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MONOTONICITY AND CONVEXITY OF THE RATIOS OF THE FIRST
KIND MODIFIED BESSEL FUNCTIONS AND APPLICATIONS

ZHEN-HANG YANG AND SHEN-ZHOU ZHENG

(Communicated by J. Pecaric)

Abstract. Let I, (x) be modified Bessel functions of the first kind. We prove the monotonicity
property of the function x — L, (x) I (x) /Iy 1) /2 ()c)2 on (0,0). As a direct consequence, it de-
duces some known results including Turdn-type inequalities and log-convexity or log-concavity
of I, in v, as well as it yields some new and interesting monotonicity and convexity concern-
ing the ratios of modified Bessel functions of the first kind. In addition, a few of sharp bounds
involving I, (x) and their ratios are presented.

1. Introduction

As we know, the modified Bessel functions of the first kind of order v, denoted by
I, (x), is a particular solution of the second-order differential equation [41, p. 77]

2y (@) + 2y (6) = (2 +%) y () =0, (D

which is explicitly represented by

W) Sy
I, (x) = F(v+1)n§{)n!(v+1)n’ xeR, veR\{-1,-2,--}, )

where (a),, is the Pochhammer symbol as
(@p=ala+1)--(a+n—1)= —=

forneN, (a)y=1,and a #0,-1,-2,---

For various recurrence formulas and many important properties of modified Bessel
functions, readers can refer to the classical book of Watson [41]. In recent decades,
Turan type inequalities for special functions including the modified Bessel functions
have attracted the attention of many mathematicians (see, for example, [26, 20, 6, 3, 8,
9,25, 13]). In fact, Turdn type inequalities for the modified Bessel functions and related
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results appeared in many problems of probability and statistics [19, 34, 16], chemistry
[28], physics [40, 38] and engineering sciences [24].

Turan-type inequality for the first kind modified Bessel functions states that for all
v > —1, the double inequality

0< L (x)? =1y (¥) Ly1 (%) (x)? 3)

< -y lIV
holds for x > 0, which was proved first by Thiruvenkatachar and Nanjundiah in [39,
Sect. 3] by the approach of comparing the coefficients in Cauchy product. The left-
hand side of (3) was also derived by Amos in [4, p. 243] and Joshi and Bissu in [21,
Sect. 3]. Later, Lorch [27] in 1994 showed that the left-hand side of (3) also holds for
all v > —1/2, and he conjectured that there holds the generalized Turdnian I, (x)* —
Ii—q (x)Ly4q (x) >0 forall x>0, a € (0,1] and v € (—1,—1/2]. On the other hand,
the right-hand side of (3) for v > 0 was also proved in [21, Sect. 3]. In 2010, Baricz
[10] reconsidered the proof of Joshi and Bissu [21] and pointed out that (3) hold true
for all v > —1 with the best constants 0 and 1/(v+ 1). An alternative proof of (3) can
see also Segura’s paper [35]. Recently, an improvement of (3) was derived by Baricz in
[14, Theorem 1]. Some new delovements can be found in [22], [14], [29].

Speaking generally, Turdn-type inequalities are closely related to log-convexity
or log-concavity. As was shown in [27] by Lorch, the function v +— I,1,(x) /1, (x)
is decreasing for each fixed a € (0,2] and x > 0, while v > max{—1,—(a+1)/2}.
This implies that the function v +— I, (x) is log-concave on (—1,e). In 2008, Baricz
[7, Theorem 1 (a)] showed that function v — 2'T (v+ 1)x~ "I, (x) is log-convex on
(—1,%0), who got it by two methods: one is to make use of the fact that the sum of
log-convex functions is still log-convex, another is to use the expression 1, (x) as an
infinite product and concavity of v — j,, on (—n,eo) forall n > 1, where j,, denotes
the nth positive zero of the Bessel function J,.

Recently, Yang and Zheng [43] proved that the function x — K, (x)K, (x) /K upy (x)?
is strictly decreasing on (0,0), where K, (x) denotes the modified Bessel functions of
the second kind, which not only solves the conjecture posed by Baricz [10, Conjecture
3.2], but also yields various new results for the monotonicity and convexity of the ratios
of the modified Bessel functions of the second kind. This idea can also be applied
to the modified Bessel functions of the first kind. Indeed, it is easy to check that the
log-concavity of function v — I, (x) and log-convexity of v — 2"T (v+ 1)x~ "I, (x) on
(—1,00) are equivalent to the following double inequality

T((u4v)/2+1)> - L (x) 1, (x)

T DIOHD Ly 0 @

for u,v > —1 and x > 0. Moreover, by using the asymptotic formulas [1, p. 375, 377]

L)~ (3) /T0+1) asx—0forv —1,-2,, (5)

ex

Iv ()C) ~ ﬁ

as X — oo, (6)
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we have
L (x)1 r 241)° L (x)1
fim 2O D) 20"y g WD
=00 p(x)? T+ DTv+1) = L) 2 ()
Then it is natural for us to claim that the ratio
I I
— M = ju,v (x) (7)

I(u+v)/2 (x)2
is strictly increasing from (0,e0). It is obvious that if our claim is valid, then the
log-concavity of function v +— I, (x) and log-convexity of v — 2'T"(v+ 1)x"1, (x)
on (—1,00) easily follows. Also, replacing (u,v) by (v—1,v+1) we can see that
for v > —1, the function x — I,_; (x) I, (x) /1, (x)? is strictly increasing from (0, o)
onto (v/(v+1),1). Consequently, the double inequality

v Loy (x) g1 (x)
< 2
v+1 Iv (x)

<1 ®)

holds for x > 0 and v > —1, which is clearly equivalent to Turdn type inequalities (3)
with the best constants O and 1/(v+1). In fact, this assertion has been verified by
Baricz in [10, Theorem 2.1].

The main purpose of this paper is to prove the above claim of the inequality (7),
which is precisely shown as Theorem 1 in Section 2. As direct consequences of Theo-
rem 1, both the convexity of ratios

/
B b k() .
I, (x) 1, (x) I, (x)
and the monotonicity of ratios
et (x)‘f’ oo futa (x) L (x) (10)

Ipquqv (x) I, ()C) J S (X)

can be readily deduced.

The remainders of the paper are organized as follows. In Section 3, some sharp
estimates for 7, (x) are further presented. In the last section, some known bounds for
certain ratios listed in (9) are reproved in alternating ways, and other new inequalities
are established.

2. Main results

Before proving our main results we need two preliminary lemmas. The first lemma
is stated which first appeared in [39, (3.5)].

LEMMA 1. For I, (x) and I, (x), there holds

1 S (u+v+n+1), (x>2"+“+"

L (x) 1, (x) = Z 3

Tt DT+ 1) 2 n @t D), (v 1), (4o
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REMARK 1. Setting u =v in Lemma | we have

) 1 < (2v+n+1), (x
2

I ( ) >2n+2v
v(X) =
T(v+12,5 nl(v+1)>

12)

LEMMA 2. ([15]) Let A(t) = Y5_gaxt* and B(t) = Y7o bit* be two real power
series converging on (—r,r) (r > 0) with by > 0 for all k. If the sequence {ay/by} is
increasing (decreasing) for all k, then the function t — A(t) /B(t) is also increasing
(decreasing) on (0,r).

We now are in a position to state and prove our main result.

THEOREM 1. Let u,v be two distinct real numbers satisfying min (u,v) > —2 and
u+v>—2 with u, v# —1. Then the function x — %, (x) defined by (7) is strictly
increasing on (0,e0). Consequently, the double inequality (4) holds for x > 0.

Proof. By the identity (12) we get

1 S (utvn+l),  x\2ntuty
Ly 2 (x = P )
(w2 () T((u+v)/2+1) g (u+v)/2+1) <2>
then
oo (utvn+l),  x\2ntutv
Li(x) 1 (x) r(u+1)1r(v+1)zn =0 i+ 1), (v+1), (3)
2 1 (utv+n+l), X\ 2n+u+v
I(u+v)/2 (X) T((utv)/2+1) 2 zn =0 n(( u+v)/2+1 (f)
_ T(uv) /2417 50 gan (2/4)"
Cu+ )T (v+1) 3 oby (x2/4)"
where
u (u+v+n+1),  (utv+n+1),

nlw+1),v+1)," " al(utv) /24172

Simple computation yields

ap (u+v+n+1), / (u+v+n+1), _((u+v)/2+l)i

by nl(u+1),0+1), / al(w+v)/2+1)2  (+1),(v+1),’

ay an ()24 15, ((tv)/2+1);

bn+l bn B (u+l)n+l (v+l)n+1 (u+l)n (v+l)n
(w—v)* ((u+v)/2+1)?
4 (u+1>n+l(v+1)n+l.

Since u+v > —2 and min (u,v) > —2 with u # v, we see that b, > 0 for n > 0, and
max (u,v) > —1. In what follows, we discuss it in two different cases:
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Case 1. While min (u,v) > —1, the sequence {a,/by} is strictly increasing for
n>0. By Lemma 2 it follows that the ratio (3;"_gan (x2/4)") / (Zp_obn (¥2/4)") is
strictly increasing on (0,e), and so is the function x — .7, (x).

Case 2. While min (u,v) € (=2, —1), itis easy to check that (u+1),, , (v+1),,,
<0 for n> 0 due to max (u,v) > —1. Then the sequence {a,/by} is strictly decreasing
for n > 0. So is the ratio (I;7_gay (x*/4)") / (Zrr_obn (x*/4)") on (0,), together
with I'(u+ 1)T'(v+ 1) <0 it yields that function x — .7, (x) is strictly increasing on
(0,00). This completes the proof. [

In virtue of Theorem 1, we can deduce some new and interesting further conse-
quences.

THEOREM 2. (i) Each of the functions

N Iv+1 (x)
I (x)’ I, (x) I, (x)

is strictly convex on (—1,).
(ii) For any fixed a > 0, each of the functions
Livar1(x) Dy (x)

I\/1+a (x> _ 11/2 (x) Vi Iv+a—1 (x) _ Iv—l (x) and v — _
e ® L@ "7 ha® L0 hea®) LY

is still strictly increasing on (—1,e0).
(iii) For any x >y > 0, the function v — I, (x) /1, (y) is log-convex on (—1,).

V=

Proof. (i) By Theorem 1 we easily see that x — In.#, , (x) is strictly increasing
on (0,00) for u,v > —1. Then we get

I .
(In S, (x)) = AW, (w2 (%)

>0,
L (x I, (x) I(u+v)/2 (x)

which implies that the function v +— I, (x) /I, (x) is strictly convex on (—1,00).
From the recurrence formulas [41, p. 79]

xI, (x) +vI, (x) = xI,_ (x), (13)
xI, (x) —vI, (x) = xI,4 (x), (14)
we have
Li(x) Li(x) v
L(x)  Lkx) (15)
L6 bl v
L(x) L (x) +x’ (16)

which show that v+ I, (x) /I, (x) and v — I, (x) /I, (x) have the same convexity
as v I (x) /I, (x) on (—1,e0).
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(i1) The increasing property of the above three functions easily follows from the
property of convex functions.

(iii) It follows from Theorem I that the inequality .%, , (x) > %, (y) for u,v> —1
and x >y > 0, which is equivalent to

2
I
) b N0
)i Ly 2 ()

This shows that v — 1, (x) /I, (y) is log-convex on (—1,e0), which completes the proof.
O

With Theorem 2 in hand, we easily obtain the following statement.

THEOREM 3. Let real numbers u,v, p,q satisfy u,v,pu—+qv > —1 with u #v and
p+q=1. Then the function

. L ()" I (x)? .

=o,, 17
putgv (%) » () a7

is strictly increasing on (0,%°) if pq > 0. The function x — @, (x) is strictly decreas-
ing on (0,00) if pq < 0. Consequently, the double inequality

C(pu+gqv+1) L ()" I (x)?

T P T ~ L) (18)

holds for x € (0,00) if pg > 0, where the lower and upper bounds are the best possible.
For pg <0, the double inequality (18) is reversed.

Proof. In fact, from Theorem 2 we see that the function v — I, (x) /I, (x) is strictly
convex on (—1,e). Hence, by the property of convex functions, we get for u,v, pu +
gv> —1 and pg > 0 with p+¢g =1 there holds

I/ (.X) I/(X) Ilu-&- v(x)
ln ¢u o (x / _ u + v purq
0P B =P M0 T @
which indicates that the function x — @, (x) is strictly increasing on (0,e0) for pq >
0.

>0,

For pg < 0, it implies that p > 0 and ¢ < 0. Setting p* = —¢/p and ¢* =
1/p, then p* and ¢* satisfy p*,q* > 0 with p*+¢" =1 and p*v+q* (pu+qv) =u.
Therefore, it follows that

q 11// ()C) u+qv (x) )
i1
(

PI (x) P Ipuvgy x)

_ *I (x) % pu+qv( ) u(x)
p( Iv(x)+q Tputqv (%) Iu(x)) <0

which shows that the function x — @, (x) is strictly decreasing on (0,e°) for pg < 0.

(In®,, (x))’

Il

|

=
/—\
N
|
= | =
S— | —
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Furthermore, using the asymptotic formulas (5) and (6) yields

I'(pu+qv+1)
M,V( ) F(M+ l)pr(v+ l)q an uﬂ/( )

Thus we complete the proof. []
It is obvious that Theorem 3 can be generalized as the following form.

THEOREM 4. Let real numbers vy > —1,p >0 for k=1,2,...,n with 3}, px =
1 and v =3} _| pxvk. Then the function

= Ty by ()™

X
I; (x)
is increasing on (0,). Consequently, the double inequality

NGRSV | Y ACL
Moo 7 S )

holds for x € (0,00), where the lower and upper bounds are the best possible. The
equalities are valid if and only if all v are equal.

THEOREM 5. Let u,v > —1 and a > 0. Then for u > v, the function

is strictly increasing on (0,0). Furthermore, we have

Tu+)T(v+a+1)  Lia(x) L(x)
v+ )T (u+a+1) L (x) Litq(x)

<1

for x > 0, where the lower and upper bounds are sharp.

Proof. By the part (ii) of Theorem 2, we have

L 1) LA () L)
(In Y () ‘Iuia(xfzu(x)‘(Ivia(x)_1v<x>>>O’

which implies that the function x +— Y, ,, (x) is strictly increasing on (0,0). So, a direct
computation gives
Fu+1H)T'(v+a+1)

Y (0= ORI CETES Ty (=) =1,

which completes the proof. [
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REMARK 2. Since

1 Liva(x) L(x) \ _ dlnl,(x) dlInl (x)
im (M ) -

a—0+ a du av
1 Tu+)I'(v+a+l) B
N e DT urag YT wletD),

where y is the psi function, Theorem 5 shows that for # > v > —1, the function

dlnl, (x) B dlnl, (x)
du v

X

is strictly increasing from (0,e0) onto (y (v+1)—y(u+1),1). Further, it implies
that for v > —1, the function
d%Inl, (x)

ov?

is strictly increasing from (0,0) onto (—y’ (v+1),0).

X —

3. Sharp estimates for /, (x) in terms of hyperbolic functions

This section is devoted to presenting some sharp bounds for 7, (x) in terms of
Li_12(x) and I, /> (x). As we know, Rayleigh type formula shows (cf. [1, p. 445,
(10.2.24)]) that for n =10,1,2,---,

o 2 n_1/2 1 d n
Li12(x) =1/ p P (coshux).
In particular,

2 2 2 sinhx
Iy (x) =14/ Ecoshx, Iy (x) =4/ p— sinhx, I35 (x) =14/ p— <coshx— B ) ;

19)
which means that the modified Bessel functions of half-integer order are all elementary
functions. Now let us put (u,v) = (n—1/2,n+1/2) and (p,q) = (n—v+1/2,v—n+1/2)
in Theorem 3, then we obtain

PROPOSITION 6. For n=0,1,2,---, the function

() bt
Li_1)2 (x) \/In—1/2 (x) Liv1)2 (x)

is strictly decreasing on (0,00) if vE (n—1/2,n+ 1/2), and increasing on (0,0) if v €
(=1,n—1/2)U(n+1/2,00). Consequently, while v € (n—1/2,n+ 1/2), the double
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inequality

n—1/2X
( +1;2 (x) ) \/I” 1/2 () g1 2 (%) <1, (x) <

(n+1/2) "2 (n+1)2) ( —12(x )
I, ' X
r(v+1) n+1/2 \/ 1/2 +1/2( )

holds for x € (0,00), where the lower and upper bounds are the best. It is reversed
while v e (—1,n—1/2)U(n+1/2,00).

Furthermore, if taking n = 0,1 in Proposition 6 we immediately conclude the
following corollaries.

COROLLARY 1. Let v> —1. Then, for v € (—1/2,1/2) the function

2x v
=/ Sinh2x (coth"x) 1, (x)

is strictly decreasing on (0,00); it is strictly increasing on the same interval while
€ (—1,-1/2)U(1/2,e0). Consequently, if v (—1/2,1/2) then the double inequality

2 /sinh2x 1 sinh 2x
2 b x < tanh” 20
2\ o @< b ) < SRy T @t 20

holdsfor x € (0,00), where the coefficients 1/ (2'T (v+1)) and \/2/7 are the best. If
€ (—1,—1/2)U(1/2,00) then the double inequality (20) is reversed.

REMARK 3. Letting v =0 in the above corollary, we see that x + /2x/ sinh 2x1j (x)
is strictly decreasing on (0,0), and we have

sinh2x sinh 2x
<Ih(x) <
X 2x

for x > 0 with the best constants 7 and 2. Indeed, this double inequality has been
appeared in [42, Theorem 3.2].

COROLLARY 2. Let v> —1. Then, for v € (1/2,3/2) the function

VL (x)

(cothx — 1/x)"""/?sinhx

X =

is strictly decreasing on (0,0) ; it is strictly increasing on (0,00) while v € (—1,1/2)U
(3/2,00). Therefore, if v e (1/2,3/2) then it holds that

2 sinhx 1\""1/? 3v-1/2 ginhx 1\""1/2
= thy — — i 2 P (cotha— - 21
T\ (CO * x) <hx) < 2T (v+1) x (CO * x) @

for x € (0,00) with the best coefficients \/2/x and 273""V2 /T (v+1). Ifve (—1,1/2)
U (3/2,e0), then the double inequality (21) is reversed.
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Taking v = n in Proposition 6 gives the following statement.
COROLLARY 3. The function
- I, (x)
Vo120 g2 ()

is strictly decreasing (0,e0). Consequently, the double inequality

\/In—l/2 () Lug1 /2 (%) < I (x) < i \/In—l/2 (X) Ly 172 (%)
holds for x € (0,c0) with the best coefficients

L and o — (n+1/2)"’T(n+1/2)
" n! '

REMARK 4. Itis easy to see that

= EOT ) el = AT 172,

where W, denotes the Wallis ratio. From the Wallis inequalities proved first by Kazari-
noff (see [23])

1 1
—_— < Wy < ———— (22)
Vr(n+1/2) w(n+1/4)
we have
1/2 1
<oy < )1

nr 12" T2y
This shows that
I (x)

lim
Vo120 ()

n—oo

:l7

or

()~ 1 () o () asn— e

4. Sharp bounds for certain ratios

In this section, we focus on some sharp bounds for certain ratios. Note that the
ratio xI, (x) /I,+1 (x) := W, (x) plays an important role in the finite elasticity [36, 37]
and the epidemiological models [30, 31]. It was showed in [5, Theorem 2.2] that W, is
strictly increasing on (0,e0) for v > —2, so one has W, (x) > lim,_o W, (x) =2v+2. In
addition, the ratio 1,1 (x) /I, (x) := R, (x) usually appeared in probability and statistics
[34, 16] with applications in chemical kinetics [2, 28], optics [38] and signal processing
[24]. As for the ratio I, (x) /I, (x), it can be explicitly expressed by I, (x) /I, (x) or
I,11(x) /I, (x) as shown in the relations (15) and (16).

In the sequel we will present some sharp bounds for these ratios above, which is
as another application of our Theorems 1-5.
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PROPOSITION 7. Let v > 0. The the following inequalities

2
. 23)
1/?xz—l—vz—I—v< IIV( (> X) <VxEHv24v
(24)

I 1
< X <\/V+ 217> +v+1
L1 (x) v

hold for x > 0, where in particular the right hand side inequality in (23) holds for
v> —1.

Proof. Joshi and Bissu [21, (3.6)] showed that

W—I—ECM)/’

(x)?  x\L(x)

which together with (8) implies that (x7/(x) /I, (x))’ > 0, that is, the function x
xl,(x) /1, (x) is strictly increasing on (0,0) for v > —1. Hence we have

W) ) (), )
) AmT i‘i%( I:r(lx) +V>‘V’

which yields I} (x) /1, (x) > v/x for v> —1.
Note that from the recurrence relations (15) and (16) we get

() Dy () mwmm:@wfli
I, (x)* L(x) 1 (x) L (x)

)

¥2

which implies that x — I,_; (x) 1,11 (x) /1, (x)? is strictly increasing on (0,e0) for v >
—1 due to Theorem 4. Therefore we have

2
v wmﬂm:<mm>_é<h
v+ 1 I, (x)? I, (x) X
which yields

2 / 2 2
v v I (x) v

— — 1+— f —1. 25
v+1+x2<<lv(x)) <1t forv> (25)

Since I, (x) /1, (x) = L41 (x) /I, (x) + v/x > v/x, we have

I 2 2
1SR P A LA S
I, (x) X x x* T x x

As aresult of the second inequality in (25), we get that the second one in (23) holds for
x>0andv>—1.
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While v > 0, we have

I’ (x) v2
(x)

Therefore, the left hand side inequality in (23) for v > 0 follows from the left hand side
one in (25).

Next let us apply the formula (15) to (23), then the first, second and third inequal-
ities in (24) follow immediately.
Finally, utilizing the formula (16) to (23) it yields

(/1
v—|—1 + < +

which is equivalent to the third, fourth and fifth inequalities in (24). This completes the
proof. [

REMARK 5. The second inequality in (23) can be written as

I/
2 < W e (26)

v+1 I, (x)

for x > 0. We would like to mention that the right hand side inequality in (26) for v > 0
was first proved by Gronwall [17] in 1932, motivated by a problem in wave mechanics,
which was also reproved in [33] by Phillips and Malin for v € N in different way.
Recently, Baricz in [8, 10] further showed that which holds for v > —1/2 and v > —1,
respectively. The left hand side inequality in (26) for v € N was also first proved in
[33] by Phillips and Malin, which was established by Baricz in [8] that it holds for all
v > 0. More details to see [35, 25, 18, 12, 14].

PROPOSITION 8. Ler v> —1. If ve (—1/2,1/2), then the double inequality

I (x) _ 2v+cosh2x n 2v—3
I, (x) sinh2x 4x

27)

holds for x € (0,00). If veE (—1,—1/2)U(1/2,00), then the inequality is reversed.

Proof. Theorems 2 tells us that the function v+ I/, (x) /I, (x) is convexon (—1,c0),
which implies that for u#,v > —1, the inequality

D) L(x) | 1(x)
Lputqv (x)

holds for x € (0,°), where pg >0 with p+¢g=1. If pg <0, the inequality is reversed.
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Putting (u,v) = (—1/2,1/2) and (p,q) = (1/2 —v,1/2 + v) together with the for-
mulas listed in (19) it yields that for v € (—1/2,1/2),

I‘/, (x) (1 ) I/_l/z (x)
< | =z—vV
I, (x) 2 112 (x)
e sinhx 1 n 1 n
“\27Y) \Coshx  2x 2
_ 2v+cosh2x  2v-—3
sinh2x 4x

which proves the desired inequality. [J

(14
ZV

) 11/2 (x)
115 (%)

coshx 1
v _
sinhx 2x

)

REMARK 6. Thanks to Proposition 27, we can easily get a simple inequality as

follows: for v < (>)1/2 and x >0,

~
~—

) (x

(x)

=~

or
xI) (x)

I, (x)

1
< (>)cothx — —,

1
< (>)xcothx — =,

2x

2

which was first appeared in [17]. In fact, for v < (>)1/2 and x > 0, we have

2v+cosh2x 2v—3

14+cosh2x 1-—3

<(>)

sinh2x 4x

<(>)

sinh2x

4x

1
= cothx — —.
cothx o

PROPOSITION 9. For —1 <u <v and x > 0, there holds the following inequality

Iv (x) Iv+1 (x) <

L(x)* =Ly () Ly (x)

Ly (x) L1 (%)

In particular, for v > —1/2 it holds

B P — Lt () Dot () > (

which is reversed for —1 <v < —1/2.

L (%) = Bt (%) L1 (%)

n 1) L () D ().

sinh2x x

Proof. Based on Theorems 2 we see that for a > 0, the function

vie L (x)/Iera(x)

—L—1(x)/1(x)

(28)

(29)

is strictly increasing on (—1,e0). Then, fora =1 and —1 < u < v we have

I, (x) e

1
Ly (x) I, (x)

(30)
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which proves the inequality (28) for u,v > —1 with u < v.
Letting u = —1/2 in the inequality (30) yields

L) =Ly () Ly (x) _ T2 (%) Cspl) 2 1

== + -,
L (x) I+ (%) Lijp(x)  I_ypp(x)  sinh2x = x

which proves (29). O

PROPOSITION 10. Let O <u < v and x > 0. Then the inequality

L (x)? = L—y (%) Iy (%) PRGN

(3D
LX) =Ly () Ly (x) Tu (%) L1 (x)
holds. Particularly, for v>1/2, we have
2 sinh2x — 2x
L (x)" = L1 (x) Iy1 (x) < sinhox L1 (X) I (x), (32)

which is reversed for 0 <v < 1/2.

Proof. Likewise, thanks to the increasing property of the function

Vi Lyt (%) /ia (X) = Loy (%) /1 (%)

we get that for —1 <u <,

Lipiv1 () Lepi (%) hisn () by (%)

Ly (x) I, (x) L4 (x) L, (x) .

Replacing (u,v) with (u— 1,v—1) gives (31) for 0 < u <.
Taking u = 1/2 in (31) leads to

Ly () =11 p (x) I35 (x)
Liyp () 115 (x)

L (x)% = Lomy (%) Lt (%) < ey () 1y ()

which proves (32). U

REMARK 7. It would be pointed out that Baricz in [14, Theorem 1] gave an im-
provement of the double inequality (3), which shows that for x > 0,

2 2
v:——i_l{Z 1, (x) 2 <1, (x)z Iy (¥) Ly (x) < %7 (33)
24 (v+1/2) 2 vi—1/

where the left hand side inequality holds for v > —1/2 and the right hand side one
holds for v > 1/2.

Numeric computations show that the lower bounds given in inequalities (33) and
(29) are not comparable for all v > —1/2 and x > 0. Analogously, the upper bounds
given in inequalities (33) and (32) are also not comparable for all v> 1/2 and x > 0.
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PROPOSITION 11. Let x> 0. If v> (<)u> —1, then ratio W, (x) = xI, (x) /L 41 (x)
satisfies
2 2

WV()C)—W *

—2v> ()W, (x)—W—ZM. (34)

In particular, while —1 <v > (<) —1/2 it holds

1 X 1 X 2
—_ _ 2.
Wv(x)>(<)v+2+smh2x+\/<v+2+sinh2x> +x2; (35)

while —2 <v > (<) —3/2 there holds

1 X 3 X 2
— - 2
W (x) < (>)v+3 sinh2x+\/<v+2+sinh2x> L (36)

Proof. By the relations (15) and (16) we have

2

X
AT +2v= W 0 +2v, (37)

Wo it (x) = xly—1 (x) _ xlyy (x)

and applying it to the inequality (30) gives (34).

Particularly, while u = —1/2 we see that
xl g (x
W_i)2(x) = 1/72“ = xcothux,
Iy (x)
x? x? 2x
W_ - = thx — = .
1/2(%) W_1/(x) T cothx  sinh2x
By (34) we obtain
2 2
X X 2x
W, — > ()W - 1= 1,
v = 2> (W) Won@) | sih2x
or equivalently,
X 1\1? X 1\?
J— — 2 —
[WV(’C) (sinh2x+v+2)] > (<) +<sinh2x+v+2) -G8

As mentioned at the beginning of this section, W, (x) > 2v+ 2 for v > —2, therefore

X 1 31 2x
W, (x) — S)svIo = syvii>o.
v () (sinh2x+v+2> "t 2sne YT

Thus, the desired inequality (35) follows from (38).
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Finally, putting the inequality (35) together with (37) gives that for —1 < v >
(<)-1/2,

Wy (x> = W:C(x) +2v

x2

< (>) +2v
1 X \/ 1 X 2 2
V+ 3+ e T (V+§+sinh2x) +x

—y ! =4 LS. 2+2
— V727 Ginh2x Ty T2 Y

Replacing v — 1 by v yields (36) for —2 < v > (<) —3/2, and the proof is com-
plete. 0

REMARK 8. Note that [4] showed that for v > 0,

1 3\?
Wv(x)<v+§—|— )c2—|—<v—|—§)7 (39)

which also is valid for v > —3/2 due to

W,,(x)z—(2v+l)Wv(x)—(xz—i—v—i—%) <v+%7 (40)

see [32, Proposition 5]. Here, we claim that the upper bound for W, (x) given in (36) is
superior to that given in (39) for v > —3/2. In fact, consider

. =4 NS 2+ 2 e (vl 2
== V4 = xc—=\|v+= X V4 =
2 sinh2x 2 sinh2x 2 2

2 2
=1/(v+ J +— +x2 — =24 (v ’
2 sinh2x sinh2x 2

and

2

2 2
v ) o [ et (vl
2 sinh2x sinh2x 2

x 3 3\?2
= — i 2 _
zsinth <v+2) x+<v+2) < 0.

Letting u = —1/2 and a = | in Theorem 5, we conclude the following immedi-
ately
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PROPOSITION 12. The function x — (cothx) L,y (x) /I, (x) is strictly increasing
(0,00) if v > —1/2, and decreasing on (0,%0) if —1 <v < —1/2. Moreover, for v >
—1/2 the double inequality

tanhx L1 (x)
20v+ 1) L(x)

< tanhx (41)

holds for x > 0, where 2(v+ 1) and 1 are the best possible. It is reversed for —1 <
v< —1/2.

REMARK 9. The right hand side inequality for v > —1/2 in (41) and its reverse
for v < —1/2 were proved in [11, Theorem 2.2].
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