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MARCINKIEWICZ FUNCTIONS WITH HARDY SPACE KERNELS

AHMAD AL-SALMAN

(Communicated by J. Pecaric)

Abstract. In this paper we prove L” estimates of Marcinkiewicz integral operators with kernels
in the Hardy space and supported on general subvarieties. The considered subvarieties are of the
type that caries partially the polynomial behavior as well as the behavior of convex functions.
Results obtained in this paper improve as well as generalize known results.

1. Introduction and statement of results

Let R", n >2, be the n-dimensional Euclidean space and S"~! be the unit sphere
in R" equipped with the induced Lebesgue measure do . For non zero y € R”, we let
y =1|y|"'y. Suppose that Q € L' (S""!) is a homogeneous functions of degree zero on
R" and satisfies the cancellation condition

- Q@ )do(y)=0. (D)
For a suitable mapping ® : R” — R (n,d > 2) and a measurable function b: R, — R
consider the operator

2
] b(ly)QR dt
Uoopf(x) = [w /ygzlf(x—q’(}’))—(n};'fnEy_)dy o | 2

The main problem concerning the class of operators in (2) is to determine whether
inequalities in the form H,LLQ@J,fHF < Cp||fll, hold for some 1 < p < eo. By special-

izing to the case ®(y) =y and b(r) = 1, the resulting operator o = Lo ¢ reduces to
the well known classical Marcinkiewicz integral operator introduced by E. M. Stein in
[15]. In [15], E. M. Stein proved that uq is bounded on L? for all 1 < p < 2 provided
that Q is continuous and satisfies a Lip, (0 < ot < 1) condition on S"~!. Subse-
quently, A. Benedek, A. Calderén, and R. Panzone proved the L” boundedness of L
forall 1 < p < e provided that Q is continuously differentiable on S"~! ([6]). In [10],
Ding, Fan and Pan proved that pg is bounded on L? for all 1 < p < e provided that
Q is in the Hardy space H'(S"!).
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When ®(y) = ¢(|y|)y’ and b(r) = 1, where ¢ satisfies heavy conditions such as
the “finite doubling time condition” ¢’(Cr) > ¢'(¢) or “growth condition” @(2¢) < ¢
o(1), it can be shown using the oscillatory estimates in [14] that the special operator
Uoe, is bounded on LP(R") provided that Q is in the Hardy space H!(S""!). On
the other hand, if ®(y) = ¢(|y|)y’ where ¢ satisfies certain convexity assumptions,
it shown in [1] that the special operator Ug @ | is bounded on L? provided that
e H' (S ).

However, for general mappings @ and functions b, little is known about the
boundedness of o ¢ for kernels Q € H'(S"™!). It is our aim in this paper to con-
sider this problem. More precisely, we seek L estimates of the operator Lo ¢ When
b € L”(R.), the function Q is in the space H'(S""!), and the mapping ® is in the
form ®@(y) = @(|y|)y’ with function @ caries partially the polynomial behavior as well
as the behavior of convex functions. The examples per excellence are functions ¢ that
behave like 0 (1) = —13 + e~ 1. Itis worth noticing that the function 6 is neither convex
nor polynomial.

For an integer d > 0, let &?; be the class of all real valued polynomials with
degree at most d. Given A € R. A function v : [0,0) — R is said to belong to the
class 2% (d) if there exists a polynomial P € &2, and mapping ¢ € C4+1([0,))
such that

D y(t) =P)+A0();

ii) P(0) =0 and @)(0) =0 for 0 < j < d;

iii) @'/) is positive nondecreasing on (0,) for 0 < j <d+1.

A representation of the function y satisfying (i)—(iii) shall be referred to by the
standard representation. It is clear that the class Uy (2%, (d)) contains properly
the class of polynomials &7, as well as the class of convex increasing functions. In
addition to the above stated example, one can easily verify that the function 6(r) =
—t2+¢2In(1 +1¢) is in 2%, (2) which is neither convex nor polynomial.

Our main result in this paper is the following:

THEOREM 1.1. Suppose that ®(y) = y(|y|)y with y € € (d) for some d >0
and A €R. If b€ L*(Ry) and Q € H'(S"') and satisfying (1), then the operator
Uo @ is bounded on LP(R™) for 1 < p < eo with LP bounds independent of A € R
and the coefficients of the particular polynomial involved in the standard representation

of y.

In light of the remark just before the statement of Theorem 1.1, it follows that
Theorem 1.1 is a substantial improvement of the corresponding results in [1] and [10].

A similar result as in Theorem 1.1 can be obtained for the corresponding Marcin-
kiewicz integral operators that are related to area integral and Littlewood-Paley g:
functions. In fact, we have the following:

THEOREM 1.2. Suppose that ®(y) = y(|y|)y with w € €, (d) for some d >0
and A €R. Ifb€ L*(Ry) and Q € H' (S"™') and satisfying (1.1), then for 2 < p < oo
and s > 1, the operators [ig ¢, and 'u;;(l)b.x satisfy

|0.ws(N], <Cprlfl, 3)
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|

o )] <CollFl @

where

D=

2
b QnH dzd
oo = [ [ rc-o0) (yy"n_fy’d L) e
2 %
C bR | | 2052 gar
Hoand W= [ [ | [ 0= G| ©

R+l Mth

Y(x) = {(z,2) € R"™ : |x—z| < 2}. The constants C,, are independent of A € R and
the coefficients of the particular polynomial involved in the standard representation of

V.

Throughout this paper, the letter C is a positive constant that may vary at each oc-
currence but it is independent of the essential variables. For any x = (x1,x2,...,X,—1,%,)
€ R", we shall let X = (x1,x2,...,X,—1). Also, forany y : R" — R, we let supp(x)
denote the support of .

2. Oscillatory integral estimates

This section is devoted to obtain necessary estimates that we need to prove our
results. We start by establishing the following main proposition:

PROPOSITION 2.1. Let {01 qp :t € R} be the family of measures defined by

G =5 [ ewiE wiby)

2Igy|<2

(v )
1

<||y|> -

|}’1

Suppose that there exists p > 0 such that

(a) supp(Q ) CS"In{yeR":|y—e| < p} where e = (0,0,...,1);

() 12| <p~"71;

(¢) Jon1Qy ) do(y')=0.

Then there exist a natural number d, a convex increasing function @, and families
of measures F; = {1)[(7?2 it €R}, 0< 1< d+3 such that
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1

)L(p(zt)p2mdx{0

c
a6 - g e <c w(zm)pzm{o,;—p}g‘

G NE)] < clap@)p
C

C
(a6 - &) < cfazter pzmax{o -—P}é\

z/zdtpmax{o, % -

—~
<
e}
~—>
ye
~—
a

|(003&) - (05 "7(&)| < c|a2ter D pm0aPIE) 1 <i<a

Proof. We shall only prove the estimates (8)—(17) for the case p < %

17 J—
A{(p(zﬂrl)pmax{o,n p}é ‘

®)
©))

(10)
(11)
(12)
13)
(14)
15)
(16)

a7)

The case

p = % follows by minor modifications but with simpler argument. Let P € Z;, ¢ €

C41([0,)), and A € R be as in the standard representation of y. Suppose that

d
)= cu.
k=1
For 1 <1<d,let
I
(1) =Y, et
k=1

and
vi(t) = A@(t) +Pi1).
It is clear that
va(t) = y(1).
For 1 </<d+3,let ¥}, : R" — R be defined by

Wi () = w(y)y,
Wi () = Ao(y) (G, 1) +P(y)y,

Y12 () = Ao(|y))e+P(ly])y’
and
Yia () =Ae(yDe+RA(ly)(,1)

(18)

19)
(20)

21
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for 1 <1 <d. Also, we let
Yo (v) =2o(y|)e. (22)

For 0 <1 < d+ 3, define the measures 1)[(_1()2 by

=5 [ exp(—i(é-m(y»%dy. 23)

2=Igyl<2!

Using the definition of W, 3 ; and the cancellation property in (c), it follows that (8)
and (9) hold trivially.
Now, we prove (10). Notice

.2
Wi <ot [ [ agy Daotae?) e
Supp(Q) Supp(Q)
where
2
10.85.2) = | [exp(-ilElw@ & ¢/ = ar|. @)
1
By induction, it can be shown that
() =1 o). (26)
Thus,
441 (@+1)
G W) =290 @)

Thus, by (26), (27), and Van der Corput’s lemma [16], we get
_1
1(,8Y.7) <Clo@)- (v =) ¥
when combined with the trivial estimate 1(z,&’,y/,7) < 1, we get

16,Ey,2) < Clp(2)E - ( —2)| 2@ | (28)

By (24) and (28), we get

. 2 —2n+2 ’
@ [P P2 w do0) oo
)( 1,Q 1 p 1
[P ) 8" suppie) 167 O = Z)[FD

(29)

By similar argument as in the proof of Lemma 5.12 in [2], we get

! oL
sup / ’5/,(y/_zl)|*m do(y) < Cp(n—l) |p2l W) . (30)
Elesnl
Supp(Q)
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when combined with (29) and the observation that [Supp(Q)| ~ p"~!, we obtain

)(vt(fgr})j(g)‘z < C|(P(2t>l)2§|7m

and hence (10).
Next, to see (11), we first notice that

War3a(y) = Yaraa ()] = 1A0(yDI [y, — 1]

Thus,
|GV - 0§5©)]

<[ago@h| [ |aw)| b -1ldo0)
Supp(Q)
< [Ap*ep@hlIQl, < [Ap*Ee2 ).

Now, we prove (12). By similar argument as that lead to (29), we get

R 2 —2n+2 !
gl <P [ wp [ P )
o E[ suppie) €= suppiey | @) (7 -2
(3D
By similar argument as in the proof of Lemma 5.12 in [2], we get
— . |—5 1
swp [ @7 T dol) <cp il T (32)
& upp()

when combined with (31) implies (12). The proof of (13) follows by similar argument
as that lead to (11). The verifications of (14)—(17) follow similar argument as that used
in the verifications of the corresponding estimates (10)—(13). We omit details. [J

We end this section by the following simple proposition which has its roots in [1]:

PROPOSITION 2.2. Ler @ :[0,00) — R be convex increasing function with ¢(0) =
0. Let I,k € Z. Suppose that r is a positive real number. For any real number t
satisfying
logy (2o (r ) <1 <logy 227 (7)),

we have
P2 <2M % for k< -3 (33)

and
e Y > 2725 for k> 3. (34)
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Proof. Since ¢ is convex increasing, it can be shown that

o(2r) = 20¢(r). (35)
In order to verify (33) and (34), one only needs to observe that
el () < @2t < @27 (7). (36)

This completes the proof. [

3. Maximal functions and the Hardy space H'(S"!)

We start this section, by recalling the following lemma in [5]:

LEMMA 3.1. ([S]). Let {Ug}rez and {Tc}icy be sequences of non negative
Borel measures on R". Let L:R" — R"™ be a linear transformation. Suppose that for
all ke Z, & e R", for some a>2, o,C > 0, and for some constant B > 1, we have

(i) |l < B ||| < B;

(ii) |4 (8)| < CB(@*® |L(&)])~#;

(iii) | (8) — %(&)| < CB(a*P|L(§)]) 5

(iv) Suppose that

17 (NN, <B|fll, forall 1 <p<e and f€L’(R").

Then the inequality
™ (NI, < BII,
holds for all 1 < p <o and f in LP(R"). The constant C, is independent of B and
the linear transformation L.

Now, we prove the following result concerning maximal functions which is a gen-
eralization of Lemma 5.9 in [2]:

THEOREM 3.2. Suppose that ¥ : R" — R? is a non constant mapping and that
v € D%, (d) for some d > 0. Suppose also that A € R. If Q € L' (S"™1) is homoge-
neous of degree zero on R", then the maximal function .y o given by

QO)|d
Ao =swp [ Lo B @)
i€l . . ||
2ily|<2it!
satisfies
|y a(Hl, <ol lIf], (38)

for 1 < p < eo. Here, the constant C,, is independent of A, Y(y'), and the coefficients
of the particular polynomial involved in the standard representation of .

Proof. By change of variables, it can be shown that
2J+1
/ dt /
Mo < [ Q0] (s [ (76— voRe)| T | dot).
JE .
2J

sn—1
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Therefore, by generalized Minkowski’s inequality we have

2J+l1
H///\p.,g(f)Hpé / }Q(y’)}H S-lelg/ }f(x—l//(f)‘l’(yl)ﬂ% do(y).  (39)
sn—1 2]

J
P

Thus, to prove (38), we only need to prove that the family of maximal functions

2J+1
My (f)x) =sup [ |f(x=w(t)7)| -, z€R"
JEZ 5
satisfy
[ty (D, <Cp 11, (40)

for 1 < p < e with constant C,, independent of A, z€ R", and the coefficients of the
particular polynomial involved in the standard representation of .

In order to prove (40), we follow a classical argument which is based on an appli-
cation of Lemma 3.1. In fact, since y € %, (d), there exist a polynomial P € &,
and mapping @ € C¢T1([0,e)) satisfying (i)—(iii) in the standard representation of .
For each j € Z, define the measures y; and 7; by

[ ran; = 7f<w<r>z>ﬁ
2

t

2Jj+1

[ras= | 1P
27

It is radially seen that

il < 1|7 < 1. (41)

Moreover, we have

My (f)(x) = sup | (1 | ) ()] -
jez
Let T° be the maximal function corresponding to the measures {7;: j € Z}, i.e.,

T () (x) = Sggl(fj* )]

The boundedness of the maximal function 7* is known on LP(R") forall 1 < p < eo.
In fact, by Proposition 1 on page 477 in [16], we have

I N, <Cp £, (42)

for all 1 < p < e with constant C}, independent of the coefficients of the polynomial
P and the constant z.
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Now, we verify that the condition (iii) in Lemma 3.1 holds. For each z € R" and
A€R,let L . : R" — R be the linear transformation given by L; .(§) = A& -z. Itis
straightforward to see that

BE -5 < [Rows AT <clo@ ML @)

On the other hand, by (26), (27), and Van der Corput’s lemma [16], we get

|1;(&)| <CILA7Z(5)¢(21>|‘$ (44)

Hence, by (42), (41), (22), (44), and Lemma 3.1, the proof is complete. [

We should point out here that a generalization of Theorem 3.2 will appear in a
forthcoming paper. We end this section by recalling the definition of the hardy space
H'(S"!). The hardy space H'(S"~!) can be defined by using atoms:

DEFINITION 3.3. A function a:S"~! — C is called an H! atom if it satisfies the
following:

(i) supp(a) CS" 1N{yeR": |y —yo| < p} for some yo € "~ and p > 0;

(ii) [[af| < p~ (= 1);

(iil) fsu1a(x)do(x) =0.

For sake of simplicity, we shall refer to p and yy in the above definition by rad(a)
and cent(a) respectively.

DEFINITION 3.4. A function Q:S"~! — C isin H'(S""!) if there are H' atoms
aj,ay,... on S" !, asequence of complex numbers {cj} with ¥ }cj} <oo,and Qp € L”
J

such that
Q:Q() + chaj.
J

Here, Z}Cj| < ||QHH'(S"*1)'
J

4. Main lemma

In order to prove our main results, we prove the following introductory lemma:

LEMMA 4.1. Suppose that ®(y) = w(|y|)y with v € 2% ;(d) for some d >0
and A € R. Suppose also that b € L*(R.) and that Q is an H' atom on S"~' with
Cent(Q) =e=(0,...,1) and rad(Q) = p < L. Let {0, : t € R} be the family of

measures given by (7). For a fixed j € 7, let ;,Lg ZD , be the operator given by

a0 = ([ loresansofar) us)
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Then
|uostn]| <Colrl,

forall 1 < p < oo, where C, independent of p, A, and j.

(46)

Proof. Let d, ¢, and vt(g,O <1 < d+3 be as in Proposition 2.1. For 1 <5 <

d+ 3, let ng be such that

e — n,s=d+3,d+1
T ln—-1,s#4d+3,d+1"

Let Ly : R" — R be the linear transformation defined by

Lg) = { AP OaPIE s =d 3, d
s\o) = Apmmm%—ﬂg7s#d+37d+l'

Also, for 0 < s <d+3,welet {a:t € R} be the lacunary sequence defined by

02", s=d+3,d+2
Qs = 20t s=d+1
25" s#d+1,d+2,d+3

Thus, by Proposition 2.1, we get

(@+2) _
Vyrja = 0rQb
0) _
Vo= 0

’(vt(i)j,ﬂj(g)’ < C}a,Jrj?_YL_Y(’g’)}_ﬁ

(v2,0)(8) = (W 2IE)] < Clas i Lu(E)].

On the other hand, it is clear that

|

By Theorem 3.2, we obtain that the maximal functions

(s)
1%ij42H <C

OF

(v))"(/)(x) = sup |

()]

satisfy

|y | <<l

forall 1 < p <ooandfor 1 <s<d+3.

(47)
(48)
(49)

(50)

(51

(52)

(53)
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By similar argument as in [12], there exists a family of measures { Tt('g,l <s <
d+3,t € R} such that

Tt(i)j,szH <cC s
) I

‘(Tt(jr)j,ﬂ)(g)) < C’aprj’sLs(’g’)’ 4(s+1) (55)

(8,03E)] < Clarsj1L8)] 6

|y o] <l a<p<e -

and
d+3
Gth—ETtg)z 58)

s=1
By (58), we immediately obtain

ﬂg(zqm Zﬂgqm (59)

where ,ug(2 q,) » 18 the operator that has the same definition as ,ug )q, »(f) with 0, jqp is

e

Q" Since

replaced by 7,

Jitistn], < & izuto],

it suffices to prove that
|udssn] <colirl, (60)

forall 1 < p <o, where C, independent of p, A, and j.

Now, by an elementary procedure, choose a collection of € functions {w,E'Y>}k€Z
on (0,) with the following properties:

supp wk - [ ]; (61)
ak+l s Clk l,s
< (62)
dlw,f) G
< =
Y o (u) = 1. (64)
keZ

Define the functions {wlgs) :k€Z} on R" by

W) = o (L&)
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Then, by (64), we have

i (N < X1,

(65)
keZ
where .
s 1
IJ(',JZ(f)(x)Z(/ )f* ,ﬂg*wpﬂHk(x)) dr)?. (66)

Here, |x| is the greatest integer function less than or equal to x. For k € Z, let S k be
the operator given by

S0 = (17wt ant.

(67)
By following similar argument as in [16], it can be shown that

| <clifl, (68)

forall p € (1,%0) with constant C,, independent of the essential parameters

Now, we estimate the L” norm of the operator Ij(slz (f). For p>2,set g= (&)
and choose a non-negative function v € LY (R") with [|v||, =1 such that

2
// ‘f* f+JQ*lV[t+jJ+k(x)‘ v(x)dtdx.
By Holder’s inequality, (59), and (68), we have

0] S

when combined with duality argument, we get

S| @& ol <cis,; ©9)

[#20], <,

(70)
forall 1 < p < eo.

Now, we estimate 11(‘13 (f)|| . First, we observe that the function 2 satisfies the
conclusion of Proposition 2.2 though it is not zero at the origin

For k > 3, by Plancherel’s theorem, (55), (33) with r = |£|, and (54), we have

ol < IO [ avst@losati

< C22<fk+3>/n £ ac.

(71)
Hence,

(&) drat

[0, < c20+2 1, for k> 3. (72)
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Similarly, we obtain
s k+2
|M}Uw2<cmﬂuﬂbﬁnk<—a (73)
By Plancherel’s theorem along with (54), we obtain
|1, < V3 Il fork=—2,-1,0.1.2. (74)
Now, by (70), (72)—(74), and an interpolation, we obtain

|

for 1 < p <o and O(p) > 0 with constant C independent of p and j. Hence,

[ann]| <[5 <ctTa o @yin, <Gl
keZ P keZ

1| <cawewypy,, (75)
P

where, C,,, C, and 0(p) are constants independent of p and j. This completes the
proof. [

Now, by following exactly the same argument as in Lemma 4.2, we have

LEMMA 4.2. Let @, yo.p, ], nus()ijb be as in Lemma 4.1. If Q is an L™ function

on S" ' oran, H'(S"™') atom with rad(Q) =p > % then
[uestn] <ol 76)

for all 1 < p < eo, where C, is a constant independent of A. Moreover, it is also
independent of p if Q is an, H' (S"~') atom.

5. Proofs of main results

This section is devoted to prove our main results. Since the proof of Theorem
1.2 can be obtained using the estimates obtained in this paper and following similar
argument as in [1]. We shall only present a proof of Theorem 1.1.

Proof of Theorem 1.1. Let y,Q, A, and g o be as in the statement of Theorem
1.1. Since Q € H'(S*!), there are H' atoms aj,a,,... on S"~!, a sequence of
complex numbers {c;} with ¥ |c;| < e, and Q) € L™ such that
J

Q=Qy+ Y cja; (77)
j

with ¥ |¢;| < 1|71 (-1 - Therefore,
J

Ho.op(f)(x) < Hoyas(f)(x)+ Z |cj| ta;.0.6(f) (x). (78)
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By Lemma 4.2, we have
[1ey.00(N), <Cplfll, (79)

LP forall 1 < p < eo.

On the other hand, foran H!(S"~!) atom a;, by using a proper rotation on S"~!,
we may assume that cent(a;) =e = (0,0,...,1).

It is radially seen that

Hay (1)) < X270l (1) (). (80)

=0

By Lemma 4.1 and Lemma 4.2, we have
#(l) <C|f 81
aj,cb,b(f) p S | Hp (81)

forall 1 < p < o with constant C independent of the atom a; and the index /. Hence,
by (79)-(81), we get

1, 0000] <cllfll, (82)

for all 1 < p < e with constant C independent of the atom a;. This completes the
proof. [
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