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ON APPROXIMATING THE ERROR FUNCTION
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(Communicated by J Pecaric)

Abstract. In the article, we find the best possible parameters p and g on the interval (7/5, (77 —
20) /(5w — 15)) such that the double inequality

VI=Ap)e?? — (1= A(p))e HP¥ <erf(x) < \/1-A(g)e 9 — (1 - A(q))e 1@

holds for all x > 0, where erf(x) =
5(m —3)p]/[m(15p* —40p+28)], u(

S

I e~ dt is the error function, A(p) = 4[(7m —20) —

)=4(5p—=7)/153p—4)].

<

1. Introduction

Let x > 0. Then the classical error function erf(x) is given by

2 X
erf(x) = ﬁ‘/o eitzdl‘.

It is well known that the error function erf(x) is one of the most important special
functions, it has many important applications in probability, statistics and partial dif-
ferential equations theory. Recently, the special functions have attracted the attention
of many mathematicians [8, 10-16, 2634, 38, 41-45]. In particular, many remarkable
inequalities for the error function can be found in the literature [1, 5, 6, 9, 17-23, 35,
36].

Pélya [25] proved that the inequality

erf(x) < V1 —e4%/n

holds for all x > 0.
In [7], Chu proved that the double inequality

V1—e P <erf(x) < V1—e 9

holds for all x > 0 if and only if p € (0,1] and g € [4/7,0).
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Alzer [2] presented the double inequality

<l—e_l3(P)Xp>l/p < 7r(11+11—,) /Oxe—f”dt < (l—e‘“(P)X”)l/p

for x >0 and p > 0 with p # 1, where I'(x) = [;°#* le~'dt is the classical gamma
function, and o/(p) and B(p) are respectively given by

a(p)=7> (p>1), alp)=1 (0<p<l)

and
1

p):rp(1+%)

Let n>2,and oy, B,, &, B, be respectively defined by

O0<p<l), B)=1 (p>1).

o =0.90686---, =1 (n=3), Po=n—1,

o, =n+1 (n=2k), o, =n—1 (n=2k-1), B, =1.
In [3, 4], Alzer proved that the double inequalities

Ay erf (2)@-) < Zerf(x,-) —Herf(x,-) < Uy erf( x,-) , (1.1)
i=1 i=1 i=1

i=1 i
Aerf(y+erf(x)) < erf(x+erf(y)) < werf(y+erf(x)),
Arerf(yerf(x)) < erf(xerf(y)) < u*erf(yerf(x))

hold for all x; > 0 and y > x > 0 if and only if A, < o, Wy = Bu, A <erf(1l) =
0.8427 -+, 0 >2/y/T=1.1283---, A* <0 and u* > 1, and inequality (1.1) holds for
all x; <0 if and only if A, > o;f and u, < ;.

Neuman [24] proved that the double inequality

2
2x 2 2x e +2
T Lerf(x) < =
NG W< 73

holds for all x > 0.
Let a € (0,1), A(p), u=pu(p), n(p) and B(p, a;x) be defined by

4[(7Tm—20) — 5(m—3)p]

Mp) = s —a0p+28) (1.2)
_4(5p-17)

u(p) = SGp—4)’ (1.3)

16(5p—17) (1.4)

n(p) = (15p2 —40p +28)(45p%* — 60p — 4)’
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B(p,o;x) = \/1 oe= P — (1 — o)e KPP, (1.5)

respectively.
Very recently, Yang, Chu and Zhang [37] provide necessary and sufficient condi-
tions for the parameters r and s on the interval (7/5, ) such that the double inequality

B(r,n(r);x) <erf(x) < B(s,n(s);x)

holds for all x > 0.

From (1.2) we clearly see that A(p) € (0,1) for p € (7/5,(7n—20)/(57— 15)).
The main purpose of this paper is to present the best possible parameters p and g on
the interval (7/5, (7w —20)/(57 — 15)) such that the double inequality

B(p,A(p);x) <erf(x) < B(q,A(q);x)

holds for all x > 0.

2. Lemmas

In order to prove our main results, we need to introduce an auxiliary function at
first.

Let —oo < a < b <o, f and g be differentiable on (a,b), and g’ # 0 on (a,b).
Then the function Hy , [40] is defined by

Hf,gE;i,g—f- 2.1)

LEMMA 2.1. (See [37, Lemma 2.1]) Let —c < a <b < oo, f and g be differ-
entiable on (a,b) with f(a%)=g(a") =0, g'(x) #0 and g'(x)Hfo(b~) < (>)0. If
there exists Ay € (a,b) such that f'/g' is strictly increasing (decreasing) on (a,Ao)
and strictly decreasing (increasing) on (Ao,b), then there exists Uy € (a,b) such that
f/g is strictly increasing (decreasing) on (a, o) and strictly decreasing (increasing)

n (”07b)

LEMMA 2.2. (See [39,Lemma 7]) Let a; >0 forall i=0,1,2,--- with 3" ya; >
0and ¥, 1a; >0, and

Zat — 2 ajt'
i=m+1
be a convergent power series on the interval (0,00). Then there exists ty € (0,00) such

that P(ty) =0, P(t) > 0 for t € (0,t0) and P(t) <0 for t € (t,°).

LEMMA 2.3. (See [37, Lemma 2.2 (2)]) Let un = (5p — 6)(5p — 8)n — (15p% —
40p +28). Then u, <O forall n =2 if p € (7/5,8/3].
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LEMMA 2.4. See [37, Theorem 3.2]) Let n(p) and B(p, ot;x) be defined by (1.4)
and (1.5), respectively. Then the inequality

erf(x) < B(po,n(po);x)

holds for x > 0, where py = (211 — 60 + /3(14772 — 9207 + 1440)) /[30(x — 3)] =
1.713---.

LEMMA 2.5. Let x € (0,00), A(p), u(p), B(p,ot;x) and Hy 4(x) be respectively
defined by (1.2), (1.3), (1.5) and (2.1), and fi(x), g1(x), f2(x) and g2(x) be respec-
tively defined by

A =B (p.A(p)ix) = 1= A(p)e P —(1-A(p))e P, g (x) =erf(x), (2.2)
120 = [P0 ()1 =2 (DO gale) = —ert(e). @23

Then

for pe(7/5,8/3].
Proof. Lett = (p— u(p))x* and

hi(t) = pA(p)(p—u(p)) —2pA(p)(p— 1)t (2.4)
+u(p)(p—u(p)) (1 —=2A(p))e —2u(p)(u(p) — 1)(1—A(p))te'.

Then (2.1)—(2.4) lead to

Hyp, g (x) = ?xerf(X) [pfl(p)e“"’ a1 —Mp))e“‘““’”xz} (2.5)

~[1=A()e = (1= 2 (p)e 0],

2—p P
1-u(p) peo) . -
Hyp, g, (x) — rerun’ Ve erf(x) ﬁﬁ?) PAlp)e” +1(p)(1 -2 (p)) .
2Ap—up) 1)

If p € (7/5,8/5], then it is not difficult to verify that

p>u(p), 0<A(p)<l, O<pu(p)<l, (2.7)
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_ (p)—1 (p)—1
i O [P0 55y e55] 29
[el’*ll(l’)t
+ lim [u(p)(l —AP))(p—1(p)) st
—so0 1

F2u(p) (1 - A(p))(1 - u(p))ep”ufmf]

— oo,

Therefore, Lemma 2.5 follows easily from (2.4)—(2.8). 0O

LEMMA 2.6. Let x >0, and A(p) and B(p,o;x) be respectively defined by (1.2)
and (1.5). Then the function p — B(p,A(p);x) is strictly increasing on (7/5,(7mw —
20)/ (57— 15))

Proof. Let u(p) be defined by (1.3), t = (p — u(p))x* and f(t) be defined by

f@)=—=lp—puP)A (p)+Ap)t+[p— u(p)IA (p)e' + ' (p)[1 — A(p)lre".

Then elaborated computations lead to

IB(p,A(p)ix) e PT

2B(p,A(p):x) o T (p)f (1), (2.9)
£(0)=0, (2.10)
f()=Ap)+[p—u(p)A (p)e' +1'(p)[1 = A(p)le' + ' (p)[1 — A(p)]te’,
f(0) =0, 2.11)
Am—3) A(mp—4)

()= te >0 (2.12)

Gp—4)rn° " (3p—_4)(15p% —40p + 28)

fort>0and p € (7/5,(7r—20)/(57—153)).
Therefore, Lemma 2.6 follows easily from (2.9)—(2.12) and p > u(p) for p €
(7/5,(7Tm—20)/(57—15)). O

3. Main results

THEOREM 3.1. Ler o € (0,1), p € (7/5,8/5], and A(p) and B(p,o;x) be de-
fined by (1.2) and (1.5), respectively. Then the inequality

erf(x) > B(p, a;x) (3.1)

holds for all x> 0 if and only if o0 < A(p).
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Proof. If inequality (3.1) holds for all x > 0, then we clearly see that

lim erf(x) — B(p, a; x)

x—0+t X

_ %_ vop+(1—a)u(p) =0,

o ——— =
n(p—u(p))
Next, we prove that inequality (3.1) holds for all x > 0 if &z < A(p). We only need
to prove that the inequality

4—rmu(p) Alp).

erf(x) > B(p,A(p);x) (3.2)

holds for all x > 0 due to the function o — B(p, o;x) is strictly increasing on (0,1).

Let = (p— p(p))2, w(p), n(p), tn, fi(x), g1(x), f2(x), ga2(x) and hy (1) be
respectively defined by (1.3), (1.4), Lemma 2.3, (2.2), (2.3) and (2.4), and h,(r) be
defined by

ho(r) = 2u(p)(1 = A(p))(1(p) — 1)(u(p) = 2)te' — u(p)(1 = A(p))Bu(p) —4)
x(p—u(p))e +2pA(p)(p—1)(p—2)t—pA(p)(3p—4)(p — u(p)),

Then elaborated computations lead to

fix) _ f&)

g () o

S0 = Ty,
(Ziii) =S 0] = s . 6
o(e) = 2u(p)(1 ~ 2(P)(u(p) ~ () -2) S, — (5)

+2pA(p)(p—1)(p—2)t—pA(p)3p—4)(p — u(p))
2 2 2 _ _
_ (15p= —40p +28)=(45p~ — 60p — 4) A(p)—1(p)

125(3p —4)
2(p—1)(2-p) ,_Aup) A =A(p) 5 tn
4 n!

)
n=

__20@p—=4)(po—pr)(p—P1)
Ap)=n(p) = n(15p2—40p+28)(45p2—601p—4)’ (36)

where

21— 60+ /3(14772 — 9207 + 1440)
B 30(m —3)

Do =1.713---, (3.7)
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_ 21m—60 — /3(14772 — 9207 + 1440)
pr= 30(m—3)

From (2.7) and (3.4)—(3.8) together with Lemmas 2.2 and 2.3 we clearly see
that there exists xo € (0,00) such that f}(x)/g5(x) is strictly decreasing on (0,x0)
and strictly increasing on (xp,e0). Then Lemmas 2.1 and 2.5 together with (3.3),
f2(0) = g2(0) =0 and g5(x) > 0 lead to the conclusion that there exists x; € (0,e0)
such that f](x)/g} (x) is strictly decreasing on (0,x;) and strictly increasing on (x;,eo).

It follows from Lemma 2.1, f;(0) = ¢1(0) =0 and g/ (x) > 0 together with the
piecewise monotonicity of f](x)/g’ (x) that there exists x, € (0,e0) such that f;(x)/g1(x)
is strictly decreasing on (0,x;) and strictly increasing on (xp,e).

=1.099---. (3.8)

Note that
im A fg’(X) _ wlpA(p) +ulp)(1 = A(p))] _ I lim A (3.9)
=0t g1(x)  x—0t g5(x) 4 = g1 (x)

Therefore, inequality (3.2) follows easily from (2.2) and (3.9) together with the
piecewise monotonicity of fj(x)/gi(x). O

THEOREM 3.2. Let pg= (21— 60+ +/3(14772 — 9207 + 1440)) /[30(7 —3)] =
1713+, ¢ € (0,1), p € [po, (T —20)/ (57— 15)), and A(p) and B(p,0;x) be de-
fined by (1.2) and (1.5), respectively. Then the inequality

erf(x) < B(p, a;x) (3.10)

holds for all x> 0 if and only if o0 = A(p).

Proof. 1f inequality (3.10) holds for all x > 0, then we clearly see that

i &) — B(p.onx) % —Vop+(1—a)u(p) <0,

x—0+t X

% 2o—up)

Next, we prove that inequality (3.10) holds for all x > 0 if o > A(p). We only
need to prove that the inequality

> 4_7["“(17) l(p)

erf(x) < B(p,A(p):x) (3.11)

holds for all x > 0 due to the function o — B(p, o;x) is strictly increasing on (0,1).
Inequality (3.11) follows easily from Lemma 2.4, Lemma 2.6, (3.6) and p > py.
Indeed, we have

erf(x) < B(po,n(po);x) = B(po,A(po);x) < B(p,A(p);x)

forall x >0. [
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THEOREM 3.3. Let pg= (21— 60+ +/3(14772 — 9207 + 1440)) /[30(7 —3)] =
1.713---, ¢ €(0,1), pe (7/5,(7Tr—20)/ (57— 15)), and A(p), u(p) and B(p,a;x)
be respectively defined by (1.2), (1.3) and (1.5). Then the inequality

erf(x) > B(p,A(p):x) (3.12)
holds for all x > 0 if and only if p € (7/5,8/5], and the inequality
erf(x) < B(p,A(p);x) (3.13)

holds for all x > 0 if and only if p € [po, (7Tm—20)/(57 —15)).

Proof. From Theorems 3.1 and 3.2 we clearly see that inequality (3.12) holds for
all x>0 if p € (7/5,8/5], and inequality (3.13) holds for all x > 0 if p € [po, (7w —

20)/(57—15)).
Next, we prove that p < 8/5 if inequality (3.12) holds for all x > 0. Indeed,

i S0~ B (p 2 (p)2x)

X—roo e*li(l’)x2
4 2 2 _ 2
Jre " ert() ~ 2x (pA(p)e " +u( (1= A(p))e 77
= — lim
o 2u(p)xekir
. 2erf(x)e(H(P)1 p?L(p) ()2
fo2< ﬁu(p) ) ()

dueto p> u(p) and u(p) > 1if p>8/5.
Finally, we prove that p > py if inequality (3.13) holds for all x > 0. Let x — 0™,
then making use of Taylor formula we get

erf(x) = ﬁx—mx +0(x3), (3.14)
*A(p) +u*(p)(1—A(p))
A(p)ix)= A 1-24 x—p 4o ().
B(p.A(p):x) = /pA(p) + 1t(p)(1 = A(p)) N OO ()
(3.15)
Note that
VPR TR - Ap) = —=. (3.16)

If inequality (3.13) holds for all x > 0, then (1.2), (1.3) and (3.14)—(3.16) lead to

_erf(x) —B(p,A(p)sx) _ 15(r —3)p*> —3(1Tn—20)p+ 4
Jm, X - 30v/7(3p —4) <0 GI7

Therefore, p > po follows easily from (3.17)and p >7/5. O
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Let A(p), u(p) and B(p,a;x) be respectively defined by (1.2), (1.3) and (1.5).
Then simple computations lead to

A (2) - 5(43; By (g) —1, (3.18)
(D00t
A (%) - %, u (%) —0, (3.20)

1@ =2 )= 2 (321)
() s(ED)E an

From Lemma 2.6, Theorem 3.1, Theorem 3.2 and (3.18)—(3.22) together with
7/5<3/2<8/5and (21— 60+ /3(147n2 — 9207 + 1440)) /[30(r —3)] = 1.713---
<2< (Tm—20)/(57—15)=2.181---, we get Corollary 3.4 immediately.

COROLLARY 3.4. Let py = (217 — 60 + \/3(147x% — 9207 + 1440))/[30(7 —
3)], and A(p) and p(p) be respctviely defined by (1.2) and (1.3). Then the inequalities

\/E (1 —6_7"2/5) < \/1 — me—&czﬂ _ 53— 8)6_4x2/5

r r ks
_ \/1 (4 -m) g 42-5) o
3 3

T
< erf(x) < /1 - A(po)e0% — (1 — A(po))e—Hlror®

< \/1 1057 3ne—2"2 _3m=2) e67/5 < \/1—e4/m

2r 2r

hold for all x > 0.

REMARK 3.5. Let A(p), n(p) and B(p,o;x) be respectively defined by (1.2),
(1.4) and (1.5), and py = (217 — 60 + /3(14772 — 9207 + 1440)) /[30(x — 3)] =
1.713---. Then from (3.6) we clearly see that A(p) > n(p) for p € (7/5,8/5] and
A(p) < n(p) for p € (po,(7m—20)/(57 — 15)). Therefore, Theorems 3.1 and 3.2
together with the monotonicity of the function ov — B(p, ;x) lead to the conclusion
that

erf(x) > B(p,A(p);x) > B(p,n(p):x)
forall x>0 and p € (7/5,8/5], and

erf(x) < B(p,A(p):x) <B(p,n(p);x)

forall x>0 and p € (po,(7r—20)/(57—15)).
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