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BASIS PROPERTIES OF p-EXPONENTIAL
FUNCTION OF LINDQVIST AND PEETRE TYPE

OzLEM BAKSI, PETR GURKA, JAN LANG AND OSVALDO MENDEZ

(Communicated by I. Peri¢)

Abstract. We show that a p-exponential function defined by the p-trigonometric functions of
Lindqvist and Peetre form a basis in the Lebesgue space L’((—l., 1)") for any r € (1,e0), pro-
vided n<3 and p>p, > 1.

1. History, introduction and preliminaries

A history of generalized trigonometric functions, which is now quite long, goes
back at least to the year 1879. In that year E. Lundberg in his thesis studied functions
which are related to today’s generalized trigonometric functions sin, , (see [17], where
a nice historic review can be found). His work was then forgotten and rediscovered
much later by J. Peetre. In 1938 V. I. Levin (see [ 13]) found the exact value of the norm
of the Hardy operator (Hf)(x) = [i f(¢)dr on L?((0,1)) and described the extremal
functions explicitly. Notice that his extremal functions correspond to sin, -functions in
the first quadrant. In 1940 E. Schmidt obtained independently (see [21]) the exact value
for norm of the Hardy operator H from L?((0,1)) into L7((0,1)) and described the
extremal functions which, in the first quadrant, correspond to sin, , -functions.

Then, in 1979, A. Elbert in [11] began to study properties of non-linear equations
which might be rewritten to the form

)P +y"=1 on (0,%).

(Let us note that the solutions of these equations on (0,0) are just the generalized
trigonometric functions sin, and cos,.) He fully described solutions of the above
equation and studied their properties in detail. This paper, which was the first mathe-
matical work devoted to such a detailed study of generalized trigonometric functions,
can thus be considered as a gateway to the topic.
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Just a few years after Elbert’s paper the generalized trigonometric functions were
studied independently in the same context by J. Peetre ([19]). In the context of eigen-
functions of the p-Laplacian these functions were later studied and independently in-
troduced by M. Otani ([18]) and P. Lindqvist ([15]). Let us mention that these func-
tions appeared also in connection with the approximation theory (see [6], [7] and [20]),
the theory of nonlinear operators ([8], [14]), later they were intensively studied by
P. Lindqvist and J. Peetre ([16]) and others (see e.g. [5] and [12] for more informa-
tion).

The main purpose of this paper is to continue the study of generalized trigonomet-
ric functions, related to a differential equation

) +yP =1 on (0,%),

and show that they can be used to introduce Fourier type analysis by observing that
a suitable p-exponential function can be defined as a generalization of the standard
exponential function via use of generalized trigonometric functions. This note is a
continuation of [1], where similar questions were studied in the context of generalized
p-exponential functions of Lindqvist and Peetre.

We open the discussion by recalling some well-known facts. For a complex func-
tion f € L! ((—1, 1)) its k-th Fourier coefficient, k € 7, is defined by

~ 1 .
fw =3[ roeta

(i denotes the imaginary unit). The formal trigonometric series

Y, fk)e (1
f—=—co
is called the Fourier series of the function f. By a result of M. Riesz (see e.g. [10,
Section 10 of Chapter 12]), the sequence {e™};.7 is a basis of any L’((—l, 1)),
r € (1,0), that is, forall f € L"((—1,1)), one has

i X i

[k|<N

:07

r

which means that the series (1) converges to the function f in the Lebesgue space
L"((—1,1)) forany r € (1,e).

In a recent paper by Boulton and Melkonian [4] it was shown that a similar result
holds when we consider the p-exponential function (with p > pg for some pg > 1)

exp, (iy) = cosp(y) +isin,y(y), y€R,

instead of exp(iy) = e”, y € R. Here cos, = cosp, p, sin, = sin, , are the p-trigono-
metric functions (see Subsection 1.1 below). The aim of this note is to derive a mul-
tidimensional analogue of this result with a p-exponential function made from the p-
trigonometric functions of Lindqvist and Peetre C; /,, = (cos,, )P~land S, Jp = sing,
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(where p’ = p/(p—1)). It will be seen that these functions are more suitable than the
functions cos, sin,, considered by Boulton and Melkonian, for obtaining such a re-
sult.

We underline the fact that Boulton and Lord [3], after making certain numerical
computations, observed that the numerical solutions for some non-linear problems (like
p-Poisson boundary value problem with non-smooth right hand side) are sometimes
obtained faster by using bases created from generalized trigonometric functions than
by bases generated by classical trigonometric functions. This, perhaps, suggests that
the Gibbs phenomenon for Fourier type series based on the generalized trigonometric
functions could be mitigated, and so, to investigate these types of Fourier series in
dimension 2 might be of some interest for the image processing.

In what follows we recall basic definitions and introduce notation and properties
of generalized trigonometric functions. Since the approach is an analogue of that used
in [1] we do not repeat all the proofs here.

1.1. Generalized sine and cosine functions

Let 1 < p,g < oo. Define the function

Fpylx) = /Ox(l —19)7VPdr, xelo,1].

Since this is strictly increasing it has an inverse, which we denote by sin, 4,

sing.g = (Fpg) ',

to emphasize the connection with the usual sine function (note that /5> = sin~!). The
function sin,, 4 is defined on the interval [0, 7, ,/2], where

1
-1
pa :2/ (1—19)~YPdr.
0
The constants 7, , can be evaluated by means of the Beta or Gamma functions

__2B0/p1/g) _2T0/p)T(1/g)
e q qr(1/p'+1/q)
Observing that sin, ;0 = 0 and sin, 4 (7, ,/2) = 1, we can extend sin,, to [0,7, ]
by defining

2

siny X = 8ing 4 (Tp g —x) for x € [m)4/2,7p 4 (3)

a further extension to [—7, 4,7, 4] is made by oddness and finally sin, , is extended
to the whole real line by 27, ,-periodicity. It is easy to see that this extension is con-
tinuously differentiable on R and infinitely differentiable everywhere except possibly
at the points {km,,/2;k € Z}.

Define cos,, : R — R by

d .
COSpgX = - SiNpgX, X eR.
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Clearly, cos, 4 is even, 27, ,-periodic and odd about 7, ,/2. If x € [0,7,,/2] and
we put y = sin, ,x, then

cospgx = (1 —yq)l/p =(1- (sinp7qx)’1)l/p.

Hence, cos,, is strictly decreasing on [0,7,4/2], c0s,,0 =1, cospq4(mpq/2) =0
and
|sin, g x|7+|cosp4x|P =1, xeR. 4

For the first derivative of the cosine function we have the following formula (see [9,
Proposition 3.1])

)1 = _4qlp—=1)

— (cosp4x (sinp4x)17', xe€ [0,37,4). (3)

dx

1.2. Trigonometric p-functions of Lindqvist and Peetre and their properties

Lindqvist and Peetre introduced in [16] and [15] a generalized sine S /p and gen-
eralized cosine Cy/, functions which are related to the above functions as shown be-

low:
. -1
Si1/p(x) =sin, y (x), Cy/p(x) = (cos,,(x)", xeR,

where, for the sake of simplicity, we use the notation
(cospy (x))" " = |cos,, v (x)|pfzcosp7p/ (x).

Next we present some basic properties of these functions (cf. (5) and (4)). Forall x € R:

%Cl/p’ (x) = _(Sl/p’ ()C))pil, d;dxsl/pl (x) = (Cl/p’ (x))pila

(S1/p (x))" + (Cuyp (x)"=1.
Another useful relation between Sy, and Cy/, is given by
Cijp(mppt) =S1/p(mp (3 -1)), 1€10,5]. (6)

Observing that 1 < p < oo, is equal to the area of the set S,/ enclosed by the

p'-circle, that is,

.’

Sy ={(xy) €R: P + [y < 1},

we obtain the estimate

2<m,y <4 7
(cf. [9, Lemma 2.4]), moreover, the function
p+ T,y isdecreasingon (1,e0). (8)

We finally present another essential property to be referred to in the sequel:

2 < Sl/p(x)

1
T X < 17 xXe (07577:17,17’)7 (9)

.0

(see e.g. [9, Proposition 3.3]).
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1.3. Generalized p-exponential function of Lindqvist and Peetre type

We introduce the p-exponential function E,/,, as

Eijp(iy) =Ci/p(y) +iS1/p(v), yeR.
As is customary, for any complex number in binomial form z = a + bi, we denote its
conjugate by Z=a—bi.
1.4. Basisin L"((a,b)") generated by a function ¢

We introduce the following notation. Let n € N, a,b € R, a< b and 1 < r < co.
By L” ((a7 b)”) we denote the Banach space of all complex Lebesgue measurable func-

tions f on the rectangle (a,b)" with the finite norm || f||, = (f(al,)n \f(x)|’dx)l/r.
Letac R, m= (my,...,m,)€Z", k= (ky...,k,) € Z" and x = (x1,...,x,) € R",
we write

am = (amy,...,amy), mx= (mxy,...,mux,), mk= (miky,... , myky)

and
k| <m if || <m; foreachie {1,...,n}.

We also use the notation
1=(1,...,1).

For a given function ¢ : (a,b) — C, k € Z", and x € R", we write
o (x) = @(kixt) -+ @(knxn). (10)

DEFINITION 1.1. We say that the system {@ }xez» is a basis in L"((a,b)"), r €
(1,0), a,b € R, a < b, if, given any f € L"((a,b)"), there is a unique sequence
{ax}xezn of scalars such that

f=Y acox inL'(a,b)". (11)
kez"

The above convergence is considered in the Pringsheim sense, that is,

lim H =S axen —0.
min{my...,my }—oo Ikém L' (a.b)"
2. Basis generated by E;
NOTATION 2.1. Let e(t) = <= exp(int), t € R. We denote by

2

1
ex(t) =el(kt) = 7 exp(imkt), teR,keZ,
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the family of complex functions which form an orthonormal basis in the complex
Lebesgue space L? ((— 1, 1)) . Analogously, an orthonormal basis in the complex Lebes-
gue space L*((—1,1)") consists of the functions

em(x) = em, (x1) - em,(xy) = 27" 2exp(immyxy)---exp(inm,x,), x€R" meZ".

REMARK 2.2. The fact that the sequence {em }mez» is orthonormalin L*((—1,1)")
is easy to verify, that is,

/( em(¥)em(x)dx=1 and /( em(¥)ex(x)dx=0 if m#k.
—1,1) —1,1)

PROPOSITION 2.3. Let f € L"((—1,1)"), where r € (1,e0). Denote

Fo= [ foadldn k=(k,....k) € 2" (12)
(_171)’1
Then R
=72 flk)e (13)
kezn

in the sense of (11).
Proof. See Weisz [22]. [
Throughout this section assume that 1 < p < e and put
o(x) :El/p(inp7prx)7 xeR. (14)

Since each ¢,, n € Z", is continuous, it has a Fourier expansion (13) with coeffi-
cients (12), that is,

o) = 3 ket whee @)= [ gald

Due to the symmetry (3) of ¢ =S/, (7, ,y-) =sin, (7, ,»-) about t = 1/2, for
every k = (ki,...,k,) with some even k;, i € {1,...,n}, we have ¢;(k) =0, and (see
also Remark 2.2)

k)= [ | () ax

S ailm) [ enn) () dx

meZ"
{ @1(m) if k; = m;n; and m; is odd forall i = 1,...,n;

0  otherwise.
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Let us put, for m = (my,...,m,) € Z",

n —
Tm = [ [ T, = @1(m), (15)
=1
where
1 1 ! . .

Tn; = / 1 o(xj)e(mjx;)dxj = ﬁ/ 1 o(xj) exp(—immjxj)dx;, j=1,...,n. (16)

Given any function f on [—1,1)", extend it to a function f on R" by setting
f(x) = f(2k+x) for x = (x1,...,x,) € R", k = (ky,...,k,) € Z", such that
xj € [2kj—1,2kj+1), j=1,...,n. Define the mapping &n on L' ((—1,1)"), m€ Z",
r€ (L,00), by B

ém f(x) = f(mx) a7
and note that &y (en) = emn . Just as in [2], we can show that &, is a linear isometry,
||ém|| = 1, and that the map T,

Tfx)= Y, Tménf(x), (18)

meZ"

(convergenceis considered in the sense of (11)) is a bounded linear map of L" ((— 1, 1)")
to itself with the property that, for all n € Z",

Ten = @p.

It is sufficient to show that 7' is a homeomorphism, since then it follows that the ¢y,
n € Z", inherit from the e, the property of forming a basis in L” ((— 1, 1)") for every
r € (1,00). In the following lemma we state a criterion for this operator T to be a
homeomorphismon L"((—1,1)").

LEMMA 2.4. The following properties hold:
4 rl .
T =0, T+ = ﬁ /0 Sl/p(”p,p’t) SlIl((Zk-l—l)TEl) d, 7.,=0, keNp.

Proof. For m € N we obtain, using the oddness of the functions S/, and sin, the
eveness of Cy/, and cos and the relationship between sine and cosine functions (for
S1/p and Cy/, see (6)), that

.
T = % [1 @(t)exp (immt) d
1 1 . ..
=% /_1 (Ciyp(7p 1) +iS1)p (7, 1)) (cos(mmr) —isin(mmr)) dt
1 1 1 1 .
- /_ | Cjpmp 1) cosmm) i+ — /_ Suyp(y 1) sin(mr) dr

4 1
-5 /O Sy (1) sin(mar) dr.
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Since the function S/, is symmetric about 7 = 1/2, we have
Ty =0 forall k€ Ny.

Finally, for k € N,
1 1 1 1 .
= [ | Cgp (1) cos(emt) de = —= [ Sujp(mppt) sin(kmydr = 0. O

Observe that, due to Lemma 2.4,

Tf(x)= Y Tx-1Ek-1f(x).

keN”

LEMMA 2.5. Let

> mkeal <t (19)
keNt, k#1

Then T is a homeomorphism on L ((—1,1)").

Proof. A proof is the same as that of [, Lemma 2.4]. [

Aiming at finding an upper estimate for the left hand side of (19), we start by
providing an upper bound for |1y 1|, k € N (cf. (15)).

PROPOSITION 2.6. The following estimate holds:

87y, 1

< __© _ keN.
| Tok—1] T k1) €

Proof. Using integration by parts, the properties
S1/,(0) =0, S’l/p (3)=0 and S’l/p is decreasing on (0, 5),

and the substitution s = S/, /p (1) we obtain, due to Lemma 2.4 (cf. the proof of [,
Proposition 2.5]),

T 8 /S,I/P(O)sin((Zk 7r(s),,) () d
= ————= — N S.
T a2k — 1282 Jo 1p

Since S’l/p (x) = m, ycos, s () Xx), one has S’l/p (0) = m, ,y . Consequently,

85),,(0) 87,

1] < = .
721 V202k— 1222 202k —1)2n2

PROPOSITION 2.7. The following estimate holds

s 16
1/\/2”2~

(20)
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Proof. Inequality (9) implies that
1
Sipt) =2t, 1€(0,5).

Thus, Lemma 2.4 in conjunction with the symmetry of functions S/, (¢) and sin(r¢)
about 7 = 1/2 yields:

8 l/2S ().()d>16 1/2_()d 16
T = — t)sin(me)dt > — tsin(mt) dt = ,
T2 TP V2 Jo V2
which verifies the assertion. [
PROPOSITION 2.8. Condition (19) is satisfied, if
2 2
(”—)"—1<( )". @1)

8 T

p.r

Proof. From Proposition 2.6, (15) and estimates (19), (20) and (21) we obtain
Sl < (50)" < Il
keN", k£1 V2r o
which completes the proof (cf. the proof of [1, Proposition 2.7]). [
THEOREM 2.9. Let p € (1,00) and n € N be so that the condition (21) is sat-

isfied. Then the sequence {(E,, (i”mp"))k}kezn is a basis in L' ((—1,1)") for any
re (1,00).

Proof. By Proposition 2.8, condition (21) implies that (19) holds. Thus, by Lemma
2.5, the operator T is a homeomorphism and the assertion follows. [

REMARK 2.10. By (7) we have, for any p € (1,e), that 2/m, , < 1. Since
(77:2 / 8)" < 2 if and only if n < 3, it is apparent that the above described method of
proving that the sequence {(E;/, (i, /) )k }ycz 18 abasisin L ((—1,1)") is confined
to the cases n=1,2,3.

COROLLARY 2.11. (n=1) Let p € (1,%). The sequence

{(El/p (i”mp’kx))}::fw
is a basis in L"((—1,1)) for any r € (1,0).

COROLLARY 2.12. (n=2) There exists py > 1 such that, for every p € (py,o°),
the sequence

{Ei)p (imy, k1 x1)Eq ) (i, kgxz)}zﬁkzz_m

is a basis in L' ((—1,1)?) for any r € (1,e).
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COROLLARY 2.13. (n =3) There exists p3 > 1 such that, for every p € (p3,o°),
the sequence

{Ep (7pp k1x1) By (1 ko x2) By gy (70, k3x3)}:,k2,k3=_.x,

is a basis in L"((—1,1)) for any r € (1,e).

Proof. [Proof of Corollaries 2.11-2.13] The proofs can be handled analogously as
that of Theorem 2.10 of [1], applying Theorem (2.9). We omit the details. [J

REMARK 2.14. By numerical computation we obtain that these rough estimates:
p2 <3, p3 <21,
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