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COMPLETE MONOTONICITY AND INEQUALITES

INVOLVING GURLAND’S RATIOS OF GAMMA FUNCTIONS
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Abstract. In this paper, by a comparison inequality for an auxiliary function with two parame-
ters, we present necessary and sufficient conditions for four classes of ratios involving gamma
function to be logarithmically completely monotonic. These not only greatly generalize and im-
prove certain known results, but also yield many new inequalities for gamma, psi and polygamma
functions.
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[25] T. BURIĆ, N. ELEZOVIĆ, R. ŠIMIĆ, Asymptotic expansions of the multiple quotients of gamma func-
tions with applications, Math. Inequal. Appl. 16 (2013), 1159–1170.

[26] D. K. KAZARINOFF, On Wallis’ formula, The Edinburgh Math. Notes 40 (1956), 19–21.
[27] J. GURLAND, An inequality satisfied by the gamma function, Skandinavisk Aktuarietidskrift 39

(1956), 171–172.
[28] SH. YU, A. ZHANG, H. LI, A review of estimating the shape parameter of generalized Gaussian

distribution, J. Comput. Inf. Syst. 21 (2012), 9055–9064, Available at http://www.Jofcis.com.
[29] S. G. MALLAT, A theory of multiresolution signal decomposition: the wavelet representation, IEEE

Transactions on Pattern Analysis and Machine Intelligence 11 (1989), 674–693.
[30] K. SHARIFI, A. L. GARCIA, Estimation of shape parameter for generalized Gaussian distribution in

subband decompositions of video, IEEE Transactions on Circuits and Systems for Video Technology
5 (1995), 52–56.

[31] CH.-P. CHEN AND J. CHOI, Completely monotonic functions related to Gurland’s ratio for the gamma
function, Math. Inequal. Appl. 20 (2017), 651–659, http://dx.doi.org/10.7153/mia-20-43.

[32] M. ABRAMOWITZ AND I. A. STEGUN (Eds), Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 55,
10th printing, Dover Publications, New York and Washington, 1972.

[33] W. GAUTSCHI, Some elementary inequalities relating to the gamma and incomplete gamma function,
J. Math. Phys. 38 (1959), 77–81.

[34] D. KERSHAW, Some extensions of W. Gautschi’s inequalities for the gamma function, Math. Comp.
41 (1983), 607–611.

[35] H. ALZER, Inequalities for the gamma function, Proc. Amer. Math. Soc. 128 (1999), 141–147.
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