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THE COMPLEX L, LOOMIS-WHITNEY INEQUALITY

QINGZHONG HUANG, AI-JUN LT AND WEI WANG

(Communicated by H. Martini)

Abstract. The complex L, Loomis-Whitney inequality for complex isotropic measures is es-
tablished, which extends the real version of the L, Loomis-Whitney inequality for isotropic
measures due to the first two authors.

1. Introduction

A convex body K is a compact convex set in R” which is assumed to contain the
origin in its interior. Denote by V(K) the corresponding dimensional volume. Each
convex body K is uniquely determined by its support function A(K,-) defined by, for
x € R", h(K,x) = max{(x,y) : y € K}, where (x,y) = XY}, x;yx denotes the scalar
product of x and y in R". If x,y € C", we denote their complex scalar product by
(%, ¥)e = X_; x¥x and the modulus of x by ||x|| = v/ {x,x)..

The classical Loomis-Whitney inequality states that for a convex body K in R",

v(K) < [[V(Kleb). M)
k=1

where K |e,§ denotes the orthogonal projection of K onto the 1-codimensional sub-
space ekL perpendicular to ¢; and {ey,...,e,} is the canonical basis of R". Moreover,
equality in (1) holds if and only if K is a coordinate box; i.e., up to translations, there
are positive numbers (ox);_, such that

n
K= Z ak[—ek,ek],
k=1

where [—ey, e is the segment jointing —ey to ¢; and the sum is the Minkowski ad-
dition of convex sets. This inequality was first proved by Loomis and Whitney [27] in
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1949 and has been widely studied in recent years (see e.g., [8, 9, 11, 12, 15, 16, 17, 18,
20, 24, 25, 26, 33]). It is well-known (see e.g., [32, (5.77)]) that

V(Klet) = 5V(K.In—1]: [-er.ex]).

where V (K, [n— 1];[—ex, ex]) is the mixed volume of (n— 1)-copies of K and one copy
of [—ex,ex]. Thus, the Loomis-Whitney inequality (1) can be rewritten as

<] HV K. [n—1):[~ex.ex]). )

In order to define the volume in C", we identify C" with R>* using the standard
mapping from x = (xy,...,x,) = (X117 +ix12,. ..y Xn1 +iX02) 10 (X11,X12, .+, Xn1,X02) - A
complex version of (2), as a special case of our main result, can be stated as follows: if
K is a convex body in R?", then

n2n n

V(K" ' < =[] V(K. [2n—1];D)?, 3)
k=1

where Dy is a unit disc in span{ex;_1,ex} and {ej,...,ezx,} denotes the canonical

basis of R%*. Moreover, equality in (3) holds if and only if K is a polydisc; i.e., up to

translations, there are positive numbers (04 )}_, such that

n
K= 2 oy Dy.
k=1

Motivated by the recent work of the first two authors [24] on the L, Loomis-
Whitney inequality for isotropic measures, this paper is devoted to the complex L,
Loomis-Whitney inequality for complex isotropic measures. The following two notions
are essential to our main result.

The complex isotropic measure, recently introduced by the first author and He
[19], is a Borel measure p on the unit sphere S~ ! of C” satisfying

Sl V) Pea () = P @
§2n—1
for all x € C". Since we identify C" with R>", (4) can be written as
/S [, v)2 + G2 (v) = 1)1, (5)
where the operator f : R — R?" is defined as
= (V117V12, ey anaVnZ) = VT = (—V12, Vily--+y —Vn2, an)~

An important example of complex isotropic measures on $2"~! is the complex
cross measure introduced in [19], which is the Ry -invariant complex isotropic measure
1 such that

supppt = {span{vi,v]} NS, span{v,,vi} N>},
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where {vmzlr ...,Vn,vI} is an orthonormal basis of R?". Furthermore, a generalized
£,(C")-ball By o(C") := B, ¢(C")(u) formed by the complex cross measure u (con-

centrated on {span{vl,vlr} NS?=1 ... span{v,,vi} N S?"~11) is defined as follows:
there are positive numbers (oy);7_, such that

Bpa(C) = {xeR™: (ki ak|<x,vk>c\1’)% <1}
=1

n 1

{x eR>: (2 o[ (e, i) + <x,vz>2}%) "< 1}, I<p<e, (6)
k=1

and for p = oo,

Buo.ot(C") = {x € R¥ : o| (x,v)e| < 1 forall k = 1n}

= {x e R op[(x,v)? + <x,v;£>2}% < 1forallk = 1,...,n}. (7

We shall mention that B o(C") = X}_, o5 ' (B3" Nispan{vy, v;i}) is also called a poly-
disc formed by y, where B3" is the Euclidean unit ball in R?" .

For p > 1, we define the Rg-invariant L, complex projection body HQK of a
convex body K in R?", in terms of its support function is given by, for v € §*~1,

1 ;
H(TIPK ,v) = (ﬂ /S . \(v,u>c|pdSp(K,u)>’

- (% /szn,l [(v,u)? + (vu')?] %dSp(KM)) %’

where dS,(K,-) is the L, surface area measure of K. For p = 1, it reduces to the
Ry -invariant complex projection body introduced by Abardia and Bernig [3].

Thus, the complex Loomis-Whitney inequality for complex isotropic measures
can be formulated as follows:

THEOREM 1. Suppose p > 1 and K is a convex body in R*". If u is a complex
isotropic measure on S**~1, then

2n—p

V(K) 7 <An,pexp{/sznillogh(H?K,v)zdu(v)}, (8)

where
n?"PT(2n+ 1 2)

np = 2
T (3 p)"

In addition, if W is a complex cross measure on SV, then equality in (8) holds for
p > 1 ifand only if K is a generalized {,(C")-ball formed by u and equality in (8)
holds for p =1 if and only if K is a polydisc formed by [ (up to translations).
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Here p* is the Holder conjugate of p;ie., 1/p+1/p*=1.
When p = 1, together with (22), inequality (8) reduces to

n2n

VK" < exp (/S2 logV(K, [2n—1]:D- v)2du(v)), )
where D-v:= {cv:c € D} and D is the unitdisk in C. Inequality (3) now follows from
(9) by taking the basic complex cross measure (, which is a complex cross measure
such that suppu = {span{ej,es} NS?"~1 ... span{es, 1,e2,} N S?"~'}. Note that a
complex cross measure is just a rotation of the basic complex cross measure, since
{vth ..., Vn, v} is an orthonormal basis of R?".

2. Background materials

2.1. Elements of the L, Brunn-Minkowski theory

We collect in this section some elements of the L, Brunn-Minkowski theory,
which has its origins in the work of Firey from the 1960s and has expanded rapidly
over the last two decade since the remarkable works of Lutwak [28, 29]. For further
details we refer the reader to [32, Chapter 9] and the references therein.

The Minkowski functional || - ||x of a convex body K in R” is defined by ||x||x =
min{A > 0:x € AK}. In this case,

h(K,-) =[x+ (10
where the polar body K* of K is defined by
K'={xeR": {(x,y) <1forally € K}.

For A € GL(R"), we have
(AK)* =AT'K", (11)
where A~ is the inverse of the transpose of A. Using the polar coordinate formula, it

is easy to see that the volume of a convex body K in R” is given by

V(K) = exp(—||xl[g)dx, (12)

where the integral is with respect to Lebesgue measure on R".
For p > 1 and € > 0, the L, Minkowski-Firey combination K +, € - L of convex
bodied K, L is the convex body whose support function is given by

h(K+pe-L,-)’ =h(K,- )’ +eh(L,-)".

The L, mixed volume V,(K,L) of K,L was defined in [28] by

K -L)—=V(K
Py VK+pED)=VE)

ne—0t )

Vy(K,L) =



THE COMPLEX L,, LOOMIS-WHITNEY INEQUALITY 373

In particular, V,(K,K) = V(K). It was shown in [28] that for convex bodies K, L, there
is a positive Borel measure, S,(K,-), on S$"—1 5o that

1
Vp(K.L) = | h(Lu)dSy(K.u) (13)

where dS,(K,-) =h(K,-)'"PdS(K,") is the L, surface area measure of K and dS(K,-)
is the classical surface area measure of K . Recall that for a Borel set o C "~ !, S(K, o)
is the (n— 1)-dimensional Hausdorff measure of the set of all boundary points of K for
which there exists a normal vector of K belonging to @.

The L, Minkowski inequality [28] states that for convex bodies K, L,

Vp(K,L)" = V(K)" PV (L), (14)
with equality if and only if K and L are dilates when p > 1, and if and only if K and
L are homothetic (i.e., they coincide up to translations and dilatations) when p = 1.

2.2. Complex isotropic measures

The unit sphere {x € C" : [|x|| = 1} of C" is denoted by $*"~!. Since we identify
C" with R?", we can say that a convex body K is Rg-invariant if for each 6 € [0,27]
and each x = (x11,x12,...X,1,%) € R?",

llxllx = ||Re (x11,X12); - - - s Ro (Xn1,%02) | &,

where Ry stands for the counterclockwise rotation of R? by the angle 6 with respect
to the origin. We say a measure (or a function) on $>~! is Ry -invariant if it assumes
the same value on a set (or a point) and its Ry image for each 6 € [0,27]. For & € C"
such that ||€]|| = 1, denote by

He = {xG(C” : <X7é>C:§Xka:O}

the complex hyperplane through the origin perpendicular to £&. Under the mapping
from C" to R?" the hyperplane He is a (2n —2)-dimensional subspace of R?" orthog-
onal to the vectors

E= (&80 6, En) and ET= (=€, Ennye e, —Ens En).

The complex isotropic measure p defined in (4) has the following properties (see

[19]):

e the complex isotropic measure [ is not concentrated on He NS§2"=1 for any £ €
S2n71 .

° ;,L(Szn_l) =n.
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2.3. Generalized /,(C")-balls

Let B,(C") denote the unit ball of £,(C")-space, understood as

n 1
BP(CH)Z{X€R2HZ<2.X]{1+X]{2 ) gl}, 1<p<oo’
and for p = oo,

B..(C") = {xcR™: [x,%l—i—x,%z}% <1, forallk=1,...,n}.

For n,p € [1,0), denote by x»,(p) the volume of the unit ball of ¢,(C") (see [19,
Proposition 6.1]), which equals to

7 (D(1+ 2))"

Kn(p) = 1-‘(14_27")

Recall that a generalized ¢, (C")-ball B, o(C") formed by the complex cross mea-
sure u is defined in (6) and (7). Let A = diag{all/p,all/p, s a,%/p,aj/p}. Since there
exists U € O(R?") such that v; = Uey_; and v,t =Uey for k=1,...,n, we have

By a(C") = {x eR™: + (x, v,i)ﬂ%)% < 1}

7~
IM:
£
=
=

x€ER™:

1
O‘k[<x»U€2k—1>2 + (x,Uex)?] %> "< 1}

=~
Il
—

-

|
@1

T
I

xeR™: [<AU X, ek 1> + <AU X €2k

{
{xGRZ":
{

1
k[(U_lx,ezk_1> + U XEQk %>p 1}

T
I

@1

n 1
:{UA_IXGRznZ (Z X,€2%—1) xezk>2]g>” <l}
=UA'B,(C"). (15)

Then we immediately get

n 2

V(Bya(C") = V(UATB,(C") = V(ByC) (TTex) " (16)

k=1

It follows from (10) and (6) that

==

h((Bp.(C")) (Z o (e, i) \P) (17)
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Moreover, for p > 1, by (15), (11) and [19, Proposition 2.1], we have

(Bp.o(C")* = (UA™'B,(C"))* = UA'(B,(C"))* = UA'B,+(C")

n % L*
:{U Alx e R*": (2 X, €2%—1) xe2k>2}p7>p gl}
k=1 .
_ {x e R (Z[<A—fU—1x,e2k_l>2 (AU, e2k>2}7) "< 1}
k=1
i L*
= {x eR™: (Z[(& UA™ ex—1)* + (x, UA—1€2k—1>2}7> < l}
k=1
n " ¥ L*
= {x e R (Z o’ /p[<x,vk>2+ (x,v,i)z}p?> "L l}
k=1
:Bp’gorp*/p (c). (18)
For p =1, by the same way, we have
(B1,a(C")" =B, 41 (C"). (19)
Then, from (16) we obtain, for p > 1,
n 2
V((Bpa(€)) =V (B, o rin(@)) =VByC)(TTew)", 0
k=1
andfor p=1,
n 2
V((B1a(C)) = V(Bugr (€)= VBLC)([Tew) . @D
k=1

2.4. Complex L, projection bodies

In recent years, the study of varieties of convex bodies in C" has received con-
siderable attention; see, e.g., [1, 2, 3,4, 5,6, 7, 13, 14, 21, 22, 23, 31]. For example,
the notion of the complex projection body was introduced by Abardia and Bernig [3]
in 2011: for a convex body K C C" and a convex body C C C, the complex projection
body TI¢K is the convex body whose support function is defined by

h(TI°K,v) = V(K,[2n—1];C-v), veC",

where C-v:={cv:c € C} C C". Obviously, the Ry -invariant complex projection body
ITP°K can be defined by letting C be a unit disk D in C; i.e.,
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h(ITPK,v) = V(K,[2n—1];D-v)

1 / (D -v,u)dS(K, u)
§2n—1

2n
= 2 fo 208 (Rl JaS Kot
= 30 Ja 2, (R )
w o [ alas(K ), )

for every v € C". For p > 1, the Rg-invariant L, complex projection body HDK ofa
convex body K in C" can be defined by

1

1
[ aepds, k), vec, -

(2K ,v) = (

The fact that h(l'[? K,v) is the support function of a convex body in R?" can be verified
asin [19, Theorem 4.3].

3. Proof of the main result

Assume that the measure 1 is not concentrated on Hy NS~ ! forany & € 2"~

Let o : S?*~! — (0,+0c0) be a Rg-invariant positive continuous function. For p > 1,
we define the complex L, zonoid Z, o (1) with generating measure adu as the Rg-
invariant convex body in C”, in terms of its support function, for u € §2"~!,

a0 = [, Hwnotdut)”

= (/S Hu\span{v vk}Hp (v)du®v )) 24)

Here ||u|span{v, v} H is the length of the orthogonal projection of u onto the 2-dimen-
sional subspace span{v,v'}. The fact that h(Z, (1),u) is the support function of a
convex body in R2" can be verified as in [19, Theorem 4.3].

In particular, if ¢ is a complex cross measure, then we may assume that suppu =
{span{v;,vi} NS~ .. span{v,,vi} NS2"~!}. It was shown in [19, Lemma 4.1] that
,u(span{vk,vZ} NS?"~1) =1 for 1 < k< n. Denote a(vy) =: o > 0. By (24), (17),
(18) and (19), we have, for p > 1,

= (( a(C))"x) = h(B. o psp (C"), %), (25)
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and
hZy (@), x) = h((B1,a(C"))",x) = h(B, ;-1 (C"),x), (26)

for each x € R?*. From (20) and (21), we get, for p> 1,

2

V) =V B (@) =V @)([Ta) @
and i ,
V(Za()) = V(B g1 (€7) = V(B(C") (T] e4) (28)
k=1

The following particular case of multidimensional reverse Brascamp-Lieb inequal-
ity [10] is needed.

LEMMA 1. Suppose vi,...,vm € S Vand cy,...,cp > 0 such that

S cx|lx[span{vy, v 2= |x||>  for every x € R?". (29)
> cif[xlspan{ve, v}
=1

Then for all integrable functions f; : span{v;“v,i} —[0,00), 1 <k < m,

m

* m m Ck
/ Sup{ [TAGO% x = cyioyn € Span{vk7VZ}}dx >1] ( ) fk) :
R2n =1 i1 span{vg,v; }

k=1

The following lemma extends Theorem 6.5 in [19].

LEMMA 2. Suppose p > 1 and o is a Rg -invariant continuous positive function
on S~V If u is a complex isotropic measure on S*"~', then

T

V(Zpalw) > VB () (e [, loza(du()’. (30)
with equality if 1 is a complex cross measure on S*"~ 1.

Proof. Suppose the measure |t = Y7* | ¢y, is a discrete complex isotropic mea-
sure on S~ 1. Then the complex isotropic condition (5) is just the condition (29).
Write o/(vy) =: o4 > 0.

Case p = 1: By (24) and the fact that |[x[span{vy, v} }| = h(B3"|span{vi, v} },x).
we have, for every x € R,

h(Z1a(),x) =Y, oyer||x[span{vi, v} }|
=1

m
=y ogcxh(B3"[span{vy, v,i}pc)
=1

m
h( 2 ck(ka%”|span{vk, vZ},x) )
k=1
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Hence

m
Zia(p)= {x eER?:x= z CrViy Yk € asz(RZ")|span{vk,v;£}}. 3D
k=1

Define functions fj : span{vbv;g} —10,00),1 <k < m, by

Je(y) = 1o g (II¥1)-

From (31), Lemma 1 and the fact that u(S*"~!) = 3%, ¢; = n, we obtain
VZa(w) = [, (] 1‘[ K00y (el s = 2 v s € span{ye,v]} Jdx

/RZn sup{

m Ck
>1] (/ ) fk) =
k=1 span{vg,v; }
=" [T og™.
k=1

Case p > 1: We claim that

TT/G0)% :x= 2 CIVks Yk € Span{vk,vk}}dx

k=1
m .
1 d
T1( [ toaatlhe)

a,i*p cr(rgy + r,%z)p*/z : Z cr(rave+ rkng) = x}. (32)
1 k=1

M=

Hx”%ta(#) < inf{

k

In fact, let x = 2 cr(rive+ rkgvk) By Holder’s inequality twice, (24) and (10), we
k=1
have

m

(o) =Y el vy ve) + ria (v, v)))

M5 T

1 1
< Y alrin + i) (v + o))
k=1
m kL, om 1
N i
(2 o el + ) >,, (2 o ((yvi)” + <y7VZ>2)2> !
k=1 k=1
m o L*
— (T a4+ ) T Iz aiu
k=1
Let my = (3, a,i_p*ck(rlzl +72,)P"/2)V/P" Thus, the fact that Y/ IVll(z, () lies on

the boundary of the convex body (Z, «(1))* implies

X
— €Zpa(l).

nmy
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|5

n /2 1/17*
Iolz,a < (X o™ alrhy +18)" )

Hence

Zpallt

That is,

for x = 2 cr(rave+ szvk) Taking the infimum yields the claim.
k=

Deﬁne functions f} : span(vk,v}i) —10,00),1 < k< m, by

fily) = exp(=oy " [ly]|”)-

From (12), (32), Lemma 1 and the fact that ,u(Sz"’l) =7 | cx =n, we have

P(14 )V (Z,alw)

= [ o=l )

5

1-p P n
> /I%Zn Sup{ HCXP(_(Xk (rkl +rk2 _2_ g I’kIVk+}"k2vZ) :x}dx

=/ sup ka i) Fix= Z CIVks Yk € Span{vk,vk}}dx

k 1</Span{w7vk}f‘>6k
¥ * c 2
- 1<~/span{"k7vz}e_a,: T ) = (e (1 )) <H o)

k k=1

%

3

3

2

Therefore, V(Z, o (1)) = kon(p*) (kﬁl O‘l?‘) ’

Now let i be an arbitrary complex isotropic measure on S>*~!. As shown in [19,
Theorem 3.2], there exists a sequence t;,/ € N, of discrete complex isotropic measures
such that p; converges weakly to y as [ — oo. Thus,

hm h( (M) u) = h(Zpo(1),u), ue sl
Note that the pointwise convergence of support functions implies the convergence of

the corresponding convex bodies in the Hausdorff metric (see e.g., [32]). Then the
continuity of volume and the fact that

m 2 n 2
<H(x;k> P = <exp ( D cklog(xk>> !
k=1 k=1

give inequality (30).
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If u is a complex cross measure on S2*~! such that suppu = {span{vl,vi} N
§2n=1 . span{v,,vi}NS?"~ 11 then the equality of (30) follows from (27) and (28). [

Finally, we complete the proof of Theorem 1.

THEOREM 2. Suppose p > 1 and K is a convex body in R*". If u is a complex
isotropic measure on S**~1, then

V(K)P < 0 Ko (p*) P exp ( /S _Togh(TI2K,v)*dy (v)). (33)

In addition, if u is a complex cross measure on S, then equality in (33) holds for
p > 1 ifand only if K is a generalized {,+(C")-ball formed by 1, and equality in (33)
holds for p =1 if and only if K is a polydisc formed by [ (up to translations).

Proof. Let

1

-1
o(v) = h(IOK,v) 7 = (5 /S L laelras, (k) (34)

for v € supp ut. From (14), (13), the definition of Z, o (ut) (24), Fubini’s theorem, (34)
and the fact that 1 (5%"~1) = n, we have

(K. Zpo (1))
1

2n
5 o MZnali) 075, (K 1))

2n
i/s% </52n N v)elPa(vydu(v )> (K7u)>2n
1

o [y o an)eas, (K watydum)”
MIPK . a(v)du ()

V(K)znip <V(Zpa(u))?

p

(
= V(Zp7

=V(zZ, -p

p,o

\%

()~ (
(u))”’(
(5

=Vv(z, (u))"’( i
=1V (Zpa (1)) "

By Lemma 2,

2n—1

V(K" ? <1V (Zpa(w) 7 < n2wan(p) Pexp ([ Togar2(v)au(y)

="K, (p*) P exp (/SZH logh(Hll,)K7v)2pd[.1 (v)), (35)

which is the desired inequality.

For the equality conditions of (35), by the L, Minkowski inequality (14), equality
of the first inequality in (35) holds if and only if K and Z, o(u) are dilates when
p>1(K and Z, o (1) are homothetic when p = 1). If p is a complex cross measure
on "', Lemma 2 implies that equality of the second inequality in (35) holds and
Zp.a(u) is the generalized £,+(C")-ball Bp*ﬂ,p*/,,(@") formed by p. Hence K is a
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dilation of the generalized E;* -ball formed by the cross measure , which is still the
generalized E;* -ball formed by u when p > 1 (K is a polydisc formed by t up to
translations when p = 1).

Conversely, we will show that, when p > 1, equality in (35) holds if K is the
generalized £7.(C")-ball formed by u; i.e., there are positive numbers (ay);_; such
that

K= {xeR": (iaka,vk)C )”1" < 1} (36)
k=1

where suppu = {span{v;,v]}NS>"~1 ... span{v,,vi} NS>~} and {vi,v]...,v,,v}}
is an orthonormal basis of R?". From (35), it is sufficient to verify that K and Zpo(1)
are dilates. From (15), we have

K =By o(C") = UA"'B,+(C"),
WhereA:diag{all/p*,all/p*,...,Oc,i/p*,anl/p*} and U € O(R?") such that vy = Uey_ 1,
v}i =Uey for k=1,...,m. From (34) and [30, Proposition 1.2], we get

o (vi) = WK, vi) ™7 = h(T1) (UA™ "B (C")),vi) 7

= (35 [l 1w >|Pdsp<UA—pr*<C">,u>)_l
— <%/sz veu vl,u)z}gdSp(UA_pr»«(C"),uDil
:(%/S [(vi., UA"u) <v,§,UAfu>2ﬁdS,,(B,7*(C”)),u>)71
= (o [ AU 0 AU 02 8, (B (€ 00)
= (o [ o e 10+ e 0?15, By (©).00)
= (T2 (B, (C)), e1) 7oy, """

for every k = 1,...,n. Notice that h(l"[?( (C")),exx—1)7 " is a constant for all k =

1,...,n. Thus, there exists a constant ¢ > 0 such that a(vx) = coy ” P" for every
k=1,...,n. Now, it follows from (25) and (36) that

Zp’ot (”) = Bp*’orl’*/l’ ((Cn)

z{xER":<z )PP G, ve e *>'%*<1}

n . % 1
:{xER”:<Zc p/pak|<x,vk>c|p>' <1}:cﬁK.
k=1

Thatis, K and Z, o(u) are dilates when p > 1. When p = 1, the proof, together with
the observation that TTI° (K + vg) = ITPK for every vy € R?", is the same. [J
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