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NORM INEQUALITIES AND CHARACTERIZATIONS
OF INNER PRODUCT SPACES

A. AMINI-HARANDI, M. RAHIMI AND M. REZAIE

(Communicated by M. Sal Moslehian)

Abstract. Let (X,]|.]]) be a real normed space and let 6 : (0,00) — (0,e°) be an increasing
function such that ¢ — % is non-decreasing on (0,e). For such function, we introduce the

notion of 0 -angular distance og[x,y|, where x,y € X'\ {0}, and show that X is an inner product

space if and only if oglx,y] < 2%
the Dunkl-Williams constant of X [10], we introduce a new geometric constant Cr(X) for X
wrt F, where F : (0,00) X (0,00) — (0,0) is a given function, and obtain some characterizations
of inner product spaces related to the constant Cg (X ). Our results generalize and extend various

known results in the literature.

for each x,y € X \ {0}. Then, in order to generalize

1. Introduction and preliminaries

In 1935, Jordan and von Neumann [11] characterized inner product spaces as
normed spaces satisfying the parallelogram law. In 1948, Lorch [13] presented sev-
eral characterizations of inner product spaces. Since then, the problem of finding nec-
essary and sufficient conditions for a normed space to be an inner product space has
been investigated by many mathematicians by considering some geometric aspects of
underlying spaces.

There are interesting norm inequalities connected with the characterizations of
inner product spaces [2]. One of celebrated characterizations of inner product spaces
has been based on the so-called Dunkl-Williams inequality.

In 1936, Clarkson [4] introduced the concept of angular distance between nonzero
elements x and y in a normed space (X, ||.|) as o[x,y] = || Fi Hi_H || In 1964, Dunkl

and Williams [8] showed that for any nonzero elements x,y in a normed space (X, ||.||),

| ™ | < 4% . In the same paper, the authors proved that the constant 4 can

be replaced by 2 if X is an inner product space. Then Kirk and Smiley [12] completed
this result by showing that the above inequality with 2 in place of 4 in fact characterizes

Mathematics subject classification (2010): 46C15, 46B20.
Keywords and phrases: Inner product space, characterizations of inner product spaces, Dunkl-
Williams inequality.
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the inner product spaces. Motivated by this fact, Jiménez-Melado et al. [10] defined
the Dunkl-Williams constant DW (X)) of a normed space X, that is,

]l + (1]
[lx =l

L_LH; x,yex\{O},x#y}-

DW (X) := sup{ <l Il

By the above mentioned result of Kirk and Smiley, (X, ||.||) is an inner product space
if and only if DW(X) = 2. In 1993, Al-Rashed [1] generalized the work of Kirk and
Smiley. His result can be reformulated as follows: The normed space (X, ||.||) is an
inner product space if and only if

[lx =yl

ofx,y] < 21/‘1—7
(Il + [[ylla) '/

for each x,y € X \ {0},

where g € (0,1]. As a generalization of the concept of angular distance, Maligranda
[14] introduced the p-angular distance o, [x,y| as follows:

x y
[5 Rm d

opx,y] = , where p > 0 and x,y € X \ {0}.

In 2010, Dadipour and Moslehian [5] presented a characterization of inner product
spaces related to the p-angular distance which is a generalization of the above men-
tioned results of Kirk and Smiley [12] and Al-Rashed [1]. In 2014, Tanaka, Ohwada
and Saito [16] obtained a new characterization of inner product spaces related to norm
inequalities.

Now, we recall some definitions and facts which will be needed in the next sec-
tions. For x,y € X, x is said to be BJ-orthogonal to y, denoted by xLg y, if ||x] <
|lx+ yy|| for all y € R. The BJ-orthogonality is homogeneous, that is, x L g y implies
AxLp py forall A,u € R. However, it is not symmetric in general, that is, x L g y does
not necessarily imply y_1 g x. It is known that if dim (X) > 3, then BJ-orthogonality is
symmetric if and only if X is an inner product space [3, 9].

The rest of the paper is organized as follows: In section 2, for an increasing
function 0 : (0,00) — (0,e0) for which 7 — % is non-decreasing on (0,c0), we in-
troduce the notion of 6 -angular distance o [x,y] = H m - m” between nonzero
elements x and y in X and show that (X,||.]|) is an inner product space if and only
if o x,y] < 2% for each x,y € X\ {0}. In section 3, in order to generalize
the Dunkl-Williams constant of a normed space [10], we introduce a new geometric
constant Cr(X) of the normed space X wrt F, where F : (0,00) X (0,00) — (0,00) is
a given function satisfying F~'{1} # 0 and o = inf, -, p(;5—1 (r+5) € (0,00). We
show that if X is an inner product space then Cr(X) = 62—F, and by giving an example
we prove the converse implication does not hold in general. We also study some con-
ditions on F under which, the equality Cr(X) = G% characterize inner product spaces
among all normed spaces. Our results generalize some well known characterizations of
inner product spaces due to Lorch [13], Kirk and Smiley [12], Al-Rashed [1], Dadipour
and Moslehian [5], Dehghan [7], and Tanaka, Ohwada and Saito [16].
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2. 0 -angular distance

Throughout the paper, let (X, ||.||) be a real normed space and let Sy denote the
unit sphere of X . Let © denote the set of all increasing functions 6 : (0,c0) — (0,c0)
such that 7 — ﬁ is non-decreasing on (0,c0). For a given 6 € O, the 0 -angular
distance between nonzero elements x,y € X is denoted by cpg[x,y] and defined as
oo lx.5] = | gy — ar |

Note that if we take 0(¢) =¢!~7 for each t > 0, where p € [0,1), then og[x,y]
reduces to the concept of p-angular distance between x and y which was introduced
and studied by Maligranda [14].

Here is our first result in this section.

THEOREM 1. Let (X,||.||) be an inner product space and let 6 € ©. Then the
following inequality holds

[lx =yl

—————— foreach x,y € X \{0}. 2.1
IR Oy

(o7] [xvy} < 2

Proof. Notice first that since 6 is non-decreasing then m % provided
that ||y|| < ||x||. Then, we have

1555 . oty — ot |
E=TERY 0[] o]
<X} (o) A |ontomm oty — awteomatm |-
x oy 112
< sp  sup Heuxu o | i
XyGX\{O}te[O 1 H —1 \YHH
ot — ol
. ol — ol
.
xyeX\{O}lnfE[O ]H (1=1)giy tm}]
Then
x 2
swp bl et — et 22)
< . .
x,yej;\v{O} (%) xveX\{O} inf, g ]|| (1 =1) g — oty

Let f:[0,1] — R be defined by
2

_ A P
f(”‘H“ TRIRIE

() + (&) (et )}
‘2{<efl|>2+<eﬁx’ﬁ>}t+ ol
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KN N
f”t :2{< + +2 ,—
W=2 o) el a1 8bT
X y X y
—2 + 2 >>0,
<ex|| ol ol " aly

foreach 1 € [0,1], then f’(¢) is non-decreasing on [0, 1]. Since the function 7 +— % is

. 2 2
non-decreasing and ||y|| < |x|| then f'(}) = (%) - (GH\)\CJH) < 0. Hence f'(1) <0

for each ¢ € [0,4] and so f is non-increasing on [0, 3]. Thus

Since

2 2
. by y I x y
inf ||(1—¢)———1t—- :—H——— , (2.3)
1€(0,}] Ollxllollyl 411 6xll oyl
from (2.2) and (2.3), we get that
Sup a@ ['X:?y} < 27

[lx=y1|
x,yeX\{0}
X0 aFenT

and the proof is complete. []

The next result provides a reverse of Theorem 1.

THEOREM 2. Let (X,||.||) be a normed space with dim(X) >3 and 6 € ©. If for
some q >0

[lx =l
((B[lxIDe+ (8ly1)9)

Then X is an inner product space.

o x,y] < 25 , foreach x,y € X\ {0}. (2.4)

Q=

Proof. We will show that the BJ— orthognality is symmetric. Let x,y € X \ {0}
be such that x 1 g y. Then

llox|| < ||ax+ By||, for any real numbers o, 3. (2.5)
To show that y Lp x, on the contrary assume that
[lvx+y|| < |[y|l, forsome ye€R. (2.6)

From (2.5), we obtain (note that from (2.5) and (2.6) we have that ||yx+ y|| > 0)

yx+y y H H yx ( 1 1 )H [ x|
- = + - ¥ = (27
HOYXH oyl Olyx+yll -~ \8lyx+yll oyl 0|yx+yl
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Then from (2.4) and (2.7), we obtain

1
25>((GIIYXHII)“(Oyll)”)"” ety oy H
x| Ollx+yl - olyll
1
((Ollvx+yID7+ (Bl T Iy
- x| Ol vx+yll

oyl )"\
y q
> (14 ( )
~ ( O1lyx+yll
From the above inequality, we get that 8||y|| < 6||yx+y||. Since 6 is increasing, we
deduce |[|y|| < ||yx+yl|, which contradicts (2.6). [J
Now we are ready to state our characterization of inner product spaces related to

the 6 -angular distance.

THEOREM 3. Let (X,|.||) be a normed space with dim(X) >3 and let 6 € ©.
Then the following statements are equivalent:

(i) Forall g€ (0,1], oglx,y] < 2i %7 foreach x,y € X\ {0}.
((@l)-+(6l1)7) @

1
(ii) For some q >0, og[x,y] <24 %, foreach x,y € X\ {0}.
(CRIECNIDK
(iii) X is an inner product space.
Proof. (1)= (ii) is trivial.
(i1) = (iii) is the same as Theorem 2.
(iii)= (i) Let g € (0,1], a:= 0]x||, b:=06||y|| and ¢ := g in the known inequality

d+b <27 (a+b), for a,b>0, 0<r<1,
we get
(811x)?+ (61l < 2'~4(8 x|+ 6]1¥]))*,

and so

0 HX_Z“ <20 =l . foreach x,yeX\{0}.  (2.8)
el =+l (g xl)ye+ (B1ly])) 7

Since X is an inner product space then by Theorem 1 we have

[l —ll
Ollxll + 61yl

From (2.8) and (2.9), we get the conclusion. [J

o [x,y] <2 foreach x,y € X\ {0}. (2.9)

If we put 8(t) =t'77, p € [0, 1), then the above theorem reduces to the following
characterization of inner product spaces due to Dadipour and Moslehian [5].
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COROLLARY 1. Let (X,|.||) be a normed space and let p € [0,1). Then the
following statements are equivalent:

(i) Forall g€ (0,1], oplx,y] <20 =] , foreach x,y € X\ {0}.
(I =P+l 1-P)a)

[

1
(ii) For some q >0, oplx,y] <24 Bl T, foreach x,y € X\ {0}.
(Il =PIy 1P ) @

(iii) X is an inner product space.

3. A new geometric constant of a normed space

We begin with the following definition.

DEFINITION 1. Let (X,]|.]|) be a normed space. Let F : (0,00) X (0,00) — (0,00)
be a function satisfying F~'{1} # 0 and of = inf, - q.p (51 (r+5) € (0,0). We
introduce a new geometric constant Cr(X) of X wrt F as follows:

[[utv :
——u,vESx, u# —v, r,s € (0,0) with F(r,s) =1 ».
o] X, u# (0,) with F(r,5)

Cr(X) = sup{

Note that by using the Dunkl-Williams inequality [15, Proposition 2.1], we have

||+ . 1 ||+ <DW(X)’

[ru+svll = r+s|ls5u+ v OF

for each u,v € Sy, u# —v, r,s € (0,00) with F(r,s) =1, and so Cr(X) < D‘gX) <o

If we take Fs(r,s) = r+s for each r,s € (0,o0), then Crg(X) = DW(X), where
DW (X) denotes the Dunkl-Williams constant of X which was introduced by Jiménez-
Melado et al. [10].

The following lemma is useful for calculating Cr(X), in the case of F is a homo-
geneous function of degree 1.

LEMMA 1. Let (X,].||) be anormed space and let F : (0,00) x (0,00) — (0,0) be
a function satisfying F~'{1} # 0 and oF € (0,c). Assume that F(1x,1y) = AF (x,y),
Joreach A,x,y € (0,). Then

v — ol

cF<X>=sup{F<x||,||y> - .x,yeX\{O},x¢y}.

Proof. Since F(Ax,Ay) = AF(x,y), for each A,x,y € (0,00), then

{(r;5) 1,5 € (0,00) and F(r,s) =1} = {(F r - > ) ns € (o,oo)},
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and so
Cr(X)= sup{ U’Zi;}ﬂ s u,v € Sx, u# —v, r,s € (0,00) with F(r,s) = 1}
:sup{M: u,vE€ Sy, u#—v, rse (0700)}
HF(r,s»‘)l'{_|—F r,.\')v”
=su HHi_H_ﬁH s x,y € X\ {0}, x#
— Sup T RS AT Y X7
FORTLBD Tl — FORLIN T
| —
:Sup{ T = [ : x}yex\{o}’x#y}
I — raermm |
e = ol
= sup F(IIXH,HyII)W:x7yeX\{0},x7éy . O

Now, we calculate the geometric constant Cr(X) of an inner product space X .

THEOREM 4. Let (X,||.||) be an inner product space and let F : (0,00) x (0,00) —
(0,50) be a function satisfying F~'{1} # 0 and or € (0,). Then
2

CF(X) = G_F

Proof. Since X is an inner product space then, we have

[Cr(X)]* = sup M: u,v € Sx, u#—v, r,s € (0,00) with F(r,s)=1
|| ru+ sv]|?
e+ v]? }
= sup supy ————: uU,vESx, u# —v
r,s€(0,00) { ||I"M+SV||2
F(rs)=1
24+ 2(u,v)
= e uve Sy ut vy
ey e}
F(r,s):l

Since the function ¢ — rzfjifzm is non-decreasing on (—1,1] for each r,s € (0,00)

then, we have (note that by the Cauchy-Schwartz inequality |{u,v)| < ||lu/|||v]| = 1)

2+ 2(u,v)
S R ———————
r2+s2 4 2rsu,v)

D u,v € Sy, u;«é—v} = CEEk

Therefore

Cr(X)= sup { 2 }:i O

rs€(0,00) LT +s OF
F(rs)=1

The following example shows that the converse of Theorem 4 does not hold, in
general.
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EXAMPLE 1. Let (X,||.||) be anormed space and let Fjy : (0,00) X (0,00) — (0, 00)
be defined by Fj(r,s) = max(r,s). Then

[+ v

———: u,vE Sx,u# —v, s € (0,00), max(r,s) =1 p =2
[|ru+sv|| xou 7 (0,0) (r,5) }

CFM(X):sup{
B 2
a inf{r—!—s: r,s € (0,00), max(r,s) = 1}.

To show the claim, note that for each r € [0,1] and u,v € Sx with u # —v,

[l vl < [l = rulf + [ru-vi[ = (L= r) + [lru+vl],

and
[ru+v|| =[] = [|rul| = (1 —7).
Then
[Ju+v|] ~ B
< 2, foreach r € [0,1] and u,v € Sx with u # —v.
|lru+v||
Thus

2>su 7”14 v|| cuveSxy,u#—v, r>0,5s>0, max(r,s) =1
p
Hru—i—svH

= sup lutv] TuveSy,u#E—v, 0<r<1 > ——=
|lru+v||

and the proof is complete.

Now the following problem naturally arise:

PROBLEM 1. Find necessary and sufficient conditions on F such that the equality

Cr(X)= 0'_21: characterize inner product spaces among all normed spaces.

Here is our first partial answer to this problem.

THEOREM 5. Let (X,].||) be a normed space with dim (X) > 3. Let F : (0,00) x
(0,00) — (0,00) be a continuous function which is increasing in each variable and F
satisfying the conditions F~'{1} # 0 and of € (0,). Assume that
lim F (rx,ty) > 1 and lir(%F(tx,ty) <1, foreach x,y € (0,0), (3.1

—!

f—o0

and

Or Of
F|—,— | > 1. 3.2
(2.2) 6

Then, X is an inner product space if and only if

2
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Proof. If X is an inner product space then by Theorem 4, Cr(X) = 62—F Now,

assume that Cr(X) = 62—F and will show that X is an inner product space. Since F is
continuous, then by (3.1) there exists a function @ : (0,0) x (0,00) — (0,0) satisfying

r s
F|——,—— ) =1, foreach r,s € (0,00). 3.3)
(s 709) (0

Assume that x | gy, where x,y # 0 are elements in X . Then,

llox|| < |lax+ Byl|, foreach o, p € R. (3.4)

To prove that X is an inner product space it is necessary and sufficient to show that
y Lpx, thatis forany f € R, ||y|| < ||Bx-+y||. On the contrary assume that

[lvx+y|| < [[y||, forsome yeR. (3.5)
By the assumption
2
lu+v| < G—\\ru+sv\\, for each u,v €Sy and r,s € (0,+e0) with F(r,5)=1. (3.6)
F
From (3.3) and (3.6), we obtain (note that from (3.4) and (3.5) we have that || yx+y| >
0)

[yx+yll wty Iyl Y
Uy +yIL v lvx+x1 olye+ vl IyID Iyl

for each x,y € X \ {0}. Since x Lp y, from (2.7) and the above inequality, we get

yx+y y H 2
- = g -
[ty Iyl ~ orF

)

i>¢(IIYX+yII7||y)H yx+y _LH
or ~ x| [+l vl
Qv+l Iyl [l
[[yx] I +yl
and so
2 ol i) o
or 7+
From (3.5) and (3.7), we obtain
Iy Iyl or 3.8)

oIyl Iy~ el +yILIyl) ~ 2

Since F is increasing in each variable then from (3.7) and (3.8), we get

lyx+yll il ) (GF GF)
1=F 5 >F A A |
(@(Yery,yll) o(llvx+yll, vl 2°2

a contradiction. [J

Now, we get the following characterizations of inner product spaces due to Al-
Rashed [1, Theorem 2.3 and Corollary 2.4] (the case of p = 1 was obtained by Kirk
and Smiley [12]).
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COROLLARY 2. Letr (X,||.||) be a normed space with dim (X) >3 and let p €
(0,1]. Then X is an inner product space if and only if

1 X y
Sup{(xl|ﬂ+yllp)p}!7‘TH 5y X\ {0} x#y} o 39
(B ’ ’

1
Proof. Let F(r,s) := (r’ +sP)r , for each r,s € (0,e0). Then F is continuous and

1
increasing in each variable. It is easy to see that o =2'"7 and so F(%, %) =1.

Then all the assumptions of Theorem 5 are satisfied. Then we get the conclusion if we
1
show that Cr(X) = Gz—F =27 . From Lemma 1 and (3.9), we deduce that

1
(el + 117y B | 5 — 2
x—%yH:LyEX\whx#y}zym’

cr(x) =sup{

and the proof is complete. []

Now we get the following characterization of inner product spaces due to Lorch
[13].

COROLLARY 3. Let (X, ||.||) be a normed space with dim (X) > 3. Then (X, ||.||)
is an inner product space if and only if for all x,y € X satisfying ||x|| = ||y|| the inequal-
ity |x+y|| < ||[yx+7 Y| holds for all real y+#0 .

Proof. Let Fp(r,s) = +/rs for each r,s € (0,). Then F is continuous, increasing

in each variable, and 6, = 2. So Fp(d%7 62&) = 1. Then from Theorem 5, X is an

inner product space if and only if Cr, (X) = % = 1. Now the assumption holds if and
P

only if
[+ v]
CFP(X):SUP{W: I/L,VGSX7 M%-\@ 'J/E(07°°)
Rl
= sup cxyeX, |lx[[ =y, x# =y y€(0,00) p=1. O
{”yx_H,—ly” [[x[l = 1l¥ll (0,00)

Here is a characterization of inner product spaces due to Dehghan [7, Theorem
3.2].

COROLLARY 4. Let (X,||.||) be a normed space with dim (X) > 3. Then (X,||.||)
is an inner product space if and only if

Y

X
T " T || foreach %y € XA {0} (3.10)

X Y
- <
[l il H '
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Proof. Let Fp(r,s) :=+/rs, for each r,s € (0,°0). Then (3.10) holds if and only if

CFP(X):sup{%ii:"}': u,v € Sx, u# —v, rs € (0,0) with rs:l}
BBl
PR — R T 7 BT

T T~ Tl o
g7 -l v 2
=supq 2 L.y e X\ {0}, } 1=—.
{H%—%H || H Iyl O

Now the conclusion follows from Theorem 5. [

Now we give lower and upper bounds for the Dunkl-Williams constant of X wrt
F.

THEOREM 6. Let (X,||.||) be a normed space and let F : (0,00) x (0,00) — (0,00)
be a function such that F(Ax,Ay) = AF (x,y) for any A > 0. Then

2 sup F(1—1¢,1) <Cp(X)<DW(X) sup F(1—1,1). (3.11)
1e(0,1) 1€(0,1)

In particular, if X is an inner product space then Cp(X) = 2sup,c( ) F (1 —1,1).

Proof. Foreach t € (0,1) we have

I+ = \’\XHH

CriX) > L BN
F([lxll. 15 12 H Tt F(llxell, 5 110 % |l
x|, X
_FU D
[x+ 15
and so
Cr(X) > sup 2F(1—t,1).
t€(0.1)
On the other hand
X Y
CF(X):sup{M yex\ {o}, Y s (0,00) withF(r,s):l}
i —sprll” HH Iy
Tl =TT
X Y
:Sup{ rHHxH HyHH yex\ (o). L,r’se(o,w)}
HF rs W_ rs WH H || Hy”
T = Ty F
=sup{ e ) ey ex\ (o) 5 # s e )}
Hmw—mwn r+s x| H |’
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:sup{ Hm_ﬁ_“” F(—r ,—s ):
s mr—rsppl \rtsirts
y
cX ,hs € 07°°
%y €X\{O} o # o s € ﬁ

<DW(X) sup F(l—rt,1). O
t€(0.1)

Here is our second partial answer to the Problem 1, which gives another charac-
terization of inner product spaces.

THEOREM 7. Let (X,||.||) be a normed space with dim (X) > 3 and let F :
(0,00) x (0,00) — (0,0) be a function with oF € (0,0) such that F(Ax,Ay) = AF(x,y)
Sforany A,x,y € (0,00). Moreover, assume that

2 1
= =F(L1) and F(1—t,1=1) < F(1—1.1), for each 1€ (5,1). (3.12)
F

Then X is an inner product space if (and only if) Cr(X) = =

ofF *

Proof. Let x,y € X \ {0} such that x 1 g y. Hence ||oex+ By|| > ||owx|| for any real
numbers o, 8 and so for each real number y

"w+y H Il .
lyx+yl Iyl T+l
Since
F( 7+l I )ZF(w+y,ﬂD:
F([lye+yILIvID " Fllee+ylL 0D/ Flle+yl bl
from (3.12),
2
F(l,1)= —
(1=
=Cr(X)
Ireer —
Iyl Iyl
H ey Yty 1R LH
F( \\W+\’\\ YD) Tyl F(lvy[LID Tyl
F(llype+ylLIID || vty _LH
[ x| [yx+ll Iyl
_ P+l i)
[[vx+ |l

F( [yt ] )
ety Il vyl

llyrtyll ’
(eIl
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[ 1
and so we have =i < 5. Thus Iyl < ||yx+y| holds for all y € R, and so
ylpx. O

Let @, denote the family of all continuous concave function y : [0,1] — R such
that y(0) = y(1) = 1. For each y € ®@,, define the function |.||y on R? by

N DLy
1e)ly = {f)' DY) 7

For each x,y € X, define ||(x,y)||y = ||(|Ix|[,[y]|) ||y Let X be a real Banach space and
let y € ®,. Defined [16]

Cy(X) :=sup { 1)y

[lx =l

”%—”%H : x,yEX\{O},x;«éy}.

The following is a characterization of inner product spaces due to Tanaka et al [16].

COROLLARY 5. Let (X,]|.||) be normed space with dim (X) > 3. Let v € @,
such that max,cjo ) Y(t) = l[/(%) Then (X, ||.||) is an inner product space if and only

if Cy(X) =2y(3).
Proof. Let F(r,s) = ||(r,s)||y foreach r,s € (0,o0). Then from Lemma 1, we have

= { {2

”%_”%H ; x,ng\{o},xaéy}=Cw(X>.

We show that all the assumptions of Theorem 7 and then the conclusion follows.

2 2

or inf{r+s: rs>0,[(ns)ly = (r+9)w(s) =1}

—2sup{u(2 )5 ns>0 f =2(3).

Then

2

F(1,1) :214;(%) ==

From Lemma 2 in [16], we also have the function ¢ +— w = % is increasing on
[0,1). O
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