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SCALING INVARIANT HARDY TYPE INEQUALITIES

WITH NON–STANDARD REMAINDER TERMS

MEGUMI SANO

Abstract. We consider the Hardy inequality on R
N , the critical Hardy inequality on a ball, and

the Rellich inequality on R
N . These three Hardy type inequalities can be refined by adding

remainder terms. Our remainder terms are expressed by a distance from the families of “vir-
tual” extremals. A key ingredient is the critical Hardy inequality on R

N which was proved by
Machihara, Ozawa and Wadade [21].
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Poincaré. Anal. Nonlinéaire, 25, (2008), 889–906.

[10] E. B. DAVIES, A. M. HINZ, Explicit constants for Rellich inequalities in Lp(Ω) , Math. Z. 227 (1998),
no. 3, 511–523.

[11] A. DETALLA, T. HORIUCHI, H. ANDO, Missing terms in Hardy-Sobolev inequalities, Proc. Japan
Acad. Ser. A Math. Sci. 80 (2004), no. 8, 160–165.

[12] S. FILIPPAS, A. TERTIKAS, Optimizing improved Hardy inequalities, J. Funct. Anal. 192 (2002),
186–233.

[13] F. GAZZOLA, H. C. GRUNAU, E. MITIDIERI,Hardy inequalities with optimal constants and remain-
der terms, Trans. Amer. Math. Soc. 356 (2003), no. 6, 2149–2168.

[14] F. GAZZOLA, H. C. GRUNAU, G. SWEERS, Polyharmonic boundary value problems, LNM, vol.
1991, Springer, 2010.

[15] N. GHOUSSOUB, A. MORADIFAM, On the best possible remaining term in the Hardy inequality,
Proc. Natl. Acad. Sci. USA. 105 (2008), no. 37, 13746–13751.

[16] N. GHOUSSOUB, A. MORADIFAM, Bessel pairs and optimal Hardy and Hardy-Rellich inequalities,
Math. Ann. 349 (2011), no. 1, 1–57.

c© � � , Zagreb
Paper MIA-21-06

http://dx.doi.org/10.7153/mia-2018-21-06


78 M. SANO

[17] D. GILBARG, N. S. TRUDINGER, Elliptic Partial Differential Equations of Second order (2nd ed.),
Springer, New York, 1983.

[18] N. IOKU, M. ISHIWATA, A scale invariant form of a critical Hardy inequality, International Mathe-
matics Research Notices, vol. 2015, no. 18, pp. 8830–8846.

[19] N. IOKU, M. ISHIWATA, T. OZAWA, Sharp remainder of a critical Hardy inequality, Arch. Math.
(Basel) 106 (2016), no. 1, 65–71.

[20] P. LINDQVIST,On the equation div (|∇u|p−2∇u)+λ |u|p−2u = 0 , Proc. Amer. Math. Soc. 109 (1990),
no. 1, 157–164.

[21] S. MACHIHARA, T. OZAWA, H. WADADE, Scaling invariant Hardy inequalities of multiple logarith-
mic type on the whole space, J. Inequal. Appl. 2015, 2015:281.

[22] V. G. MAZ’JA, Sobolev spaces, Translated from the Russian by T. O. Shaposhnikova, Springer Series
in Soviet Mathematics, Springer-Verlag, Berlin, 1985.

[23] E. MITIDIERI, A simple approach to Hardy inequalities, (Russian) Mat. Zametki 67 (2000), no. 4,
563–572; translation in Math. Notes 67 (2000), no. 3–4, 479–486.

[24] A. LIEB, M. LOSS, Analysis (second edition), Graduate Studies in Mathematics, 14, Amer. Math.
Soc. Providence, RI, (2001), xxii+346 pp.

[25] F. RELLICH, Halbbeschränkte Differentialoperatoren höherer Ordnung, (German) Proceedings of the
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