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CONTINUITY AND APPROXIMATE DIFFERENTIABILITY OF
MULTISUBLINEAR FRACTIONAL MAXIMAL FUNCTIONS

FENG Li1Uu

(Communicated by J. Pecaric)

Abstract. In this note we investigate the continuity and approximate differentiability of the m-
sublinear fractional maximal operator

7 _ o/d—m e .
Ml )0) = supBr)| L[| 1)

where m>1,0< a<md and f= (ft,---.fin) with each f; € LIIOC(]R“). More precisely, we
prove that 9, maps W71 (R) x ... x When (R) into W' (R?) continuously, provided that
1<pi,...,pm <eeand 0< Y 1/pi—o/d=1/q<1.We also show that the multisublinear
fractional maximal functions 9 (f) are approximately differentiable a.e. if £=(f1,f2,...,f)
with each f; € L'(R?) being approximately differentiable a.e. As applications, the correspond-
ing results for fractional maximal operators are established.

1. Introduction

Let d > 1 and M denote the centered Hardy-Littlewood maximal operator on R4,
ie for f€ Ll (RY),

loc

M) =swp e [ 1Ol

r>0

for any x € RY, where B(x,r) is the ball in R? centered at x with radius r and |B(x,r)|
denotes the volume of B(x,r). One of the cornerstones of harmonic analysis is the
celebrated theorem of Hardy-Littlewood-Wiener that asserts that M : LP (R?) — LP (R?)
is bounded for 1 < p < . For p =1 we have M : L'(R?) — L' (R?) bounded.
During the last several years, a considerable amount of attention has been given to
investigate the behavior of differentiability under a maximal operator. The first work
in this direction is due to Kinnunen [15] who proved that M is bounded on W!?(R%)
for 1 < p < oo, where W!'P(R?) is the first order Sobolev space, which consists of
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functions f € L”(R?), whose first weak partial derivatives D;f,i=1,2,...,d, belong
to L”(R?). We endow W' »(R“) with the norm

1£11h

where Vf = (D1f,...,Dyf) is the weak gradient of f. Later on, this paradigm has
been extended to a local version in [16], to a fractional version in [17], to a bilinear
version in [11], to a multisublinear fractional version in [25] and to a one-sided version
in [24]. Due to the lack of reflexivity of L', results for p = 1 are subtler. A crucial
question on whether the operator f — |[VMf| is bounded from W!(R?) to L'(R?),
posed by Hajtasz and Onninen in [14], has been restricted to dimension d = 1. For
example, see [4, 23, 34] for the uncentered Hardy-Littlewood maximal operator, [18]
for the centered Hardy-Littlewood maximal operator, [10] for the fractional maximal
operators, [26] for the multisublinear fractional maximal operators. Other interesting
works related to this topic are [3, 5, 6, 12, 13, 22, 28].

In general, bounded non-sublinear operators need not be continuous (see [7] for a
famous example). Continuity of the maximal operatorin L” (R?) follows easily from its
sublinearity and boundedness. Since we do not have sublinearity for the weak deriva-
tives of the Hardy-Littlewood maximal function, the result of Kinnunen now leads us
to another question: is M : W7 (RY) — WP (RY) continuous for 1 < p < e? This
question was posed in [14, Question 3] where it was attributed to T. Iwaniec and has
been studied by many authors. In 2007, Luiro first proved that M is continuous on
WLP(RY) for 1 < p < . Subsequently, Carneiro and Moreira [11] extended above
result to the bilinear case. Later on, Luiro [30] extended the result of [29] to the local
case. Recently, Luiro and Nuutinen [3 1] established the continuity of a class of discrete
maximal operators in Sobolev space W!?(R?) under certain sufficient assumptions.

As well known, the multilinear maximal operator and its fractional version are
standard tools in the multilinear Calderén-Zygmund theory and the boundedness of
these maximal operators on various function spaces have been extensively studied, for
example, see [8, 9, 19, 20, 21, 25] and therein references. In this paper we focus on
the regularity of the multisublinear fractional maximal operator. More precisely, let
m>1 and f: (fis---.fm) witheach f; € LIOC(R‘]). For 0 < o < md, we define the
multisublinear fractional maximal operator 9, by

1p = fllzr ey + VANl Lo (ray

-,

()00 = soplBC ) [ 1
r>0

for any x € RY. For o = 0, the operator 9, recovers the classical multisublinear
Hardy-Littlewood maximal operator. Specially, the centered Hardy-Littlewood maxi-
mal operator M corresponds to the special case of 9ty for m =1 and oo = 0. For
m=1 and 0 < o < d, the operator 1, reduces to the classical fractional maximal op-
erator denoted by M, , which has extensive applications in potential theory and partial
differential equations (see [1, 2, 32, 33] for example).

Recently, it was shown in [25] that

Mo : WHPHRY) x - x WhPn(RY) — w4 (RY)
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is bounded for 1/¢g =3",1/pi—oa/d with 1 < pj,...,pu <oeoand 1 < g <oo. A
question that arises naturally is

QUESTION A. Is the operator My continuous from WP (RY) x .. x Whpm(RY)
to WH(RY), when 1/q=3",1/pi—a/d, 1 <pi,...,pm <o and 1 < q < ?

Question A is the main motivation for this work. This problem is solved by our
next theorem.

THEOREM 1. Let 0 < oo < md. Then My maps WHPL(RY) x - x WP (RY)
into WH4(RY) continuously, where 1/q=3" 1/pi—a/d, 1 < p1,...,pm < and
1< g <oo.

REMARK 1. Theorem 1 extends the continuity result in [29], which corresponds
to the case m =1 and o = 0. In [17], Kinnunen and Saksman observed that M,, :
WhP(RY) — wh4(R?) is bounded if 1/g=1/p—o/d with 1 < p < oo and 0 < o <
d/p. As an application of Theorem 1, it is known that My, : WP (RY) — W14(R?) is
continuous if 1/g=1/p—o/d with ] <p<ecand 0< a <d/p.

To the best of my knowledge Hajtasz and Onninen’s question remains open in
dimension d > 2. Motivated by this challenging problem, Hajtasz and Maly [13] es-
tablished the approximate differentiability of the Hardy-Littlewood maximal operator,
which can be listed as follows.

THEOREM B. ([13]) Let f € L'(R?) be approximately differentiable a.e., then
M is also approximately differentiable a.e.

For the endpoint regularity of 91, it was shown in [26, 27] thatif d >2, 1 < a <
m(d—1)+1 and f = (fi,...,fn) with each f; € WHL(RY), then My (f) is weakly
differentiable and

IVRa(AIl 0 <CTTIVAllL gy
=1

Lmd-1)—o+l1 (Rd)

A natural and interesting question is that what about the smoothness properties of the
maximal function My (f) if 0< o<l orm(d—1)+1< o <md and f=(f1,...,fm)
with each f; € WL1(R?). Motivated by Theorem B, we shall establish the following
result.

THEOREM 2. Let 0 < e <md —1 and f = (fi,...,fn) with each fj € L'(R?)

being approximately differentiable a.e., then My ( f) is approximately differentiable
a.e.

REMARK 2. Clearly, Theorem 2 extends Theorem B, which corresponds to the
case m =1 and a = 0. Since every function f € W!1(R) is approximately differen-
tiable a.e., Theorem 2 implies that if 0 < oo < md — 1 and f = (f1,...,fm) with each
fi € WhL(RY), then My (f) is approximately differentiable a.e. Moreover, we know
from Theorem 2 that the fractional maximal function M, f is approximately differen-
tiable a.e. if f € L'(R?) is approximately differentiable a.e. and 0 < ot < d — 1.
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The rest of this paper is organized as follows. In Section 2 we prove Theorem 1,
the proof of Theorem 2 will be given in Section 3. We remark that the main ideas in
our proofs are greatly motivated by [13, 29], but our methods and techniques are more
subtle and complex than that of [13, 29]. The main ingredient of our proof of Theorem
1 is to present an explicit formula for the derivative of the multisublinear fractional
maximal functions (see Lemma 2). In what follows, we use the following conventions

[lai=1 and Y a;=0.

ic0 ic0
2. Proof of Theorem 1

In this section we follow carefully the proof for the continuity in W17 (R) of
the Hardy-Littlewood maximal operator in [29] and simply adjust the notation to our
context.

For R > 0, we denote by Bg the ball of radius R centered at the origin. For A C R4
and x € RY, we define

d(x,A) = inf [x—a| and A :={x€ R d(x,A) <A} for A > 0.

We denote by || f||,.4 the LP-norm of fy4 for all measurable sets A C R?. Let f =
(fiseees fon) €LPLRY) - x LPm(RY) with 1 < py,...,pm <0, 1 <g<eoand 1/q=
" 1/pi— a/d. For a fixed point x € R, we define the set Z(f)(x) by
() )
= {r >0: My (f)(x) = limsup \B(x,rk)\o‘/d_’”n/ |fi(y)|dy for some ry > 0}.
i=1 B(X,I’k)

ry—r

We also define the function u, 7:[0,e0) — R by

fl 1A, ifo=o

uxf(O) =
0, if0<a<md,

u, 7(r) = B4 T /B iy when re (0.2).
i=1 X,r

We notice that the following facts are valid: (i) u, 7 is continuous on (0,e) for
all x € R? and at r =0 for ae. x € RY; (i) limy—wu, 7(r) = 0 since u,_#(r) <
Ty (1 fill i (may | B(x, r)|7/4 for any r > 0 and x € RY; (iii) Z(f)(x) is nonempty
and closed for all x € R? and

My (F)(x) = uxf(r) if0<reZ(f)(x), Vxe RY,

-,

M (f)(x) = u, 7(0) for a.e. x € RY such that 0 € 2(f)(x).
Motivated by the idea in [29], we can get the following
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LEMMA 1. Let fj = (f1,jsf2,js+- -+ fm,j). Suppose that f; ;j — f; in LPi(R?) when
J— oo foral i=1,2,....m, where 1 < pj,...,pm <o, 1 <g<ooand 1/q=
™ 1/pi—aj/d. Thenforall R >0 and A >0, we have

lim [{x € Br; (7)) £ 2(/)(x) 3} = 0. (1

Proof. Without loss of generality we may assume that all f; ; > 0 and f; > 0. By
the similar argument as in the proof of [29, Lemma 2.2], we can conclude that the set
{xeRY %(f)(x) € 2(f (1)} is measurable forany j € Z. Let A >0, R>0 and

€ (0,1). We can clalm that for a.e. x € Bg, there exists y(x) € N\{0} such that

-,

u, 7(r) <Mg (F)(x) — when d(r,Z(f)(x)) > A. )

1
Y(x)’
Otherwise, for a.e. x € Bg, there exists a bounded sequence of radii {rk};"zl such that

lim u, () = Me(f)(x) and d(r, Z(f)(x)) > A

%

We can choose a subsequence {s; }7>, of {r¢};_, suchthat sy — r as k — oo. It follows

that r € Z(f)(x) and d(r,Z(f)(x)) > A, which is a contradiction. Thus, (2) holds.
From (2) we can conclude that there exists ¥y = y(R,A,€) € N\{0} and a measurable
set E with |E| < € such that

Br C {xeRY:u 7(r) < Mo (f)(x) =y " if d(nZ(f)(x)) > A} UE

(3
CAljUAszA3JUE

where B B
A= {x € R 1Mo (f)) (x) = Ma(F)(¥)] = (47) 7'},
Ay ji={xe RY: |“x.f-(r) —u, f(”)| > (2y)~! for some r such that d(r, Z(f)(x)) > A},
Asji={reR1u 7 (r) < Mo (fj)(x) — (4y) " if d(n2(f)(x) > A}.

Let A be the set of all points x such that x is a Lebesgue point of all fj. Note that
|RY\A| = 0. One can easily check that A3 ;NA C U{x e R?: %‘(fj)(x) C %(f)(x)(l)} .
This together with (3) yields that

{x € BRs Z(f;)(x) £ Z(f)(x)(3)} C A1;UA2;UEU(RY\A).
It follows that

[{x € B Z(F)(x) £ Z2(F) ()} < A

+ Az |+ €. 4

Since fij — fi in Lpi(Rd) when j — oo for all i = 1,2,...,m, then for any fixed
€ (0,1), there exists Ny = Ny(€) € N such that

€
1fi. = fill iy < y and |[fi jl| ri gy < [1ill iy + 1 )



30 F. Liu

forany j > Ny and i = 1,2,...,m. We can write
M () ()~ Ma(f) )
<supl(en)| /I / fuar=T1 [ ﬁ-(y)dy|
QESUP|B(X r |0¢/d mH/ flJ dy H / fV,J (6)

i=1r>0 v=i+1

“ / oy s 0) = i)y

for any x € R?, where I?j’ = (fis-- s fits fij— fisfix1,js- -5 fm,j) - 1t follows form (5)
and (6) that

m o
Al < |{rer: Y oma(F) ) > @4n ||
i=1
m o
< Y H{x e R M (F))(x) = (4my) '} 7
i=1
m
< (4my)? Y |9 (F )
i=1
g C('”?Yaqa a7d7p17' . ,pm)
for any j > Ny. Similarly, we can get
Az ;| < C(m,y,q,0,d,p1,- .., pm)E (8)
for any j > Np. (1) follows form (4), (7) and (8). U
Let ¢; = (0,...,0,1,0,...,0) be the canonical /-th base vector in R? for [ =
.,d . Forany fixed i = 1,2,...,m, h >0 and f; € L?(R?) with p > 1, define

il _
fil,h(x) — M and fi’(lh)(x) = filx+ hep).

|Lq ]Rd

It is well known that for p > 1 fi’l — fiin LP(RY) when h— 0, and if f; € WP (RY)

we have f}, — Dy f; in LP(R?) when h— 0. Let A, B be two subsets of RY, we define
the Hausdorff distance of A and B by

E(A,B) = 1nf{5 >0:AC B(5) and B CA(5)}.

Applying Lemma 1 and the argument similar to that in the proof of [29, Corollary
2.3], we can get the following result. The details are omitted.

COROLLARY 1. Let f=(f1,...,fm) € LP'(RY) x --- x LP"(RY) with 1 < q < oo,
1 <pi,....pm <o and 1/q=3" 1/pi—oa/d. Then for all R >0, A >0 and
I=1,2,...,d, we have

-, -,

{x € Bp;w(Z(f)(x),Z(f)(x+ he;)) > A} — 0 when h — 0.
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We now state several formulas for the derivative of the multisublinear maximal
fractional functions, which play a key role in the proof of Theorem 1.

LEMMA 2. Let f = (fi,f2,-.,fn) € WHPL(RY) x - x WIPn(RY) with 1 < g <
o, 1 <pi,....,pm<eoand 1/q=3!"1/pi—a/d. Then forany | =1,2,...,d and
a.e. x € R we have

D)) = 3 B4 I ., lntl)
i= 1<jAi<m? Blor

></ Di(|fi)))dy forall 0 < r e 2(F)(x),
B(x,r)

m

, il (x i(x)], ifo=0and 0 € 2(f)(x),
DN (F) ) = Z{Dl‘f‘()lgggm‘f(ﬂ o =0and 0 € Z(f)(x)

0, if0< o <mdand0ec Z(f)(x).

Proof. We may assume without loss of generality that all f; > 0, since |f;| €
Whri(RY) if f; € WhPi(RY). Let R > 0. Invoking Corollary 1, we can choose a
sequence {5}, s >0 and s; — 0 such that limy .. 7(Z(f)(x), 2 (f) (x+srer)) =
0 fora.e. x € Bg. Thenforany i=1,2,...,mand [ = 1,2,...,d we have

”f?(lsk) _ﬁ||LPi(Rd) — 0 ask — oo,
”fil,sk _lei”Ll’i(Rd) — 0 ask — oo,
HM(f:(lsk) — fi)llpi(ray — 0 ask — oo,
”M(fi{Sk _Dlﬁ)”Ll’i(Rd) — 0 ask — oo,

H(ml%(f))ék _Dlma(f)||Lq(Rd) — 0 as k — oo.

Furthermore, there exists a subsequence {/;}77_; of {s;};_, and a measurable set A; C
Bg such that |Bg\A;| =0 and

() F2h () = Fi0). iy () = Dfiw). MO, — () — 0. M(fLy, —Dufi) ()
— 0 and (‘Jﬁa(f))élk(x) — DM (f)(x) when k — oo forany x € Ay, i=1,2,...,m
and [ =1,...,d;

(ii) 1imy e (2 (f) (), Z(f)(x + hye;)) = O for any x € Ay .

Let

Ay = ﬂ{x eR?: ma(f)(x+hkel) = Mx+hke,j(0)}»
k=1

-, -,

Azi={x e RT: Ma(f)(x) = u, 7(0) if 0 € Z(f)(x)},

=
-, -,

Ay = ﬂ {x e R Mo (f)(x+ hye) = ”x+hke,,f(0) if0e Z(f)(x+ e}
k=1
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One can easily check that |Bg\A;| =0 forany i =2,3,4. Let x € A] NA;NA3NA4 be
a Lebesgue point of all f; and D;f; and r € Z(f)(x), there exists radii r; € 2(f)(x +
hiep) such that limy_... 7, = r. We now complete the rest of proof by considering the
following two cases:

Case A (r > 0). Without loss of generality we may assume that all r, > 0. We
can write

-, =,

DM (f)(x) = lim (M () (x +xer) = Ma(f) (x))

k—o0 hk
1

klgrolo hk( x""hl‘el’f(r )~ f(rk))

= lim — Z |B(x,rt) |a/d m/B(x (fi(y+hier) — fi(v))dy

k—nx) k 71

= 9)
xH/ fuly thuendy T] /
B(x,ry) B(x,ry)

u=1 v=j+1
— B Ot/d—m/ d
2 fim Bl [ S O)y
J
/ T 00 I f
xr V= j+1 Xl’k

Since hmk—vx’ |B()C rk)| - |B | f T(hy) XB (x,1g) fIXB (x,r) and f thB (x,1g) - DIfIXB (x,r)
in L'(R?) as k — oo. It follows that

m

PP < 2B (T [ ) [ Disiyy

i=1 1<j#i<m
On the other hand, we have

-, -,

DM (f)(x) = lim (Mg () (x+ heer) — Ma(F) (x))

k—soo hy,
1

> lim hk( ey 7P~ 1 7))

= lim — Z |B(x,r) |°‘/d m/B(X (fiv+heer) — fi(y))dy

k~>oo k _1
H/ fuly+hen)dy T] /
v=j+1

m O(/d ml / |

; )l om f,hkyd
= ﬂ

xH/ 4wy T1 / foly
u=1 v=j+1

|<xr|°‘/d / Dufily >dy( I [ sea).

1 1< ji<m? Br)



MULTISUBLINEAR FRACTIONAL MAXIMAL FUNCTIONS 33

Case B (r=0). When 0 < o < md . Since Mg (f)(x) =0 and then [T7, fi(y) =0
for a.e. y € R?. Thus My (f) =0 and DM (f)(x) = 0. We now consider the case
o =0. Let us begin with estimating the lower bound of D;M1y(f)(x). We can write

B 1 B B
DMy (f) (x )—ggrgch—k( a(f)(x+ heer) = M (f)(x))
1 m
2133130,1—]{(}:[1 File+ hier) Hﬁ )
Lo 171 (10)
:gimh—kZ(fJ(x—i-hke; fi(x+ heey) H filx
- =1

z=1 i=j+1

A\.

= Elet 1 5.

1<j#i<m

-,

Below we estimate the upper bound of D;9t,(f)(x). If we have ry = 0 for infinitely
many k, then

-,

DM (f)(x) = lim —(sma (F) e+ xer) = Mo (f) (x))

k—o0 hk
—gga(nﬁx+Wﬂ wa)
1
:lim—Z(fj(x+hkel Hfﬂ (x+ heer) H folx
koo By Jj=1 v=j+1
=205 [I fik).
i=1 1<ji<m

If there exists kg € N such that r, > 0 when k > ky. We get from (9) that

D)) < X Jim B )| [ pl ()
m (11)

u=1 v=j+1 B(XJ;\)
Since
kqmw 7 e Do 0= D150
= lim | —— / _ D, fi(v)d )
kmMM&mMAwM Fin©) = Difi(y))dy
< lim M(f};, —Dif;)(x) = 0.
k—so0 ’
It follows that

o \Bx ) \/“k fin ()dy = Difj(x). (12)
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By argument similar to those used to derive (11),

wL(y)d : 13

k*>°°|B.xrk|/xrkf y fﬂ() ( )
It follows from (11)—(13) that

Dli)ﬁa Zlel H fj(x)a
which together with (10) yields

Dzma Zlez H fj(x)~

L<j#i<m

Since R was arbitrary and |Bg\ (A1 NA; NA3NA4)| = 0. This proves Lemma 2. [

We are now in the position of proving Theorem 1.

Proof of Theorem 1. Let py,...,pm,q,0 be given as in Theorem 1 and f =
(Flyeeesfn) EWLPI(RY) x oo x WhPn(R) For i =1,2,...,m,let f; = (fij,--- fm))
and f;; — f; in WhPi(RY) when j — oo. We get from (6) that

3

196 (7) = Ma (Pl oy < T 1M FD)l ey

i=1

ZHfz,J leLf’l (R4) HHfu”LPu R4) H ||fv,1

3

Lpv (R4)»
i=1 v=i+1
where I*:j‘ is given as in (6). It follows that
Hmtx(f;) - Srﬁot(f)||Lq(]Rd) — 0 when j — eo.
It suffices to show that
1D (7) = DiMet ()| o ray — O when j — oo (14)

forany [ =1,2,...,d. We only prove (14) for [ = d (since other cases are analogous).
We may assume without loss of generality that all f; > 0 and f; ; > 0.

For any i =1,2,...,m, let fi = (fl,...,ﬁ,hDdﬁ,ﬁJrh...,ﬁn). Given € > 0,
there exists R > 0 such that e (f i)”q.,Gl < & with G; = R?\Bg. By absolute

continuity, there exists 11 > 0 such that /" | |9, (f’ )|lg.a < & whenever |A| <1 and
A is a measurable subset of Bg. As we already observed, for a.e. x € R? and any

1 <i < m, the function U g is uniformly continuous on [0,c). Thus, for a.e. x € R4,

the function Y/ | u i is uniformly continuous on [0,0) and we can find &, > 0 such
that )

m m
‘2 fl Eux -(r2) ‘ < |Bg|™"9e whenever |r| —ry| < 6.
i=1 " i=1
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It follows that there exists 6 > 0 such that

HXEBR ‘Eu = (r1) guxji(rz)‘

> |Bg|~/4¢ for some ry,ry with |r| — | < 5})
=G| < 3

Applying Lemma 1, there exists j; € N such that

{x € Bri(F) (x) ¢ % (]) |BJ\<g when j > ji.

Let fzj = (f1,j,---fi=1,jsDafijs fix1,j>--->fmj) and r € ,%’(fj)(x) We consider the
following two cases: (i) r > 0. We can write

g, (1) =4 (0)
= IBCer (11

1<uti<m” Br)

B (T

1<uti<m Bxr)

fui0)) [ Dafis)ay
fulay) [ Dasit)ay

i—1 m
<Y Ma(Fu ) (@) + X Ma(Guy)(x) +Ma(H ) (x) = % (x),

u=1 v=i+1
where

Fuj= (i, Su—tsfuj— fusfusijs- s Jimt s Dafigs fisrj s fmij)s

Gﬁ\"l = (fl""7fi—l7Ddﬁafi+17'"afV—lafV,j _fVafV+1,j7"'7fm,j)7
I_I_;I = (fl"")ﬁ—lﬂDdﬁ,j _Ddﬁaﬁ+1,j7"'afm,,f>'

(ii)) r=0.If 0 < ox < md, then |ux.f?/_(r)—ux fi(r)l =0.If ¢« =0, we have

7 ()= 5(0)]
i—1  u—1

<3 (1A W) G ) ( T fute )|Ddfz-7j<x>\( I1 fuit0)

u=1 "1,=1 - 12 u+1 =i+1
+le(Hﬁl(x)|Ddfl ( l_l[Hfzz ) Ifo.s () - (131:[+1ﬁ3,, %)
+(Hfl1 )|Ddfl7j Ddfl ( H flz/ )

=1 h=i+1

From the above, the Lebesgue differential theorem and Lemma 2, we have that for a.e.
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xeR9,

\Ddima(fj)( )— Dd‘.ma(f)( )|
xfﬁ I"] Zu ;, }”2 ‘

oy (1)~ 2 fr1\+\2“xf' =X, ()
i=1 i=1 "

< 1/ +‘2u Hrl Zu)wq' rZ)
i=1

l

forany r; € Z(f;)(x) and r, € Z(f)(x). On can easily check that

tim 9, s0) =0

forany i=1,2,...,m. It follows that there exists j» € N such that || ;|| ;4 (ra) < € for
any i=1,2,...,mand j > j,.

If x ¢ GiUG,UB’ we can choose r| € ,%’(fj)(x) and r, € Z(f)(x) such that
|ri—r2| <0 and

m

‘Z xf’ 2 }”2 ‘< ‘BR| l/qg

On the other hand, we have that for any i = 1,2,...,m, r| € %(f,)(x) and r €
A (f)(x),

m

|2u ) = X )| < X ) =, r2)| < 23, (7))
-l i=1
Note that |G, UB/| < n for j > j;. Thus we get from (15) that

||Dd§ma(fj) _delx(f)HLq(Rd)
- ~1/ 2
[0+ 1l +2] St

for any j > max{ji, j»}, which gives

< Ce,
q,G1UG,UB/

}E}; 1DaMe(f}) = DaMar ()l pa(a) = O-

This completes the proof of Theorem 1. [J

3. Proof of Theorem 2

This section is devoted to proving Theorem 2. We now recall the definition of
approximate differentiability. Let f be a real-valued function defined on a set E C
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RY. We say that f is approximately differentiable at xo € E if there is a vector L =
(Ly,Ly,...,Lg) € R? such that for any & > 0 the set

pe=frens SOIE) Lew) )

|x — xol

has xp as a density point. If this is the case, then xj is a density point of E and L is
uniquely determined. The vector L is called the approximate differential of f at xo
and is denoted by Vf(xo). Note that every function f € W (R?) is approximately
differentiable a.e. It follows from Theorem A that M f is approximately differentiable
a.e. under the assumption that f € W!!(R9). However, it is unknown that whether
f € WhI(RY) implies the weak differentiability of Mf when d > 2. For now, the
relationship of approximate differentiability and weak differentiability is also not clear.
To prove Theorem 2, we need the following lemma followed from [35], which
provides several characterizations of a.e. approximate differentiability of a function.

LEMMA 3. ([35]) Let f: E — R be measurable, E C RY. Then the following
conditions are equivalent:

(1) f is approximately differentiable a.e.

(i) For any € > 0, there is a closed set F C E and a locally Lipschitz function
g:RY =R suchthat f =g on x € F and |[E\F| < &.

(iii) For any € > 0, there is a closed set F C E and a function g € €' (Rd) such
that f =g on x € F and |E\F| < €.

LEMMA 4. Let 0< o <md—1and f=(fi,..., fn) with each fi € LY(RY). For
€ > 0, we define the truncated maximal operator IE, by

(7)) = suplB(x )4 T [ 1A

r=€

Then () is Lipschitz continuous for every & > 0.

Proof. Forany r> € and 8 > 1, we have

5 B _
(4) 2(#) S1osFNE Sy 8 e
r+|x—yl e+ |x—yl L+ |x—y|/e €

Fix x,y € R? and r > & we have B(y,r) C B(x,r + |x—y|). This together with (16)
yields that

()00 > B+ eI o O
xr X— v

r md— OC

> oc/dm /

> (o) B0 1‘[ 1)y
md — o m

> (1- \x—y\)|B<y,r|a/d H/B(v)lfiyldy.

i=1 »r
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whenever o« < md — 1. It follows that

- - md — o

M, () =M (F)(x) < LA

Similarly,
md— o

MG, (F) () = MG (P ) < R LUAGIE)

Thus we have

md — o

95, (7)) — M () 0] < 2 eyl (o) + () 0)
iy )" /[Uﬁhm@

€ arant
md—oa (dl(d/2) a/d
= 8md—a+1< 2 7d/2 ) H”fJHLl RY) |x }’|

Then Lemma 4 is proved. [
We now turn to prove Theorem 2.

Proof of Theorem 2. Let Z; be the set of all Lebesgue points of f; and u_ ﬂ(r)
as in Section 2. We set F = Rd\( Z;). Let x € (\jL; Z; such that Ema(f)( ) >

u, 7(0). Since f; € L'(R?) and sma ( f)(x) >0, there exists a sequence of positive
bounded numbers {r; }¢>; such that

uxf(rk) — Mo (f)(x) when k — oo.

Hence there exists a subsequence {sy}r>1 C {rx}x>1 such that limy_sp =7 >0. It
follows that

-,

M (F)(x) = u, (7).
This yields that

R = FU{x € R?: Mo (f)(x) = u, 7(0)} VE,

where E = 5 Ex and E; = {x ¢ R : My (f)(x) = sml/"( f)(x)}. Obviously, E; C
Ejy1. By Lemma 3, we know that [T}, |f;| is approximately differentiable a.e. Then
My (f) is approximately differentiable a.e. in the set {x € R : My (f)(x) = u, f(O)}.
By Lemma 4 we have that imé/ k( f) is Lipschitz continuous for any k > 1. It follows
that Mo (f) X, L1\E, 1s approximately differentiable a.e. for all £ > 1. Using Lemma
3 again we have that M, (f)xz = M (f) XE, + 2 Mo ) XE,.\E, 1S approximately

differentiable a.e. Note that |F| = 0. Therefore, M, (f) is approximately differentiable
ae. O
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