )+o( A
From Proposition 3.1, we have

>0 (15)

.x/1+.x/2 ll—l—?tg hA¢K(x/171>+hA¢K(xl23_1)
hays K( ,1> < = .
¢ou 2 2 2
From (6), (14), (13), Proposition 2.2 and (7), we have

(16)

_ 1r=
Lu(SuboK.Y) = 3 [FulBoK Y) L, (86K,
_ 1
2
x/ +x/ x/ +x/
>hA¢.SMK< 12 2,1>_ 12 2.

> min {hays,k (6, 1) =2}

{h%]{(x/l,l) +hA¢K(x/27—l) — (x]+x5) -y

=Tu(AgSuK,Y). a7

In the same way, we can also have £,(S,ApK,y') > £,(A¢S.K,Y').

Since y' € relint(AyK), is arbitrary, we get AyS,K C S,A¢K.

If the inclusion (12) is an identity, then (4.4) is also an equality. Since ¢ is strictly
convex, (4.4) is an equality if and only if

hK(xllal) _hK(x/27_1) and hK(_x/h_l) _hK(_x/271>
24 2L 20 24

Due to the facts K € ;" and hg(—u) = h_k(u), there is a positive constant rg

such that

D) ()
0= = .
hog(xp, 1) bk (g, —1)
Forany y' € (AgK),, there are x|, x5 € u such that (x],1), (x},—1) are the outer

normal vectors of AyK at the boundary points (y,4,(AgK,Y")) and (y,£,(ApK.Y")),
respectively.

(18)
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Forany v € §"1, since 9(AgK)N{(AsK)u+1tult ER}N{(AgK)y+1v[t R} #0,
there always exists y' € (AyK), such that v is the outer normal vector of A¢K at the
boundary point (y',4,(AsK,y')) or (/.£,(AsK,y')). Hence, by the same argument as
with (4.7), we always have

hg (v)
h,K(V)

which shows that K and —K are dilates. From this and the fact V(K) = V(—K), we
have K = —K, i.e., K is origin-symmetric. [J

=70,

THEOREM 4.1. Suppose ¢ € C and K € %" Then
V(AK) > AV(K), (19)

where r| = Equality holds if K is origin-symmetric. Furthermore, when ¢ is

20~ ( )’
strictly convex, equalzty holds if and only if K is origin-symmetric.

Proof. Let V(K) = a" m, . From the Steiner Symmetrization argument and Lemma
4.1, for any u € §"~! we have

V(ApK) = V(S.AsK) = V(AgS.K) =V (ApaBh) = rid" @, = IV (K).  (20)

hg(—u) forall u € S"!, then
k(=) _hk(x)
>+¢< 22 )gl}_zq)—l(%)’ @D

V(AgK) =PV (K).

If K is origin symmetric, i.e., hg

u) =
x)

g (x) = 1nf{/l>0 ¢(

for all x € R". Therefore,

Suppose ¢ is strictly convex. Due to (20), equality holds in (19) if and only if
ApSuK = S,ApK . By Lemma 4.1, this holds if and only if K is origin-symmetric. [

If ¢(r) =17, for p > 1, we obtain the p-difference body A,K (see e.g., [16]),
whose support function is given by
hi (x)P 4 hg(—x)?
ety = P () o

Then the corresponding result of the Theorem in the L, Brunn-Minkowski theory
is as follows.

COROLLARY 4.1. Suppose K € ", for p > 1. Then
1
V(AK) =27 'V(K), (23)
and equality holds if and only if K is origin-symmetric.

Using the Theorem, we obtain the following conclusion about the Orlicz symmet-
ric equivalence class.
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COROLLARY 4.2. Suppose K € J'. Then Ay(K) contains a unique member

characterized by having larger volume than any other member of Ay (K), where

A¢<K> = {L S %n ZAq)L:Aq)K}.

Proof. We first suppose that K is origin-symmetric.
From Theorem 4.1, for any L € Ay (K) we get

1 1
VIK) = GV (86K) = SV (86L) VL), 24)

which shows that the volume of K is larger than that of any other member of Ay (K).

large

Next, we prove that K is unique. Suppose that there is another L € Ay (K) having

r volume than any other member.
From (21), for any x € R", we have
e /1
i) = 207" (3 )y () = 207 (3 ) hay () = (), (25)

which yields the result. [J
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