athematical
nequalities
& Papplications

Volume 21, Number 1 (2018), 77-90 doi:10.7153/mia-2018-21-06

SCALING INVARIANT HARDY TYPE INEQUALITIES
WITH NON-STANDARD REMAINDER TERMS

MEGUMI SANO

(Communicated by B. Opic)

Abstract. We consider the Hardy inequality on RV, the critical Hardy inequality on a ball, and
the Rellich inequality on RV . These three Hardy type inequalities can be refined by adding
remainder terms. Our remainder terms are expressed by a distance from the families of “vir-
tual” extremals. A key ingredient is the critical Hardy inequality on RY which was proved by
Machihara, Ozawa and Wadade [21].

1. Introduction

Let N >2 and 1 < p < N. The Hardy inequality

P _ p p
/ Va2 axs (NP / |ul? 4 )
RN p RV [x|P

u._
x|

holds for all u € 2'P(RY), where 2'7(R")) is the completion of Ci(R") with re-
spect to the norm ||V - || rr(rVy - The inequality (1) is also called the Uncertainty Prin-
ciple and (1) has many applications for the elliptic and the parabolic equations with
the singular potential (see [7], [5] etc.). In the higher-order generalization of (1), for
2 <k <kp <N, the inequality

P >cr / Jul” 2)
kp Z Tkp Jon |x|kp
holds for all u € Z%P(RN) (see [25], [10], [23]). Here we set

ul? S |A™ul? dx if k=2m,
u =
2\ fan V(A ) |Pdx if k=2m+1,

c p LN = 2pjHN(p— 1) +2p(j — 1)} if k=2m,
kp = N— . . .
P S L (V= 24+ Dp){N(p— 1)+ (2j = Dp} if k=2m+1,
for k,m € N, m > 1. For the sake of simplicity, we define Cp , =1 and Cy , = ]%.
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For (1), it is known that the constant (%)p is optimal, and equality of (1) is not
achieved unless u = 0. Furthermore Cianchi- Ferone [9] provided a remainder term
of (1) as follows: Let p* = 2 L va(x) =alx| "7 * for xe RV, a € R and LP°(RV)
(0 < p oo, 1 <0< ) is the Lorentz space. Then there exists a constant C = C(p,N)
such that the inequality

2p*
N—p\? P |t = vall L o (N
/ Vupdx><—p) / [ g (14 [ g LYol =@ 3)
o b ) e o HL S

holds for every real-valued weakly differentiable function u in RV decaying to zero at
infinity with |Vu| € LP(RV).

This type remainder term expresses not only the absence of extremal of (1), but
also the cause of that. Indeed, the improved Hardy inequality (3) says that if there exists
aextremal u € 2'P(RV) of (1), then u = v, for some a € R. However v, & 27 (RV)
(note that v, € U’*"X’(RN )) which yields a contradiction. Here we call v, “virtual”
extremal of (1). In the paper [9], the proof of (3) is based on the rearrangement theory
which is well suited for the Hardy inequality (1). On the other hand, it is not suited
for the Rellich inequality (2). Therefore it seems difficult to obtain remainder term
of (2) by using same way as [9]. One of our aims is to provide a remainder term of
(2). Our method is quite different from theirs in [9]. In our proofs, there are two key
ingredients. One is the magical computation via the transformation (18) (resp. (23))
using a virtual extremal of the inequality (1) (resp. (2)). This idea was implicitly used
in [22] or [7]. The other is the critical Hardy inequality on the whole space which was
proved by Machihara, Ozawa and Wadade :

B

— f(RX)|B B \4 T
L T e (25 Prei gl
BV x|V log 7] a—1/ Jrv \x\N—ﬁ’log%

“4)

We call (4) Machihara-Ozawa-Wadade’s inequality (briefly, MOW inequality) in this
paper. The crucial point of MOW inequality is taking away its boundary value f (R‘j—‘)
from f(x) to weaken the singularity of the logarithmic term |log %ra_ Actually, its
boundary value of MOW inequality plays the role of virtual extremal for improvements
of Hardy type inequalities. Unlike the remainder term in [9], our remainder term is
expressed by supremum. Our main results are as follows:

THEOREM 1. (Improved Hardy inequality on RN) Let 2 < p < N. Then there
exists a constant C > 0 such that the inequality

p N — P
/ w- | dx— (—p)/ 14 x> C sup d(u: R)P. (5)
RN X RN |x|P

p R>0
holds for all u € 2P (RN), where

N-p _N—p
dp(u;R)” / R ) L "
u; = X

. RY [x[Pllog £ 7
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In [15], they obtained some nonexistence result of standard remainder terms on
RY . On the other hand, in [27], they obtained another type remainder term which
is expressed by quotient of standard remainder terms. Concerning improvement on a
bounded domain, see [1], [7], [8], [12], to name a few. And also, Theorem 1 can be
generalized to weighted type inequality, see [28].

REMARK 1. We can check that the distance dy (#;R) in Theorem 1 is well-defined.
Indeed, set

dH(u;R)P:/ =L +5I.

+
Bpy(0)UBSR(0)  JBag(0)\Bg/2(0)

We see that u(x )|x| * < C near |x| = 0, e, since u € 2'7(RV) and the Sobolev
embedding 217(RY) < L¥7 (RV) holds. Thus we obtain

N— P
)u(x)|x| 7R u(Rm))
/ v R dx
Bry2(0)UBS(0) [V log 7|

C
e
B2 (0)UBS 0) [x[N ‘10g| ||p

2R

L=

On the other hand, by the elementary inequality logx > x%l for x € [1,+oc0) and the
mean value property we have

N—p |P

<2>N | R a7 —ulkiR [
ey X
R/ JByr(0)\Bg)(0) | [x[ —R|P

< C/ [Vu|P dx < eo.
RN

15)

N

Therefore the distance dy (u;R) is well-defined for u € 2'7(RV).

. P
For derivative term [pn |Vu - Ii_l ’ dx, we do not know whether to apply rearrange-

ment theory (actually, the Polya-Szegd inequality) or not. Therefore one of good points
of (5) is that we can obtain a remainder term of the Hardy inequality with its derivative
term.

For (2), it is known that the constant C,I; » is optimal. We also have the following.

THEOREM 2. (Improved Rellich inequality on RY) Let N,k € N satisfy N,k >2
and k < kp < N. Then there exists a constant C > 0 such that the inequality

P |ul?
ulx,p, —Cy /N‘ ‘kpdx C;i%dRE(u :R)? (6)
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holds for all radial functions u € %P (RN), where
- _ - —ip |2
x)|’22u(x)—RN2kp u(R)|p : 5

|u
d u;R2:/ ‘ dx.
RECER)= fon rllog E°

.
<
—~
=
=

|
;

We can obtain the non-radially symmetric case for k = 2.

COROLLARY 1. Let k=2. If u€ 2*P(RV) is a non-radial function, then it holds

ul?
/RN|A14|de—C§7 / v x ‘2pdx>CIS;i[())dRE(u :R)? 7

) dy € 92P(RN).

where ii(x) = fR ‘X le z

N-2
Especially, if there exists a extremal u € 2*P(RN), then ii(x) = a\x\_Tp ¢
@2’1’(RN). Therefore the equality of (2) is not achieved unless u = 0.

Concerning improvement on a bounded domain, see [2], [4], [6], [11], [13], [16],
[32] and the references therein. And also for the another type remainder term on RY
which is expressed by quotient of standard remainder terms, see [26].

On the critical case p = N, the Hardy inequality (1) fails for every constant and
instead of (1) the critical Hardy inequality

N AN N
/ X dx> (M) / % dx ®)
BR(0) N Bx(0) [x|" (log 1i7)

[+l
holds for all u € W N(Bgr(0)) (see [18], [30] etc.). Note that the inequality (8) is
not invariant under the standard scaling u; (x) = u(Ax) due to the logarithmic term.
However the following scaling is introduced

up (x) = A5 (('%')“x> ©)

for A > 0. Under this scaling (9), the critical Hardy inequality (8) has the scale in-

variance (see [18]). Furthermore it is known that the optimal constant (N LYV is not
N-1

attained unless u# = 0 and the function (log W) o~ is virtual extremal of (8) (see [18]).

Vi(x)-

Finally, we also refine the critical Hardy inequality (8) on Bg(0) by adding the non-
standard remainder term.

THEOREM 3. (Improved critical Hardy inequality on Bg(0)) Let N > 2. Then
there exists a constant C such that the inequality

N _1\V N
/ de (u) / %dx>Csup den(w; T)N
Br(0) N x| (log £ ) =0

X

Vu(x)-

Ix]
(10)
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1N
holds for all u € W, (Bg(0)), where

Nl NoL
der T / lu(x) —T°% u(Re TIX|>(10g\%) el
cH\U; =
B [x[V|log {f |V |log(T log f7)[Y

In [19], they constructed an optimal remainder term. However it is not expressed
by some distance from the virtual extremal. We also refer to [9], [3] and [29] for
improvement of the critical Hardy inequality without boundary singularity.

This paper is organized as follows: In §2, we state preliminaries to show our re-
sults. In §3, we give the proof of Theorem 1. In §4, we prove Theorem 2 and Corollary
1. In §5, we discuss the critical Hardy inequality (8) with a remainder term (Theorem
3).

We fix several notations: Bg(0) is a ball centered 0 with radius R in RY. wy is
the area of a unit sphere in RY . |A| denotes the measure of a set A C RV . The Schwarz
symmetrization u* : RV — [0, 0] is given by

W (xf) =inf{t>0: |[{x e RY : [u(x)| > 7} | < |By (0)[}-

2%P(RN) is the completion of Ci(RY) with respect to the norm |- [ ,. Throughout
the paper, if u is a radial function in RY, then we can write as u(x) = ii(|x|) by some
function # = #(r) in Ry . Then we write u(x) = u(|x|) with admitting some ambiguity.
We hope no confusion occurs by this abbreviation. And also, we use C as a general
constant.

2. Preliminaries

First, we introduce the Lorentz-Zygmund spaces L, 4 (RY) and the Sobolev-

Lorentz-Zygmund spaces Wle% 4 (RY) in the same manner as [21]. For 1 < p,q < oo
and A € R,

Ly (RY) :={f € Lioc(RY)  |I£IlL, ,, ®¥) < +eo},

R A ! dx é
11, e ,i‘;%(éw <|x| . f<x>|> W)

with the usual modification when g = . And also,

where

log —

WL, ARV :={feL,,,(RY) : VfeL,, ,(R")}

with the norm ”'HWle‘q‘;L(RN =z, @y TV, @y -

The critical Hardy inequalities on RV were proved by Machihara, Ozawa and
Wadade [21] by using only integration by parts and Holder’s inequality.
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THEOREM 4. ([21] Theorem 1.1.) Let N€N, 1 < o < o0 and max{l,ox— 1} <
B < eo. Then for any R > 0, the inequalities

B
10— FRE)P 5 \F VW
fo oz £ < (G5) Pre

N a—p
XV Jlog £

dx (11)

B
hold for all f € WlLNﬁ’;% (RN), where the embedding constant (%) in(11)is

best-possible.

In [21], they proved (11) for f € WlLN (RN). However, we need (11) for

B.P5
f€CRY)UCH RN\ {0}) with only Vf € LNM%

fact, we can obtain Lemma 1 by the minor change in their proof.

(RM) to prove our theorems. In

LEMMA 1. (Machiha-Ozawa-Wadade’s inequality) Let N € N, 1 < ot < oo and
max{l,a — 1} < B < . Then for any R > 0, the inequalities (11) hold for all f €

Co(RM)NCY RN\ {0}) with Vf € LN7p7,3‘%a(RN).

To show our Theorems, We provide two point-wise estimates of |a — b|’ from
below. First, we prepare the following point-wise estimate for p > 1. We omit the
proof.

LEMMA 2. Let p > 1 and a,b € R. Then the inequality
la—b|? — |a|” > —pla|’~ab (12)
holds true.

In p > 2 case, it is known a better estimate (13) than former one (12). Here, we
provide the simple proof of (13).

LEMMA 3. Let p > 2. Then there exists a constant C = C(p) > 0 such that
ja—b|? ~|al” > —pla|’~?ab +C|b|” (13)
holds true for a,b € R.
Proof of Lemma 3. Set
f@) =1 =t]P = |t|P +ple|P 7 (1 €R).
It is enough to show

f(t)=C>0, (14)
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since (13) follows from (14), on taking = 7. When ¢ > 1, the mean value theorem for
the function x?~2 which is defined for x > 0 yields that

@) =ple=1P" ="+ plp— "2 = p(p— D)2 =" > 0,
for p > 2, where s > 0 satisfies r — 1 < s <. Hence we obtain
fO)=f(1)=p—1 foral t>1. (15)
In the same manner as above, we also obtain
f(t)=f(0)=1 forall r<O. (16)

When 0 <1 < 1, we define C, = mingg,<; f(¢) (= mingg,<1 (1 —2)? — 17 4 ptP~1)).
Let 0 < a <1 satisfy C, = f(a). From Lemma 2, we observe that C, > 0. If C, =0,
then the following equalities hold

0= f(a)=(1—a)’ —a’ +pa’' and
a—1

0= fla)=(1-a) —a" (a—1)+(p—1)a" (1 ~a)

which implies @ = 0. However this contradicts to f(0) = 1. We can also derive a
contradiction when p = 2. Thus we obtain

ft)y=C,>0 forall 0<r<I. (17)

Consequently, from (15), (16), and (17), we obtain Lemma 3. O

3. The Hardy inequality

In this section, We prove Theorem 1.

Proof of Theorem 1.
Step 1. Let x=rw(r>0,m € S¥~!). First, we show that the inequality (5) holds
for a smooth function u = u(r®) € C5(RY). We consider the following transformation:

N—p
v(ro) =r 7 u(rw), where r € [0,00),m € SV (18)

Note that v(0) = v(4-e) = 0 since the support of u is compact. Now, direct calculation

shows that
p N— p 14
dx — (_p) / ﬂ dx
P R [x[?

p ~\P
- (u) lu(re) PN =P~ drdS,
p

= o
N— _N—p d

_ ~ p N N d 1 (N=p\’ -
_/SN*I/O p rp viro)—r 7 arv(m))' Pt <—p ) v(r@)|Pr~" drdSe.

Vu-

——u(ro)
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N—p N -p

Applying Lemma 3 with the choice a = rev(ro)and b=r" P
p

v(ro), and

S

using the fact [§” [v[P~2v (%v) dr =0, we have

” N-p\"! 2 J J "o
> Y e S P e i p
I//SN*I/O p( p ) [v(ro)] v(rw)arv(rw)—FC arv(ra)) P~ drdS
X |7
:c/ |x|P~N Vv-—‘ dx. (19)
RV [

Now, we apply Lemma 1 for f =v € C}(R¥\ {0}) NCo(RY) in o = = p case, and
combine this with (19), we obtain

v(x) = v(Rrg w
1=c| —c/ / rw) ~vRD)” ) i,
RN ‘X‘N“Og|||p st r|log P
N—p
= |u(ro) _R u(Ra)) 7|
/S N / o T drdS, 20)

for any R > 0. Therefore we have (5) for u € C5(RV).

Step 2. 1In this step, we prove (5) for u € 2'7(RY) by using same argument as
itin [21]. Let {un};_, C C5(RY) be a sequence such that u,, — u in 2'"7(RV) as
m — eo. Then there ex1sts a subsequence {uy;}7_ such that

N,
Um — U inLl\TpP(RI\/)7
Up — u  in LP(RN; x| Pdx),

Un; — U ae. in RV

by Sobolev embedding and Hardy inequality (1). Here, we define

u(x) —alx|” 7

Hgr(x) :=
K= g ]

for u € L} (RY) and R > 0, where a = R B u(R‘ ‘) Since the inequality (20) holds

—

for u, —u; € C5(RY), we can observe that {(u,),}_, is a Cauchy sequence in
LP(R"). Hence there exists a function f € L(RY) such that (i), — f in LP(RY)
as m — oco. Since u,; — u a.e. in RY, we can see that iig = f. Therefore the inequality

N-p
N—p\? ) Calklm e
/ Vupdx—<—p> / ﬂdx)C/ Ju(x) a|X|R” | dx
RN p RN [x]P BV [x|P[log o7 |

holds for all u € 2'"7(RV) and R >0. O
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REMARK 2. In the case 1 < p < 2, instead of the point-wise estimate (13), the
following inequality is known

s

a—>blP —lall > — alP2ab+C—-"
labl7 ~la}” > ~pla rERam=

21

for a,b € R (see e.g., [20]). If we use the point-wise estimate (21), we also have the
case 1 < p <2 of Theorem 1, but we omit here.

4. The Rellich inequality

In this section, we discuss the improvement of the Rellich inequality (2). And also,
by using this improvement, we show the non-existence of extremals of (2). In the proof
of Theorem 2, it is enough to use the weaken estimate (12) than (13).

Proof of Theorem 2. From (i) Step 2 in the proof of Theorem | and higher or-
Np
der Sobolev embedding Z%#(RV) < LV (RV) (see [14]), it is enough to prove the
inequality (5) for radial functions u = u(r) € C5’(RY) where r = |x|.
First, note that the inequality

ul? = |Aul? , >CP A (22)
kp ™ k— 217 k=2.p JoN ‘x‘(k72)p

holds from Rellich’s inequality (2). Actually when k = 2, this is the equality. Here, we
consider the following transformation:

N—kp

v(r)=r"7 u(r), where r€[0,00). (23)

Note that v(0) = 0 and also v(+e) = 0 since the support of u is compact. For k > 2
keNand k < kp <N, put

0, — ,
L

6, =0(k,N,p) =2k+

w and Ag f=f (r)+

r

for smooth radial functions f = f(r). Define

(N—kp)[(k=2)p+(p— DN]

Ay =
P p2

N
Then direct calculation shows that —Au = r*">"7 (A ,v(r) — r*Agv(r)).
Now applying Lemma 2 with the choice a = Ay ,v(r) and b= VzAng(V), and
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using the fact [§”[v[P~2w/dr = 0 since v(0) = v(+e0) = 0, we have
-/, %dx—/;gp/ﬂw L’:Tl;dx
= a)zv/ooc \—Au(r)|perl*(k*z)pdr—Aipa)zv/()oc lu(r) PN =L gr
= Wy /O'x’ <}Ak,pv(r) — r2A9kv(r)}p — (Akﬁpv(r))p> rLdr

—pa)NAfz_fl / [v|P~2vAg vrdr

-1
:—pa)NA / [v[P=2y (v +— ’) rdr

:—prAf’; /O v[P=2n rdr. (24)
Moreover we observe that
—/ \v\p_zvv”rdr— —1/ [v|P~ 2 rdr+/ v~ 20 dr
0

|2rdr

4(p—1 - 2
- (”2 )/ V(=) dx 25)

pro Jr2 |x]|

Now, we apply Lemma 11 for [v|"2"v € C1(RV\ {0}) NCy(RY) in ¢ =B =N =2
case, and combine this to (24) and (25), we obtain

p=2 p=2

2
- ()| "2 () — R D)2 V(R )

[2]log £ 2

dx

k= um)|

o[ )"z v(r) = W(R)| T v(R) .,
B /0 r|log &|2 g

mur%dur—RN%W pTRr*
:C/I()I (r) u(R)[Z u(R)

rI=N+kp|Jog E‘

N—kp 2
2

dr (26)

for any R > 0. Consequently, from (22), (26) and C 5 ,Ax, , = Cy p, We obtain

Aul?

> CP |7
‘u|k717 = Ck—27p /RN |x|(k_2)p
=P

J+A? md)c
k=2,p kb Jgy |x|kp
P2 N—kp |2

s [ g \|u<x>|ﬂ<x>—a\x\ =
X sup
k,p ]RN| |kp R0 |x|kp“0gm|2

dx,
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N—kp p—2 .
where a =R 2 |u(R)| 2 u(R). The proof of Theorem 2 is now complete. [

For the Rellich inequality (2), we can not apply the rearrangement techniques,
namely, Hardy-Littlewood inequality and Pélya-Szeg6 inequality directly. However,
thanks to Talenti’s comparison principle [31], we can prove Corollary 1 by using The-
orem 2.

Proof of Corollary 1. Let u 6 @271’ (RY) be a non-radial function. Set f :=
—Au € LP(RN) and ii(x) := fRN ‘N —L=—dy. Note that i is a radial function, since

ii(Ox) = ii(x) for any O € O(N), Where O(N) is the group of orthogonal matrices in
RN . By f# € LP(R") and the Calderon-Zygmund inequality (see [17] Theorem 9.9.),
we obtain that i € #>P(RV), and i satisfies —Aii = f* a.e. in RV . Therefore we have

HAIZHPZ HA“”p 27)

By Talenti’s comparison principle [31], we know that i > u* > 0. Hence we have

[ JalPdraxs [Pl itp >0
RN N
/ |ulP|x|Ydx if B >0 and 7 <O0. (28)

where second inequality comes from the Hardy-Littlewood inequality (see e.g., [24]).
From (27) and (28), we obtain

P P [ul? DD P
/RN |Aul|? dx C2=P/RN X dx > - AP dx— G, o X7 dx

Thus, by using theorem 2 for the radial function &, we obtain (7). U

5. The critical Hardy inequality
It is difficult to show Theorem 3 by applying the transformation used only the vir-
tual extremal and Lemma 1. One of the reasons is that the MOW inequality (11) can not

N-1
treat the term [ ’Vv <log ﬁ) dx. Therefore we introduce the transformation

T
N R \V-! N

(29) to change the remainder term from [ ‘Vv- g—“ <log W) dx to f‘Vv- ‘j—‘| dx.

Proof of Theorem 3. From (i) Step 2 in the proof of Theorem | and the Poincaré

inequality WOl N (Bg(0)) — LN(Bg(0)), it is enough to prove the inequality (10) for
u=u(rw) € C5(Br(0)) where r = |x|. We consider the following transformation

R\ W R\ N-1
v(sw) = (log 7) u(ro), where s = s(r) = <log ;) , eSS (29)
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Note that v(0) = v(4-eo) = 0 since the support of u is compact. Then direct calculation
shows that

N-1

1
d B N—-1 R\ "V y(sw) R\ ¥ 0 ,
Eu(r) = — <T> (10g7) - + <10g 7) av(sw)s (r)
Set
N I\ N N
K::/ Vi = dx—<u> / %dx. (30)
Bro)| || N Bx(0) [x|" (log 1i7)
Then we have
R| 0 N (N=1\Y |u(ro)N
K_/SIH/O Zu(ro)| —( R ) g Ty dSo

Z—
<
—~
o2}
&
|
N
~
—_
o

[0)°]
S|
~_
4
Q.J| <%}
<
—~
o2}
g
h\
<
N—

R N—l( R)_
:/ / — | rlog—
SN—1 Jo N r

_1\V N
B <N 1) \v(sa))l\e drdS,.
N rlog

r

Here, we can apply Lemma 3 with the choice

1 —1
N1 R\ ¥ B R\ ¥ 9 ,
a=— (rlog ;) v(sw) and b= (rlog 7) Ev(sa))s (r).

By using the boundary conditions v(0) = v(4o0) = 0 and (30), we obtain

K> /S - /0 gy (N%I)NI |v(sm)|N*2v(sm)%v(sw)s’(r)

N N—1
iv(sw) (s'()" (ﬂogl—:) drdS,

+C Ep

N

- N—1\"! N-2 J J N-1
_/SN*I/O _N<T) [v(sw)| v(sw)av(s)ds—FC'av(sw) s dsdSg

N
dx. €1V

=C \Y

RN

v._
[
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Now, we apply Lemma 1 for v € C'(R¥\ {0})NCy(RY) in & = B = N case, and
combine this with (31), we obtain

v —v(T' )™ = v(s0) —v(Tw)[¥
K>C/ a / / dsdS
RV |x|N|log 7 ||N SNt SIIOgT\N ?
_N-1 N—1 1 N
o [(10g®) "V u(ro) — TV u(Re 7 0)
zC/ / drdS,
sv=1Jo r(log ®)|log (T 1og &) |V oo
_ 1IN
u(r®) —T"% u(Re~ T ) (log B) v

drdS,,.

R
=Jsh
sv-1.Jo r(log &)V |log (T 1og &) |V

Therefore the inequality

u(x) — a(log £) "' [¥
K>C/ N RN R\ N
0) |x|"[log 57|V |log(T log 17)|

holds for any 7 > 0. The proof of Theorem 3 is now complete. [l
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