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WINTGEN INEQUALITY FOR STATISTICAL SURFACES

MUHITTIN EVREN AYDIN AND [ON MIHAI

(Communicated by S. VaroSanec)

Abstract. The Wintgen inequality (1979) is a sharp geometric inequality for surfaces in the 4-
dimensional Euclidean space involving the Gauss curvature (intrinsic invariant) and the normal
curvature and squared mean curvature (extrinsic invariants), respectively. In the present paper
we obtain a Wintgen inequality for statistical surfaces.

1. Preliminaries

For surfaces M? of the Euclidean space 3, the Euler inequality K < ||H||? is
fulfilled, where K is the (intrinsic) Gauss curvature of M? and ||H||? is the (extrinsic)
squared mean curvature of M?.

Furthermore, K = ||H||*> everywhere on M? if and only if M? is totally umbilical,
or still, by a theorem of Meusnier, if and only if M is (a part of) a plane E? or, it is (a
part of) a round sphere S? in E3.

In 1979, P. Wintgen [30] proved that the Gauss curvature K, the squared mean
curvature ||H||* and the normal curvature K- of any surface M2 in E* always satisfy
the inequality

K < |IHIP - K

the equality holds if and only if the ellipse of curvature of M? in E* is a circle.

For some explicit examples of surfaces satisfying the equality case of Wintgen’s
inequality, see, e.g., [7]

The Whitney 2-sphere satisfies the equality case of the Wintgen inequality identi-
cally.

A survey containing recent results on surfaces satisfying identically the equality
case of Wintgen inequality can be read in [5].

Later, the Wintgen inequality was extended by B. Rouxel [26] and by I. V. Guada-
lupe and L. Rodriguez [ 13] independently, for surfaces M? of arbitrary codimension m
in real space forms M>*"(¢); namely

K< |H|? = K" +e.

The equality case was also investigated.
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A corresponding inequality for totally real surfaces in n-dimensional complex
space forms was obtained in [18]. The equality case was studied and a non-trivial
example of a totally real surface satisfying the equality case identically was given (see
also [19]).

In 1999, P. J. De Smet, F. Dillen, L. Verstraelen and L. Vrancken [8] formulated
the conjecture on Wintgen inequality for submanifolds of real space forms, which is
also known as the DDVV conjecture.

This conjecture was proven by the authors for submanifolds M" of arbitrary di-
mension 7 > 2 and codimension 2 in real space forms M"*2(c) of constant sectional
curvature c.

Recently, the DDVV conjecture was finally settled for the general case by Z. Lu
[17] and independently by J. Ge and Z. Tang [12].

One of the present authors obtained generalized Wintgen inequalities for Lagrangian
submanifolds in complex space forms [20] and Legendrian submanifolds in Sasakian
space forms [21], respectively.

2. Statistical manifolds and their submanifolds

A statistical manifold is a Riemannian manifold (M"*,g) of dimension (n+%),
endowed with a pair of torsion-free affine connections V and V* satisfying

Z§(X,Y) =3 (VzX,Y)+3 (X,VyY), 2.1)

forany X,Y and Z € ' (TM) . The connections V and V* are called dual connections
(see [11, [23]), and it is easily shown that (?*)* =V. The pairing (?,g) is said to be a
statistical structure. If (V,§) is a statistical structure on M"*, sois (V*,8) [1,29].

On the other hand, any torsion-free affine connection V always has a dual connec-
tion given by

V+ V=2V (2.2)

where V* is Levi-Civita connection on M" X,

In affine differential geometry the dual connections are called conjugate connec-
tions (see [15], [9]).

Denote by R and R* the curvature tensor fields of V and V*, respectively.

A statistical structure (V, ) is said to be of constant curvature ¢ € R if

RX.Y)Z=c{g(V,2)X—3(X,Z)Y}. (2.3)

A statistical structure (V, g) of constant curvature O is called a Hessian structure.
The curvature tensor fields R and R* of dual connections satisfy

(R (X, Y)ZW)=—g(Z,R(X,Y)W). (2.4)

From (2.4) it follows immediately that if (V,g) is a statistical structure of constant
curvature ¢, then (V*, g) is also statistical structure of constant curvature c. In partic-
ular, if (V,g) is Hessian, so is (V*,g) [10].
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If (M"**,) is a statistical manifold and M" a submanifold of dimension n of
Mk then (M",g) is also a statistical manifold with the induced connection V by V
and induced metric g. In the case that (M”“‘,g) is a semi-Riemannian manifold, the
induced metric g has to be non-degenerate. For details, see ([28, 29]).

In the geometry of Riemannian submanifolds (see [4]), the fundamental equations
are the Gauss and Weingarten formulas and the equations of Gauss, Codazzi and Ricci.
Let denote the set of the sections of the normal bundle to M" by T" (TM"L) .

In our case, for any X,Y € T'(TM"), according to [29], the corresponding Gauss
formulas are

VxY =VxY +h(X,Y), (2.5)

ViY = VY +h*(X,Y), (2.6)

where &, h* : T(TM") x T(TM") — T(TM"*) are symmetric and bilinear, called the
imbedding curvature tensor of M” in M"** for V and the imbedding curvature tensor
of M" in M"** for V*, respectively.

In [29], it is also proved that (V,g) and (V*,g) are dual statistical structures on
M".

Since i and h* are bilinear, we have the linear transformations A;; and AE on
TM" defined by

g(AeX,Y) =g (h(X,Y),8), 2.7)

g (A;gx,y) =g (X,Y),£), 2.8)

forany § € T (TM™) and X,Y € ' (TM"). Further, see [29], the corresponding Wein-
garten formulas are

Vx§ = —A:X + V&, (2.9)
Vi€ = —A:X + V5 E, (2.10)

for any & € I'(TM"") and X € T'(TM"). The connections V¥ and V' given by
(2.9) and (2.10) are Riemannian dual connections with respect to induced metric on
r(Tm™).

Let {ey,...,es} and {€u1,...,€,11} be orthonormal tangent and normal frames,
respectively, on M. Then the mean curvature vector fields are defined by

H—EZh —1i
T (eirei) T n

n
i=1 o=1

(2 >en+a, W =g(h(eie) ena)  (2.11)

and

. 1& 1 k n o
H == D i (eier) = = > (Zh ) entas Ni{ =g (h" (eivej),enta), (2.12)
i=1 a=1 \i=
for 1 <i,j<nand 1 < o<k (seealso [0]).
The corresponding Gauss, Codazzi and Ricci equations are given by the following
result.
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THEOREM 1. [29] Let V be a dual connection on M"* and V the induced
connection on M". Let R and R be the Riemannian curvature tensors of V. and V,
respectively. Then,

GRX.Y)ZW)=g(R(X,Y)Z,W)+&(h(X,Z),h" (Y,W))—g(h" (X.W),h(Y.Z)),

(2.13)
(R(X,Y)Z)" = V¢h(Y,Z) = h(VxY,Z) — h(Y,VxZ)
~{VEnw.2) - n(VeX,2) - (X, Vy2)},
g(RH (X&) =g (ROXY)EM) +g([az.40] X7), (2.14)
where R is the Riemannian curvature tensor on TM"™-, &,n € F(TM"l) and [A27An]
:AEAH _A"AZ'

For the equations of Gauss, Codazzi and Ricci with respect to the dual connection
V* on M", we have

THEOREM 2. Let V* be a dual connection on M"t* and V* the induced con-
nection on M". Let R* and R* be the Riemannian curvature tensors for V* and V*,
respectively. Then,

(R (X.Y)ZW) =g (R (X,¥)Z,W)+§ (" (X.2) h (¥, W)~ g (h (X, W) " (Y.2)),

(2.15)
(R*(X,Y)2)" = V'K (Y, 2) — h* (ViY,Z) — h* (Y,V}Z)
- {V;;lh* (Y,Z) — h* (ViX,Z) — h* (XN’{,Z)}
g (R*l (X,Y)g,n) — (R (X,V)&,n) + g ([As,AL] X, ), (2.16)

where R** is the Riemannian curvature tensor for V=* on TM"-, Ene T (TM”l)
and [Ag,Ap] = Az A5 —AAg.

Geometric inequalities for statistical submanifolds in statistical manifolds with
constant curvature were obtained in [2].

3. Sectional curvature for statistical manifolds

Let (M",g) be a statistical manifold of dimension n endowed with dual connec-
tions V and V*. Unfortunately, the (0,4)-tensor field g (R (X,Y)Z,W) is not skew-
symmetric relative to Z and W. Then we cannot define a sectional curvature on M" by
the standard definition.

We shall define a skew-symmetric (0,4)-tensor field on M" by

TX,Y,Z,W)==[g(R(X,Y)Z,W)+g(R"(X,Y)Z,W)],

N =
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forall X,Y,Z,W e T'(TM").
Then we are able to define a sectional curvature on M" by the formula
T(X,Y.X,Y)
g(X7X)g(Y7Y) _gz(XvY)7

K(XAY)=

for any linearly independent tangent vectors X,Y at p € M".

We want to point-out than this definition has the opposite sign that the sectional
curvature defined by B. Opozda [25]. Another sectional curvature was considered in
[24] (see also [27]).

In particular, for a statistical surface M?, we can define a Gauss curvature by

G=K(e1Ney),

for any orthonormal frame {e;,e>} on M2.

Analogously, we shall consider a normal curvature of a statistical surface M in
an orientable 4-dimensional statistical manifold M*. Let {e},es,e3,e4} be a positive
oriented orthonormal frame on M* such that ¢}, e, are tangent to M>. Let

1

Gt = 3 [g (RJ‘ (61762)63,€4> +g <R (61,62)63764>]

be a normal curvature of M?.
Remark that }Gl| does not depend on the orientation of the statistical manifold.

Then }GL} can be defined for any surface M? of any 4-dimensional statistical mani-
fold.

We state a version of Euler inequality for surfaces in 3-dimensional statistical man-
ifolds of constant curvature.

THEOREM 3. Let M? be surface in a 3-dimensional statistical manifold of con-
stant curvature c. Then its Gauss curvature satisfies:

<2[|H|]-||H]] =

Proof. Let p € M? and e3 be a unit normal vector to M? at p. We can choose an
orthonormal basis {ej,e;} of TpM2 such that 7%(e;,e2) = 0, where h° is the second
fundamental form of M? (with respect to the Levi-Civita connection). Then h3, +h}3 =
0. The Gauss equations for V and V* imply

1 *
G=—c— E(h V53 + 1) + by

Applying the Cauchy-Schwarz inequality, it follows that

1
G < etz Uy + 5 2073+ A2 — ()
But in our case 4||H||?> = (h}, + 13,)? and 4||H*||*> = (I} + h33)?. Therefore
G< —c+2||H||-||HY]. O
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EXAMPLE 1. (A trivial example) Recall Lemma 5.3 of Furuhata [10]. Let (H, v, g)
be a Hessian manifold of constant Hessian curvature ¢ # 0, (M,V,g) a trivial Hessian
manifold and f: M — H a statistical immmersion of codimension one. Then one has:

A*=0, W=0, ||H'||=0

Thus, if dim M = 2, the immersion f of codimension one satisfies the equality case of
the statistical version of Euler inequality given by Theorem 3.

EXAMPLE 2. Let (H3, g) be the upper half space of constant sectional curvature
—1,1.e.,

3
—{y= (") eR ¥ >0}, g= () S aviayt.

An affine connection V on H is given by

~ d 3 —1 0 ~ d 3 — ~

Va_«;w—ﬁz(y) EIE LWZZ&J'(})) IR B 25 9y
where i, j = 1,2. The curvature tensor field R of V is identically zero, i.e., ¢ = 0. Thus
(H3, Vv, g) is a Hessian manifold of constant Hessian curvature 4. Now let consider a
horosphere M? in H? having null Gauss curvature, i.e., G = 0. (For details, see [16]).
If f: M?> — H is a statistical immersion of codimension one, then, by using Lemma
4.1 of [22], we deduce A* =0, and then H* = 0. This implies that the horosphere M?
satisfies the equality case of the statistical version of Euler inequality given by Theorem
3.

4. Wintgen inequality for statistical surfaces in a 4-dimensional statistical
manifold of constant curvature

Let (1\714, c) be a statistical manifold of constant curvature ¢ and M? a statistical
surfacein (M*,c).

We shall prove a Wintgen inequality for the surfaces M2 in (M*,c). The Gauss
curvature G of M? is given by

G= 3 [g(R(e1,e2)er,e2) +g(R" (e1,e2)er,e2)].

By the Gauss equation we have
g(R (61732)61762) =8 (Ié (61762)61762) —8 (h (61761) 7h* (62762)) +8 (h* (61762) ,h(61762)) )
or equivalently,

g(R(er,ex)er,e2) = —c— i l53 — hf 3 + hishi, + b}



WINTGEN INEQUALITY FOR STATISTICAL SURFACES 129

Analogously
g (R (e1,e2) e1,e2) = —c — I3, — hith, + hishi3 + hiyhis
It follows that
1
G=—c— 3 [h V5 + B, +h?1h§3+h>f?h32] + hiohi3 + hihis.

The normal curvature G- of M? is given by

1
Z’GL’ =3 ‘g (RL (61762)63,€4> +g (R (61,62)63764>‘
By the Ricci equations with respect to V and V*, respectively, we get

2G| = I9(147, AcJerse2) + 8([Aey, AL Jer )|
= i3 (s = h3,) — 13 () — h3,) + Iy (Y = B53) — hiy (i3 — h33)|
In order to estimate |G*|, we shall use the inequalities
+4ab < a* +4b*, a,b € R.

Then we have

1 « %
2| G| < L0y = 132 + Uty — o)+ (i} — 3 + it = )]
()2 + () + (Hi3)? + (i)’
1 * * *
= 7 1= oo+ [y = By | + ol + 1

which yields that

1 2 * * 112 * * 2 * 12
2| G| < g [+ ool I3y 4+ 5P| = g (o) = g Gty ) + ]+ i
2 * *
= |[H|>+ | H*? = () +hi3) (W + h33) — (A + i) (h3, + h33)
2 2 2 2
+hy 53 + k3, + ks + R, + ()™ + (k)™ + (h3) "+ (h3)”.
It is known that 240 = h+ h*, where 1Y denotes the second fundamental form of

M? with respect to the Levi-Civita connection V° on (M*,c).
Then we can write

2| G| < IHIP 4+ 1H — 4 (13053 + 33) —2G —2c
F23 4 2ol + () (153) + (i) + (ki)

h03 h04

where and are the components of the second fundamental form 4° with respect
to the Lev1 C1V1ta connection.
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Recall the Gauss equation for the Levi-Civita connection
N ) ,
RO (o1 Nes) = G~ WA — WIS + ()" + ()"

where K° (e; Aey) is the sectional curvature of M? in (M*,V°) and G its Gaussian
curvature with respect to the Levi-Civita connection.

Consequently we have
2’GL‘ < H|? + |H?|? = 4G° +4K° (ey Aey) —2G —2¢
%3\ 2 *4\ 2 * *
— (I +h3)" = (Kiy +hi3) " + 25k + 2h5h35
2 32 2 2
+(hy) "+ (h13)" + (h1)” + (h13)
= ||H|]*> + |H*|]> — 4G’ +4K° (e A es) — 2G — 2c.

Summing up, we state the following.

THEOREM 4. Let M? be a statistical surface in a 4-dimensional statistical man-
ifold (M4,c) of constant curvature c. Then

1 ]
G+ ‘Gl‘ +26°< 3 (||H||2jL HH*||2> 2R (e1 Ner).

In particular, for ¢ = 0 we derive the following.

COROLLARY 1. Let M? be a statistical surface of a 4-dimensional Hessian man-
ifold M* of Hessian curvature 0. Then:

1
G+|6*|+26° < 5 (I 1P+ I IP)

REMARK 1. In [3] we proved a generalized Wintgen inequality for statistical sub-
manifolds in statistical manifolds of constant curvature by using different techniques
than in the proof of Theorem 4. Moreover we want to point-out that the inequality from
Theorem 4 is stronger than the particular case n =2 which derives from the inequality
obtained in [3].
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