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MAXIMAL AND SINGULAR INTEGRAL OPERATORS AND
THEIR COMMUTATORS ON GENERALIZED WEIGHTED
MORREY SPACES WITH VARIABLE EXPONENT

VAGIF S. GULIYEV, JAVANSHIR J. HASANOV AND XAYYAM A. BADALOV

(Communicated by J. Soria)

Abstract. We consider the generalized weighted Morrey spaces ///5(4)4; (Q) with variable ex-
ponent p(x) and a general function ¢(x,r) defining the Morrey-type norm. In case of un-
bounded sets 2 C R" we prove the boundedness of the Hardy-Littlewood maximal operator and
Calder6n-Zygmund singular operators with standard kernel, in such spaces. We also prove the
boundedness of the commutators of maximal operator and Calderén-Zygmund singular operators
in the generalized weighted Morrey spaces with variable exponent

1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [53] to study
the local behavior of solutions to second order elliptic partial differential equations.
For the properties and applications of classical Morrey spaces, we refer the readers to
[22, 23, 25, 53]. Mizuhara [54] and Nakai [57] introduced generalized Morrey spaces.
Later, Guliyev [25] defined the generalized Morrey spaces M”:? with normalized norm.
Recently, Komori and Shirai [48] considered the weighted Morrey spaces L5 and
studied the boundedness of some classical operators such as the Hardy-Littlewood max-
imal operator, the Calderén-Zygmund operator on these spaces. Guliyev [26] gave a
concept of generalized weighted Morrey space M%'® which could be viewed as exten-
sion of both generalized Morrey space M?? and weighted Morrey space L5 " . In [26]
the boundedness of the classical operators and its commutators in spaces M5? also
was studied, see also [33, 42].

As it is known, last two decades there is an increasing interest to the study of vari-
able exponent spaces and operators with variable parameters in such spaces, we refer
for instance to the surveying papers [20, 44, 47, 60], on the progress in this field, includ-
ing topics of Harmonic Analysis and Operator Theory, see also references therein. For
mapping properties of maximal functions and singular integrals on Lebesgue spaces
with variable exponent we refer to [13, 14, 15, 17, 18, 19, 46, 50].

Variable exponent Morrey spaces DS,”P(')”I(')(Q), were introduced and studied in
[3] and [55] in the Euclidean setting and in [45] in the setting of metric measure spaces,
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Keywords and phrases: Maximal operator, singular integral operators, generalized weighted Morrey
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in case of bounded sets. The boundedness of the maximal operator in variable exponent
Morrey spaces .ZP()*()(Q) under the log-condition on p(-), A(-) was proved in [3].
In [56] the maximal operator was considered in a somewhat more general space, but
under more restrictive conditions on p(x). P. Histd in [35] used his new “local-to-
global” approach to extend the result of [3] on the maximal operator to the case of the
whole space R”. The boundedness of the maximal operator and the singular integral
operator in variable exponent Morrey spaces .£?()*() in the general setting of metric
measure spaces was proved in [45].

Generalized Morrey spaces of such a kind in the case of constant p were studied
in [6], [51], [54], [57]. In the case of bounded sets the boundedness of the maximal op-
erator, singular integral operators and the potential operator in generalized variable ex-
ponent Morrey type spaces was proved in [29], [30], [31] and in the case of unbounded
sets in [32], see also [39, 40, 58, 62]. Also, in the case of bounded sets the bounded-
ness of these operators in generalized variable exponent weighted Morrey spaces for
the power weights was proved in [37] and [38].

In the case of constant p and A, the results on the boundedness of potential op-
erators and classical Calder6n-Zygmund singular operators go back to [1] and [59],
respectively, while the boundedness of the maximal operator in the Euclidean setting
was proved in [16]; for further results in the case of constant p and A (see, for instance,
[ST-L7D.

We introduce the generalized variable exponent weighted Morrey spaces .Z2 .0 (Q)

over an open set Q C R”. Within the frameworks of the spaces ///5('>’¢(Q), over un-
bounded sets € C R" we consider the Hardy-Littlewood maximal operator

MFC) = suplBls )l [ 1)y

r>0 s

and Calderén-Zygmund type singular operator

Tr) = [ K )ay,

where K(x,y) is a “standard singular kernel”, that is, a continuous function defined on
{(x,y) € Q@ x Q:x#y} and satisfying the estimates

|K(x,y)| <Clx—y|™" forall x#y,

v —2? ,

K (x,y) — K(x,2)] SCW, 0>0, if [x—y|>2[y—z,
x—&1° ~

K (x,y) = K(E,)] <C|x—y|n+0’ 0 >0, if [x—y|>2x—&].

Let
T f(x) = sup|Te f(x)|

>0

be the maximal singular operator, where T f(x) is the usual truncation

W= K0
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We find the condition on the Morrey function @(x,r) for the boundedness of the
maximal operator M and the singular integral operators 7 in generalized weighted

Morrey space ///5(')’90(9) with variable p(x) under the log-condition on p(-).

The paper is organized as follows. In Section 2 we provide necessary preliminaries
on variable exponent weighted Lebesgue and generalized weighted Morrey spaces. In
Section 3 we deal with the maximal operator and its commutator. In Section 4 we treat
Calder6n-Zygmund singular operators and its commutators.

The main results are given in Theorems 3.4, 3.5, 3.8, 3.9, 4.2, 4.3, 4.5, 4.6. We
emphasize that the results we obtain for generalized weighted Morrey spaces are new
even in the case when p(x) is constant, because we do not impose any monotonicity
type condition on @(x,r).

We use the following notation: R” is the n-dimensional Euclidean space, Q C R”
is an open set, yg(x) is the characteristic function of a set E C R", B(x,r) = {y €
R": |x—y| <r}), B(x,r) =B(x,r)NQ, by ¢,C,cy,c; etc, we denote various absolute
positive constants, which may have different values even in the same line. By A < B we
mean that A < CB with some positive constant C independent of appropriate quantities.
If A< B and B <A, we write A ~ B and say that A and B are equivalent.

2. Preliminaries on variable exponent weighted Lebesgue and generalized
weighted Morrey spaces

We refer to the book [18] for variable exponent Lebesgue spaces but give some
basic definitions and facts. Let p(-) be a measurable function on Q with values in
(1,00). An open set Q which may be unbounded throughout the whole paper. We
mainly suppose that

1 <p_ <px) < ps <o, 2.1)
where p_ :=ess si)nfp(x), pi =esssupp(x). By LP)(Q) we denote the space of all
xe

xeQ
measurable functions f(x) on Q such that

Lo = [ 1@ <

Equipped with the norm

||pr(-) :inf{n >0: I (%) < 1},

this is a Banach function space. By p/() = %, x € Q, we denote the conjugate
exponent.

The space L()(Q) coincides with the space

{003 ] [ 101e0s| < orat e 170} 22)
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up to the equivalence of the norms

1Al oy = sup /Qf(y)g(y)dy' (2.3)

llell, ) <1
see [41, Proposition 2.2], see also [49, Theorem 2.3], or [61, Theorem 3.5].
For the basics on variable exponent Lebesgue spaces we refer to [63], [49].
P(Q) is the set of bounded measurable functions p : Q — [1,0);
2'98(Q) is the set of exponents p € Z(Q) satisfying the local log-condition
=yl <5 x,y€eQ, (2.4)

Ip(x) —p(y)| < m;

N =

where A = A(p) > 0 does not depend on x,y;

7'°8(Q) is the set of bounded exponents p : Q — R” satisfying the condition (2.4);
P92(Q) is the set of exponents p € Z2¢(Q) with 1 < p_ < py < oo;

for Q which may be unbounded, by Z..(Q), 22/9¢(Q), Pl%¢(Q), «7'°8(Q) we denote
the subsets of the above sets of exponents satisfying the decay condition (when Q is
unbounded)

A n
Ip(x) — p(e)| < m, xeR" (2.5)

where p.. = lim p(x) > 1.

We will also make use of the estimate provided by the following lemma ( see [18],
Corollary 4.5.9).

X5 Ollpe) SCroED, xeQ, p e P(Q), (2.6)

here 8 2o Fs L
where 6, (x,r) = ﬁﬁ?l .

By @ we always denote a weight, i.e. a positive, locally integrable function with
domain Q. The weighted Lebesgue space Lfo(') () is defined as the set of all measur-
able functions for which

A1) = 1@l

Let us define the class Ap(,) (Q) (see [20], [50]) to consist of those weights @ for

which
S‘};I)|B|_1 H(DHLP(‘)(E(XJ)) ||w_1||Lp’(-)(§(x,r)) < oo

THEOREM 2.1. ([36, Theorem 1.1]) Let Q C R" be an open unbounded set and
p € PI%(Q). Then M: Ll (Q) — L (Q) if and only if € A,(Q).

Singular operators within the framework of the spaces with variable exponents
were studied in [19]. From Theorem 4.8 and Remark 4.6 of [19] and the known results
on the boundedness of the maximal operator, we have the following statement, which
is formulated below for our goals for a bounded €, but valid for an arbitrary open set
Q under the corresponding condition in p(x) at infinity.
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THEOREM 2.2. ([19, Theorem 4.8]) Let Q C R" be a unbounded open set and
p € Pl2(Q). Then the singular integral operator T is bounded in LP')(Q).

Let A (x) be ameasurable function on Q with values in [0,7]. The variable Morrey

space .ZP()A()(Q) and variable weighted Morrey space fa’;(')’u')(ﬂ) are defined as
the set of integrable functions f on Q with the finite norms

_Ax)
1l zptr40) () = sup 1 PN A 0 (@)
XEQ, 1>

Ax)
_ ~50 || Frrs
1l groraer g _sup 17 1 2500 20

respectively.
Let M* be the sharp maximal function defined by

MES() = sup B! [ 170) il

r>0
where f () = 1Bon) [~ [y 7)Y,

DEFINITION 2.1. We define the BMO(L2) space as the set of all locally integrable
functions f with finite norm

|fllawo = supMif(x) = sup [BGxr)|~! [
xeQ xeQ, r>0 B(x,r)

If(v)— fE(x7r) |dy.

DEFINITION 2.2. We define the BMO,,,) ,(€2) space as the set of all locally in-
tegrable functions f with finite norm

[(F() = fﬁ(xﬁr))lﬁ(m) Hqu(l)(Q) '

I fllBmo,.,, = sup
0o x€Q, r>0 ||X§(x7r)HLg)(-)(Q)

THEOREM 2.3. ([41, Theorem 4.4]) Let Q C R" be an open unbounded set,
p € Pl%%(Q) and ® be a Lebesgue measurable function. If o € A, (Q), then the
norms || - |lsmo,.,, and || - | smo are mutually equivalent.

No)

Everywhere in the sequel the functions ¢ (x,r), @;(x,r) and @;(x,r) used in the
body of the paper, are non-negative measurable functions on € x (0,e0). We find it
convenient to define the generalized weighted Morrey spaces in the form as follows.

DEFINITION 2.3. Let 1 < p(x) < e, x € Q. The variable exponent generalized
Morrey space " (')"P(Q) and variable exponent generalized weighted Morrey space

///5(')’¢(')(Q) are defined as the set of integrable functions f on Q with the finite

norms 1

Flgsre= S0 ————— [ F L0 Gen
A1l p0.0 I oGy | o) B )
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1
I£1l yrere = sup

Sl o0 3 s
o oGl gy ) )

respectively.

According to this definition, we recover the space £} (1A0) (Q) under the choice
A(x)
Qxr) =0

AT
(P(x,r):rep () p(x)

3. The maximal operator and its commutators in ///a’;(')’(p(Q)

Let L (R,) be the weighted L™ -space with the norm

18llz5 () = ess supv(r)g (7).
>0

In the sequel M(Ry), M (R, ) and 9MT(R ;1) stand for the set of Lebesgue-
measurable functions on R, and its subspaces of nonnegative and nonnegative non-
decreasing functions, respectively. We also denote

A= {(p e MH(R4:1) :tlilg}r(p(t) = 0}.

Let u be a continuous and non-negative function on R, . We define the supremal
operator S, by

(Sug) (1) := lluglL04), 1€ (0,%0).

The following theorem was proved in [5].

THEOREM 3.1. Suppose that vi and v, are nonnegative measurable functions
such that 0 < |[vi||r_os) < e for every t > 0. Let u be a continuous nonnegative

function on R. Then the operator S, is bounded from Ly (Ry) to LY (Ry) on the
cone A if and only if

_ ~1
HvQSu (||v1\\Lw(o,.)> HLN(RH =

We will use the following results on the boundedness of the weighted Hardy oper-
ator

Hy,g(t) := /Otg(s)w(s)ds7 Hyg(t) = /Ioog(s)w(s)d& 0 <1 <eo,

where w is a weight.
The following theorem was proved in [27, 28].
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THEOREM 3.2. Let vy, vy and w be weights on (0,%) and vi(t) be bounded
outside a neighborhood of the origin. The inequality

supva(t)H;g(t) < Csupvy(t)g(t)

>0 >0
holds for some C > 0 for all non-negative and non-decreasing g on (0,°) if and only
if
= d
B:= supvz(t)/ _wislds _ <
t

>0 ess supvy ()
§<T<o0

THEOREM 3.3. Let vy, vy and w be weights on (0,%) and vi(t) be bounded
outside a neighborhood of the origin. The inequality

supva(t)Hyg(t) < Csupvy()g(t) (3.1

t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,°) if and only

if
i d
B:= supvz(t)/ __wlds < oo,
>0 0 SUPg<rsV1(T)

Moreover, the value C = B is the best constant for (3.1).

The following weighted local estimates are valid.

THEOREM 3.4. Let Q C R" be an open unbounded set, p € PI%(Q) and o €
Ap()(Q) Then

MYy < NPt 9 1) 01 e (32)

forevery f € L‘Z,(')(Q), where C does not depend on f,x € Q and t.

Proof. We represent f as

f=hHa+f, fHb)= f(Y)%g(x,gt)(Y), f) :f(}’)%g\ﬁ(xgt)(Y)a t>0, (3.3)

and have
M1 0 ey S IMAU 20 3y T IMPN o0

By Theorem 2.1 we obtain

IMFN ) 30y < M o) ) < CIFL o0 ) = CUAN o0 5

1)’

(x20))’ (3.4)

where C does not depend on f. From (3.4) we obtain

-1
HMfIHLI’ ) <CH(DHLI’ (xt Sup”fHLl’ ))HwHLI’()(E(x,r)) (35)
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Let z be an arbitrary pointin B(x,r). If B(z,r)N BB(x,Zt) #(, then r > ¢. Indeed,
if ye B(z,r)N CB()c,2t), then r> [y —z| > [x—z| —|x—y|>2t—1 =1.

On the other hand, B(z,r)N l:B()@ 2r) C B(x,2r). Indeed, for y € B(z,r)N CB(x, 2t),
then we get [x—y| < |y—z|+ |x—z| <t+7r<2r.

Mp) =swp BEN [ 1R0)idy
r>0 B(z,r)

< Csup |B(x,2r)|"! /CE(X e |f()|dy

r=2t

<cswlBen™ [ iy

r=t

< Csup|B(x,r 1f 3o~ o ! /()7

"y B(x,r)| | ||LZ,()(B(x,r))|| HLP()(B(x,r))

<Csup||fll. o) 5 o
S;>t ” HLﬁ,()(B(x,r

N0 @)

Thus, the function M f>(z), with fixed x and ¢, is dominated by the expression not
depending on z. Then

We then obtain (3.2) from (3.5) and (3.6). [

THEOREM 3.5. Let Q CR" be an open unbounded set, p € P18 (Q), 0 €A, (Q)
and the function @i (x,r) and @ (x,r) satisfy the condition

sup ess inf @1 (x, 5) ||l o) (5x,v))
t>r ”w”LP(-)(E(x,t))

<Coa(x,r), (3.7

where C does not depend on x € Q and r. Then the operator M is bounded from the
space ///5(')’(/)' (Q) to the space ///5(')’@(9).

Proof. Let f € ///5(')"’)' (Q). By Theorems 3.1 and 3.4 we obtain
IMAN 00002 g
<C . A
eo® o gaten) oo g ) 19l 0 )
1

<C su 3o~ t Mol /ms"_lds
er,It)>O o (x,t)||w||m()(§(xr)) ||fHLg,()(B(xt)) H HL/’()(B(XJ)) f

=ClfIl 0001 g

by (3.7), which completes the proof. [J

In the case w =1 we get
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COROLLARY 3.1. ([32, Theorem 3.5]) Let Q C R”" be an open unbounded set,
p € PI%8(Q) and the functions @\ (x,r) and @(x,r) satisfy the condition

: 6, (x,s)
ess inf @y (x,s)s% %
1<s5<oo (Pl( ’ )

su
t>Ir) £6p(x0)

<Coy(x,r), (3.8)

where C does not depend on x € Q and r. Then the operator M is bounded from the
space AP (Q) 1o the space M) P2 (Q).

The commutator generated by M and a suitable function b is formally defined by
[M,b]f =M(bf) —bM(F).

Given a measurable function b the maximal commutator is defined by

M) (5) = supBs ) [ () b))l

r>0

forall x € R".

This operator plays an important role in the study of commutators of singular inte-
gral operators with BMO symbols (see, for instance [24], [52]). The maximal operator
M, has been studied intensively and there exist plenty of results about it. Pu Zhang and
Jianglong Wu [64] proved the following statement.

THEOREM 3.6. [64, Theorem 3.1] Let b € L’°(R") and p € PL%(R"), then the
operator My is bounded from LPU)(R") to itself if and only if b € BMO(R").

Operators Mj, and [M,b] essentially differ from each other. For example, M, is a
positive and sublinear operator, but [M, b] is neither positive nor sublinear. However, if
b satisfies some additional conditions, then operator M,, controls [M,b].

LEMMA 3.1. ([2, Lemma3.1]) Let b be any non-negative locally integrable func-
tion. Then
|[M,b]f (x)| < My(f)(x), x€R"

holds for all f € L'?°(R").

THEOREM 3.7. ([2, Theorem 1.13]) Let b € BMO(R"). Suppose that X is a
Banach space of measurable functions defined on R". Assume that M is bounded on
X . Then the operator My, is bounded on X, and the inequality

1My fllx <ClblIIf11x

holds with constant C independent of f.

COROLLARY 3.2. Let b € BMO(Q), p € PL%8(Q) and ® € Ap(1(Q), then the
operator My, is bounded on LZ)(') (R™).
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Before proving the main theorems, we need the following lemma.

LEMMA 3.2. ([34, Lemma2]) Let b € BMO(Q). Then there is a constant C >0
such that

1t
bg(x’r) o bg(x,t) < CHbH*ln; for 0<2r<t,
where C is independent of b, x, r, and t.

The following weighted local estimates are valid.

THEOREM 3.8. Let Q C R" be an open unbounded set, p € P/%%(Q) and o €
AP()(Q)’ be BMO(Q) Then

M5 15 sy, < CIBI 001y S0P (1412 1710 ey 190
(3.9
forevery f € Lg)(')(Q), where C does not depend on f,x € Q and t.

Proof. We represent function f as in (3.3) and have

1Mo N 20 ey S WMBFL 00 3y T+ IMB 20 120 -

By Corollary 3.2 we obtain

1Mo fill 0 ey < IMbSill o0 ) < ClBIIFL o) ) = CIOIAN 20 3 2y
(3.10)
where C does not depend on f. From (3.10) we obtain (see also (3.4))

-1
11y < Il 9P U 0] ey B

easily obtained from the fact that ||f H is non-decreasing in 7, so that

(B(x 21))
I/ ||L,, Bear) OO the right-hand side of (3 10) is dominated by the right-hand side
of (3. 1 1)

For z € B(x,1) we get

M, f>(z) = sup|B(z,r)| ! /E(z ) b(z) = b(y)||f2(y)ldy

r>0 )

<CswplB A [ () )0y
X z,r

r=2t

<CswplBLen)| ™ [ 16(2)~b0)IS0)ldy

r=t

<suplBCs ) [ 1600 by 70y

rzt s

suplBCen)| [ 16~ by 1)y = D

r=t
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By Holder inequality and Theorem 2.3 we obtain

h=sup Bl [ b0) - bg(x,) Gy

r=t

<C B ! p( b () (B,
sup B )1 1560 ) 100) =Bl ey
< Cllpllsup B, )|~ 1IIfH x,))Hw_lHLp’<->(§<x,r>>

r=t

< C|1b|« s .

To estimate I, by Lemma 3.2 we get

By = sup B~ 6(E) by | [ 170y
rzt
<suplBC A ) byl [ 1)y
r=t
+suplBx,r)| " bg,) ~ x,|/ )y
rz=t

1

B(x,r)
‘ LPO)(B(x,r))

< Myt )50 IIfHLm-) el

+Clellsupin Z1Lf o g 10155k

>

Then Corollary 3.2 we have
HbezHLﬁ,()(E(x,t)) < HII”LZ,() + HI2|| xt))

_ r -1
< C”b”*HwHLP()(B(xJ)) Srl;It) (l +ln ) ||fHLg,()(§(x,r)) Ha)HL”(')(E(x,r))

UML)y 90 (100 ) 100 10y

r
<INty 390 (14107) 1710t 1O

Then from (3.11) and (3.12) we obtain (3.9). [l

THEOREM 3.9. Let Q C R" be an open unbounded set, p € P%(Q), o € A,(Q),
b € BMO(Q) and the function @\ (x,r) and @2(x,r) satisfy the condition

ess inf @1 (x, ) | 0| ) Gy
1<s<oo (Blxs)) < Ca(x,r), (3.13)

t
sup (1 +1n—>
r

>r ||a)||L,,(.)(§(xJ))

where C does not depend on x € Q and t. Then the operator M}, is bounded from the
space ///5(')’(/)' (Q) to the space ///5(')’@(9).
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Proof. Let f € ///5(')"’)' (Q). By (3.13), Theorems 3.2 and 3.8 we obtain

-
< C||bl|« sup sup(1+1In-)|f 0] 1
|| || 1eQ. 150 (p2(x t)”w”LP (x[)) t>r ( > H ||Lp || || (x[))
1
< C||bl|«  sup flpe) 5 =C||b||«||f 3
I S0 Tl Mz sy = CIIA g

which completes the proof. [

4. Singular integral operators and its commutators in .7/, (')’¢(Q)

It is well-known that the commutator is an important integral operator and it
plays a key role in harmonic analysis. In 1965, Calderén [8, 9] studied a kind of
commutators, appearing in Cauchy integral problems of Lipschitz curve. Let K be a
Calder6n-Zygmund singular integral operator and b € BMO(R"). A well known result
of Coifman, Rochberg and Weiss [10] states that the commutator operator [b,K]f =
K(bf)—bKf is bounded on L,(R") for 1 < p < eo. The commutator of Calderén-
Zygmund operators plays an important role in studying the regularity of solutions of
elliptic partial differential equations of second order (see, for example, [11], [12], [21],
[22], [23D).

The following statement holds (see [19, Lemma 3.5]):

PROPOSITION A. Let Q C R" be unbounded and p € PI%(Q). Then for all
feLP(Q) and g € LP'V)(Q) there holds

[ ror| < [ 4 Mgy
with a constant C > 0 not depending on f.
LEMMA 4.3. Let Q C R" be unbounded and p € P1%(Q), w € Ap() (). Then
wa”LI’(')(Q) < CH(DMﬂf”LI’(')(Q)
with a constant C > 0 not depending on f.

Proof. By (2.3) we have

lf@llp0 ) <C  sup

H&'HL,,/(.)(Q)<1

f (y)g(y)w(y)dy' .
Q

According to Proposition A,

[foll g <C  sup / M f(y)M(g) (y)dy.
H&'HLP/(.)(Q)<1 o



MAXIMAL AND SINGULAR INTEGRAL OPERATORS 53
By the Holder inequality and Theorem 2.1, we derive

ol SC  sup [|oM*f] 0 g llo” M(go)ll 0 g,

<
HBHL[) (Q)\l

<C sup oMl g lgll o < ClOMEfl o). O

el <!

PROPOSITION B. ([4, Theorem 2.1]) Let T be a Calderon-Zygmund operator.
Then for arbitrary s, 0 < s < 1, there exists a constant Cy > 0 such that

1
s

[(TfP))
forall f e Cy(R") and x € R".

(x) SCGMf(x)

THEOREM 4.1. Let Q C R" be an open unbounded set, p € PI%(Q) and o €
Ap() (). Then the operators T and T* are bounded in the space L‘Z,(')(Q).

Proof. In [46, Theorem 4.2.] was proved that infinitely differentiable functions

is dense in L‘Z,(')(Q) with any positive, locally integrable function @. Then by the
Proposition B, Lemma 4.3 and Theorem 2.1, we derive the operator 7' is bounded in

the space L (Q).
The boundedness of the operator 7* on L‘Z)(') (Q) follows from the known estimate

T*f(x) S M(T f)(x) +Mf(x),

from Theorem 2.1 and the boundedness of the operator 7 on L’Z,(') Q). O

The following weighted local estimates are valid.

THEOREM 4.2. Let Q C R" be an open unbounded set, p € P1%8(Q), o € A,y (Q)
and f € Lg)(')(Q). Then

_ ds
where C does not dependon f, x € Q and t.
Proof. We represent function f as in (3.3) and have
A1 26 sy S NTA 20 ey TITL2N 00 3y

By the Theorem 4.1 we obtain

HTfl ||Lz,()(§(x,t)) < ||Tf1 HLZ),()(Q) < CHfl HLZ),()(Q)
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so that

Taking into account the inequality

(B(x20)’

1 ds
HL”(')(E()L,S)) s’

we get

°° ds
-1

To estimate ||Tf2||. we observe that

) (Bxa))’
|f(v)|dy

ly—z|"’

ITf(z)| <C

Q\B(x.2r)

where z € B(x,t) and the inequalities [x—z| <t, |z—y| > 2¢ imply $|z—y| < [x—y| <
%|z — v/, and therefore

TREISC[ k=l
Q\B(x,21)
To estimate T f>, we first prove the following auxiliary inequality
Lo =y
Q\B(x,t)

—n _ “ n—1 -1 e
gCt ||w||LI’(')(B(x.’t))‘/t s Hf”Lz,()(E(XS))”w”LP()(g(xs)) s . (43)

To this end, we choose 6 > 0 and proceed as follows

Lo sy < [ ey iy [ 570 as
Q\B(x,t) Q\B(x,t)

=yl
[ ds
<ar [ 1)y
8 J{yeQ2r<|x—y|<s}
° ds
- ~1
<0 [0 1@ ooy
—n * n—1
<O [ g gy Ol B @)
Hence by inequality (4.4), we get
° ds
- ~1 as
||Tf2HLﬁ,()(§(x,t)) < C”%B(XI)HLZ,()(Q)/[ Hf”LZ,()(E(x,S))Ha)HLP()(E(x,s)) P
= ds
=@l | 170 g IOl ae T @

From (4.2) and (4.5) we arrive at (4.1). [
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THEOREM 4.3. Let Q C R" be an open unbounded set, p € P1%8(Q), o € Ay (Q)
and @1 (x,t) and @2(x,r) fulfill condition

- €SS inf(Pl (x,r) HwHLP(‘) B(x,r
/ s<r<eo (Bxr)) @ < Cea(x,1), (4.6)
t ”w”LP(-)(E(x,s)) §

where C does not depend on x € Q and t. Then the singular integral operators T and
T* are bounded from the space ///5(')’(/)' (Q) 10 the space ///5(')’@ (Q).

Proof. Let f € ///5(')’% (Q). As usual, when estimating the norm

Tfxs . (. . 4.7
e ol g e iz

We estimate |7 f X Q) in (4.7) by means of Theorem 4.2 and obtain

x,t) HLZ’)()(

[ralijye (B(x1))

T . < T . -
1T e Cxef{‘?>owz(x,m||w||Lp<.)<§<x,t>)/f M U i 100

1
<C sup
xeQ, >0 P1 (x,t)||a)||L,,(.)(§(X’t))

||fHLg,()(§(x,t)) = C”fHL//(I;()‘Pl (Q)
It remains to make use of condition (4.6). [

LEMMA 4.4. ([21, Lemma 1]) Let 1 <s < oo, b € BUO(R"), then there exists
C > 0 such that for all x € R", the following inequality holds

ME([b,T11) () < Clbll ((MITF)5 () + (M) ()

THEOREM 4.4. Let Q C R" be an open unbounded set, b € BMO(Q), p € PL%(Q)
and ® € Ap()(Q). Then the commutator operator [b,T] is bounded on the space

().
Proof. By Lemma 4.4, Lemma 4.3, Theorem 2.1 and Theorem 4.1, we derive the
operator [b,T] is bounded in the space Lg)(')(Q). O

In the case w = 1, we have the following corollary, which proved in [43].

COROLLARY 4.3. ([43, Theorem 1.1]) Let Q C R" be an open unbounded set,
b € BMO(Q) and p € PI%(Q). Then the operator [b,T] is bounded on the space
LrO(Q).

The following weighted local estimates are valid.
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THEOREM 4.5. Let Q C R" be an open unbounded set, p € P1%%(Q), b € BMO(Q)
and ® € Ap() (). Then

H [b7 T]fHLg)( )(E(x,t))
ds

N ~1 as
<Clbl@log | (1H05) 10 g @ oy 5 @D
forevery f € L‘Z,(')(Q), where C does not depend on f,x € Q and t.

Proof. We represent function f as in (3.3) and have

H[b T]f”LI’ Xt < H[b7T]‘leLg,()(§(x,t)) + ||[b’T}‘f2HLg,()(§(xt))

By Theorem 4.4 we obtain

1B, TL 126 sy S MO TN o0 SCHbH*HleLZ()(Q)
= ClIBIIA 26 2y (4.9)

where C does not depend on f. From (4.9) we obtain

|| [b7 T]fl ”LZ)( )(g(x,t))
ds

<Yl i | (1+1n;) 150 gy 1@ ey o @10

N

easily obtained from the fact that ||f H is non-decreasing in 7, so that

(B(x21))
I¥a ||L,, By OO the right-hand side of (4 9) is dominated by the right-hand side of

(4.10). To estimate ||[b, T]f2||. we observe that

L) (B(xr))®

|f(v)|dy
ly—z|"’

TR < C / b(2) = b0)

Q\B(x.2)

where z € B(x,t) and the inequalities [x—z| <t, |z—y| > 2t imply $|z—y| < [x—y| <
3|z— /., and therefore

6, T]f2(2)] < C/ _ = y[Tb(2) = b)) dy-
Q\B(x.2)
To estimate [b, T|f>, we first prove the following auxiliary inequality

Lo =y 1) = b))y
Q\B(x,t)

ds
<clol [ (1+102) 17l g 1@l oy 5 @D
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To estimate [b, T]f(z), we observe that for z € B(x,) we have
Lo =y ~ I )y
Q\B(x,t)
< e =yTB0) = b 1F V) ldy
Q\B (xt ’
+/ x—y|"b(z) — bg dy=J1+ /.
2B e =y17"b(2) = by, p If W)ldy = J1 + /2
To this end, we choose 6 > 0, by Theorem 2.3 and Lemma 3.2 we obtain

h= /(2\§(x e =yB() = b 1F ) ldy

9

< 5 X — —n+6 b _b"' d /'x’ S—S—lds
o OO By SO |
gc/ ﬂH/ b(y) —bj dyd
t ’ {yeQ:2t<\x_y|<s}| (y) B(x,t)||f()’)| yas
<C [ B0 =gl gy Mg 8
t
“ 1
+C/, S Py =0 xsl/ y)|dyds

[ Er | ~
<Clblle |57 10 ey 1) e €5
[ R |
ClBll |5 020 iy ) 10 ey 2

© s _ ds

) s

To estimate J;, by (4.3), we have

T2 = 16(@) = by [ o =IOy
" Ja\B(x
ds
< —1 —1 _ e
< CIB(x.1)| /B o 1P b0y L 1900 a0 @l ey 5
ds
<Mty @) [ 1700 s 1@l
where C does not depend on x,z.
Hence by inequality (4.11), we get
12,7120 e,
_ ds
snxg(x,,)uLp [ (02 1110 19 ey 5
ds
— _ -1 as
= Bl @l gnsy [ (14103 )IIfHLp kuwgwn.

From (4.10) and (4.12) we arrive at (4.8). [

57

(4.12)
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THEOREM 4.6. Let Q C R" be an open unbounded set, p € P%%(Q), o € A,(Q),
b € BMO(Q) and the functions @y (x,r) and @»(x,r) satisfy the condition (3.13). Then

the operator |b,T] is bounded from the space ///5(')’(“ (Q) to the space ///5(')’%(9).

Proof. Let f € .#27%(Q). We have

”[b’T]fH.///a’Z(WZ(Q) :xeﬂ E)>o P2(x, ’)wle (B(x,)) e T]f”LP xa))
By (3.13), Theorems 3.2 and 4.5 we obtain
1B, TIAN o002 g
) CHbH*eru%O P (x, t)IIL;IIU((iZ;(m) /z <1+ln ) 17125 e 1@l (m)?
<clpl. swp r>||w1||m-><§(x,,)> 17140 100y = CIBAL oo

which completes the proof. [
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