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(Communicated by J.-C. Bourin)

Abstract. The Petz-Hasegawa function
(x—1)°
=p(l—
Jp() = p( p)(x,,fl)(xl,,_l)

for p € [—1,2] is a well-known operator monotone function on x > 0. In this paper, we discuss
some properties of the following extension of the Petz-Hasegawa function

Fo () ,xyﬁ -1
V4 = ,-zlplx”"*F

where p = (pi,...,pn) by only using an elementary technique. Firstly, we get its upper and
lower bounds. Secondly, we obtain a result on operator monotonicity.

1. Introduction

In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space .#. An operator A is positive semi-definite if and only if (Ax,x) > 0
for all x € 77, and we write it A > 0. If an operator A is positive semi-definite and
invertible, A is called positive definite. In this case, we write it A > 0. For self-adjoint
operators A and B, B < A is defined by 0 < A — B. A real valued function f defined
on an interval I C R is called an operator monotone function if

B<A implies f(B)< f(A)

for all self-adjoint operators A and B whose spectra are contained in /. Typical ex-
amples of operator monotone functions are f(x) = x* and f(x) = (1— A+ Ax9)"/ on
x>0 for A €[0,1] and g € [-1,1]\ {0}. Petz and Hasegawa have proven that the
function f,(x) on x > 0 defined by

(1)
xP —1)(xl=P—1)

fp(x):p(l_p)( (p#071)7
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fo(x) = lim,_o fp(x) = %, fi(x) =lim,_; fp(x) = % is operator monotone for

—1 < p <2 in [8] (see also [1, 4]). We call fp( ) the Petz-Hasegawa function (we
write it PH function, simply). In this paper, we shall consider an extension of the PH
function as follows:
X — 1
=x le

where p = (p1,...,pu), and give the following two properties of fp (x): (i) Upper and
lower bounds of fp (x); (ii) operator monotonicity of fp (x).

For the first problem, we get two estimations of fp (x). J. I. Fujii and M. Fujii
p xPTl—

+1 xP—1

this function is an upper bound of the PH function.

For the second problem, Nagisa and Wada have given an equivalent condition of
o, Bi, v and s (i=1,2,...,n) to that

no0i §
(xynxﬁ, - 1) (ahﬁi I~ [072},']/2 O)

is operator monotone in [7]. In this paper, we shall only consider the case oy = s =1
(i=1,...,n) of the above function, but we consider the cases y € R and f; € [-2,2].
These cases have not been considered in [7].

This paper is organized as follows: In Section 2, we shall give upper and lower
bounds of fp(x). In Section 3, we shall show the operator monotonicity of fp (x).
These results are proved by using only an elementary technique.

have been considered a function in [3]. One of our results leads that

Takayuki Furuta passed away on 26 June, 2016. He had obtained a small result
(a part of Corollary 4), however it had not been submitted. The rest of the authors
found his unpublished manuscript when we visited his home in order to arrange his
notebooks. Then we added some results into Furuta’s manuscript to make this paper.
Takayuki Furuta made outstanding contributions in Operator Inequalities. We dedicate
this short note to his memory. We will miss him.

2. Upper and lower bounds of fp (x)

In this section we shall give upper and lower bounds of fp (x). In what follows,

we consider p2=L for p =0 as =L, the limitas p — 0.

xl’ 1 logx °

THEOREM 1. Let n be a natural number such that n > 2, and let p; € [0,1] for
i=0,1,2,...,n such that 3}, p; =n. Then

x—1 x—1
(1—po)x T_l\fp le pr—

Po
—1\" 1\ o 1\ Po
<xy(“)c);i—l) Sxy<x ;— ) gﬂ(%)
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holds for y € R and x > 0, where p = (p1,...,pn) and L = %2:7:1;9,-.

To give a proof of Theorem 1, we shall use the following theorem.

THEOREM A. ([9]) Let p,q € [—1,1]\ {0}. Then

Fpq(x) = [/ (1—7L+/lxﬁ)pd,1} :(L&);

p+q xP—1

is a positive operator monotone function on x > 0, and increasing on p,q € [—1,1]\
{0}

In [9], Theorem A is shown by using a technique of complex analysis. But it can
be shown by the following facts, easily: (i) (1 — A + Ax?)!/? is operator monotone on
x>0 for A €[0,1] and p € [-1,1]\ {0}, and increasing on p € [—1,1]\ {0}, and (ii)
for operator monotone functions f;(x) (i=1,2,...,n), (X%, wifi(x)9)"/4 is operator
monotone for g € [—1,1]\ {0} and w; > 0 such that >}, w; = 1, and increasing on

€ [-1,1]\{0}.

Proof of Theorem 1. First of all, if we take p; = 0 for an arbitrary 7, then p; =1
forall j # i since the condition Y., p; =n. If p;=1 foran arbitrary 7, then p,-xf,l.;jl =
1. Hence we only consider p; € (0,1). It is enough to show

x—1 n
(I=po)—— — S [1»:
i=1

xl pPo

x—1
xPi—1

Po

—1\" u T

< “x 1 < XM 41\ ®
xH—1 2

D
< <X;1> o

for x > 0.
Firstly, we shall show the first inequality in (1).
oy 2= Sl HHO 0y
Po xl=ro —1 - b zl-‘rl ( )xz;.c:()(lfpk) -1

1=piy1

"ﬁ (z;; o(1 = p) xZ 0P 1>

214—1 (1 —p,) xzk:()(l_Pk) —1

_ ) 1—p;
- HO FZ'k:o(I*Pk)J*PiH (x) o
=

I I 1 —Pitl — I I r
< Fpi1-pipr (% ' p’xm_ )
i=0 i—1

where the inequality follows from Theorem A and the following fact: Since Y} (1 —
pr)=1and p; € (0,1) fori=0,1,2,...,n,

S (U—p)=1—1=pip1)——(1=pa) < pit1-
k=0
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Next, we shall prove the second inequality in (1). To prove this inequality, we
show that for each x > 0,

—1
g(t) =log (t; — 1) is a concave function on (0,1). 2)

ForO0<t <16 <1,

x—1 x—1 1 x iy —1 hth x—1 x—1
tlxtl -1 "2 H _ 1 = 11+ Y1 — 2 1+ "I n_ ]
X 2 x 7 —1 X
— F t—ziF 1—t1+t2F 1-1,
= thizi(x) 1 g i (x) T Fiy 1ty ()
h—1 17t1+t2 1—t
< Ft142rt27t2;t1 ()C) 2 F’l;’Z .1711;/2 (.X) 2 F}271_t2 (.X) 2
L 1 4 x—1 e
= 1+t : 1+ 2
t2 x122_1 2 x122_1 xfz_l

2
. t1+t x—1
B 2 xi;g—l

holds by Theorem A. Then

1 1 x—1 x—1
_ = -1 ..
2{g(t1)+g(t2)} 5 0g<1 P tzxfz—l)

<o ti+t x—1 _ 1+
S\ ) )

that is, g(¢) is a concave function on (0, 1) since g(¢) is continuous. Therefore we get

log (ﬁpi;;‘_ﬂ) = {g(p) + -+ (o))
i=1

pite+p x—1
< _— = =
< g( ) 8(n) =log (ux“_1>,

n

that is,

x—1 x—13\"
l;[plxl’t 1S Ha—1) -
Next, we shall show the third inequality in (1). Since

1
X thatis, l—pu<u

and

(1—p)n=n-"Y pi=po,
=1
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Theorem A ensures that

0]
x—11\" . o PN
(“xu—1> = Fiup ()7 < B () =< 2 )

The last inequality in (1) follows from the fact that F ,(x) = (’%)1/ 4 is mono-
tone increasing on g € [—1,1]\ {0} by Theorem A.
Therefore the proof is completed. [J

We remark that (2) can be shown by differential calculations, but we prove it by
using Theorem A here.

COROLLARY 2. Let n be a natural number such that n > 2, and let p; € [0,1]
fori=1,2,...,n such that ¥} pi=n—1. Then

x—l 1
—
logx <fp() xil:Ip‘xpz_l
1
x—11\" xH41\F x+1
< Y < Y < Y
(o) < () s
holds for y € R and x > 0, where p = (py,.. ,pn)andu_ llp,—l—%

Proof. By taking a limit pg — 1 in Theorem 1, we have the desired inequality

o
=logx holds forall x >0. 0

since lim
a—0 o
We can obtain another upper bound of fp (x).
THEOREM 3. Let n be a natural number, and let p; € [0,1] for i =0,1,2,...,n

such that ¥} pi = n. Then
nox— x—1 1 x> -1
g . Y
x) xl:[pzxp <x (HP; )2 Pn x—1

xPi— 1 x+1\7°
Y 7< Y
xH x( : )

2—pi x—1
holds for y € R and x > 0, where p = (p1,...,pu)-

Proof. Tt is enough to show

noox—1 il x—1 1 x2Pn—]
ilj[l?im < (Hpixl’i—1>
n

2—pn x—1

2—pi _ Po
< 1 x 1 < (x-l—l) 3)
ile—p,- x—1 2
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for x > 0.
We shall show the first inequality in (3).

lexpl_l_H Pir1— PI i

i=1

< (HFhlpi(x)l_p") Fi1—p, ()77 (by Theorem A)
i=1
”1:[1 x—l 1 x> P—1
pl 2—pn x—1 '
The second and the third inequalities in (3) are obtained by Theorem A as follows:
n—1 27 n
x—1 1 Pn , -
i F Pi Fo_ Pn
<gpxpi—l>2—pn x—1 (H ptop(x ) 11=pa(¥)
noo1 x2Pio]
< Fii_p(x I=pi _ A
il;[1 1-p; (%) EZ—pi —
n
S HFLI(X)H’"
_H x+1 TS A
2 )

where the last equality holds by Y (1 —p;) =po. O

Especially, we have upper and lower bounds of the PH function by Corollary 2
and Theorem 3 as follows:
COROLLARY 4. Let p €10,1].
(1) The inequality

xX— (x—1)?
\fp( ) ( _p)(xl’—l)(xlfl’—l)

2
< Va+1 <x—i—l
2 2

folw) = i) = o

holds for x > 0.

(ii) The inequality

X X — 2
o) = 00 = o <100 = (1= ) s
p xPH -1
Sl w1
1 (xPH -2 P—-1)  x+1

SerNe-p G- S 2
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holds for x > 0.

p xPtl—
——— ———— in Corollary 4 has been considered in [2, 3].
p+1 xP—1

Proof. (1) and the first inequality in (ii) are obtained by putting n =2, y =0,
p1 =p and p, =1 — p in Corollary 2. The other inequalities in (ii) are obtained by
puttingn=2, y=0, po=1, py =p and pp =1 —p in Theorem 3. [

3. Operator monotonicity of /) (x)

First of all, we shall give an elementary proof of the following known result.

x—1
xP—1
monotone function on x > 0, where so(x) and s\(x) are defined by using the limit
as follows:

THEOREM B. ([5]) For =2 < p <2, sp(x)=(p

is an operator

x—1 1

= _— = = —xx—1
so(x) = llyli%s”() Togx and  sp(x) })Lnllsp(x) X

In [5], Theorem B has been proven by using a technique of complex analysis. This
proof is very nice, but it is a little bit difficult. Here, we shall give an alternative proof
of Theorem B by using only Theorem A and the following well-known fact:

LEMMA C. (ex. [0]) Let f(x) and g(x) be operator monotone functions. Then
the following functions are also operator monotone:

(i) f(x)%g(x)P for a,B =0 such that o+ B < 1
(i) SO
Alternative proof of Theorem B. (i) The case 0 < p < 1. Inthecase 0 < p < 1,

sp(x) is operator monotone since s,(x) = F}, 1—,(x) and Theorem A. If p=0,1, it is
also operator monotone by taking a limit p — 0+ or p — 1 —0. It s still true (see [9]).

1
1xP—1\ 7T
(ii) The case 1 < p < 2. sp(x) is operator monotone since s,(x) = < a T )
P X—
= Fi p—1(x) and Theorem A.
(iii) The case —1 < p < 0.

1 1
x—1 I+]p] x—1 I+]p] \P\ 1*\1’\
— | — - - Ip| — y 1+ +lp
sp(x) ( |p|x|p_1) (x p|xl’|—1> X' \pl( ) P

: 1-|p|
Since p] €
Ip[” T+p]

+
[-1,0] by Lemma C.

[0,1] and (i), we have operator monotonicity of s,(x) for p €
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(iv) The case =2 < p < —1.

x—1 TH[p]
sp(x) = <—P|X_T>

_ 1 al
= x\plxi_‘p| —

={x5|p\( 1y1- \pl}#\

1 o1 Ip[=1
= x 1+l {Slp\(x_ )" }H\p\ )

1 |pl-1
T+l 147 € 1
Therefore s,(x) is operator monotone for p € [-2,2]. [

Since ; [0,1] and (ii), we have operator mononicity of s, (x) by Lemma C.

By the same way, we can obtain operator monotonicity of fp (x).

THEOREM 5. Let yeR and p = (p;) = (a1,...,a1,b1,...,by,c1,...,cuydi,...,dy)
(n=14+m+u+v) such that

Sdi < <dv<—-l<a < <a<0<bhi < Shp<l<a<--<a<2,

0<y+(+v)— Zal ch\l and 0< v+ (m+u) Zb—Zd

Then fp(x) =x H p, is operator monotone on x > 0.

In [7], Nagisa and Wada have obtained the following result on operator mono-
tonicity of the function related to fp (x).

THEOREM D. ([7]) Let oy, B; € [0,2] suchthat B; < oy and B; < 1 (i=1,2,...,n).

Then the function
, no0i s
* H xﬁ' —1

is operator monotone on x >0 if 0 < s < 1/(y+ 32" (0 — Bi)) and is not operator
monotone on x >0 if s > 1/(y+ X1, (0 — Bi)) for any y = 0.

In particular, by putting s =1, o; = 1, B; = p;, we have the following corollary.

COROLLARY E. Let p; € (0,1) (i=1,2,...,n). Then the function

nox—1

i xPi =1

Ip () =x"

is operator monotone on x > 0 if 0 < y+ Y1 (1 — p;) < 1 and is not operator mono-
toneon x>0 if y+Y" (1—p;i) > 1 forany y> 0.
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Theorem 5 is a kind of an extension of Corollary E, because we consider the cases
Y <0 and p; € [-2,0)U(1,2] in Theorem 5. Moreover, Theorem 5 implies operator
monotonicity of the PH function f,(x) for p € [~1,2]. If p € [3,1], we can get it
by putting y=0, n =2, by =1—p and by = p. If p € (1,2], we can get it by
putting y=0, n=2, a; = p and ¢; = 1 — p. We have the case p € [—1,%] since

fi—p(x) = fp(x) always holds.

Proof of Theorem 5. Since

x—1 1—a; L O . 1—a; 114t
a1~ {a(—l)ia—l} =x 7 s, ()T
—1
b X _1 sbi(x)lfhi7
1 _1 e (1+Ct)
G =X {(—c»xxc,. — } = x s (1) and
—1
x—1 x =1 T (- (14} 1 —(14d;)
dixdi—_l :x{(—dl)m} —X{S d ) }
hold for each i, we have
] m u

[ u v u
where w=y+ Y (1 —a;)+ Y (=) + D I =y+(+v) =D ai— D ci
i=1

i=1 i=1 i=1 i=1

By the assumption, w,a; — 1,1 —b;, 1 4+¢;,—(1+d;) € [0,1] for every i and

i=1

l m v
w+ Y (ai—1)+ Y (1—b) Zl—i—c =Y (1+d;)
i=1 i=1

i=1
m v

:y+(m+u)—2bi—2di€ [0,1].

Hence f)p (x) is operator monotone by Theorem B and Lemma C. [J
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