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ON A JENSEN-TYPE INEQUALITY FOR GENERALIZED
f-DIVERGENCES AND ZIPF-MANDELBROT LAW

DILDA PECARIC, JOSIP PECARIC AND MIRNA RODIC*

(Communicated by M. Praljak)

Abstract. By means of one new Jensen-type inequality for signed measures which is character-
ized via several different Green functions, in this paper we derive new inequalities for generalized
f—divergences. The applications on the Zipf-Mandelbrot law, as one specific kind of probability
distributions, are also given.

1. Introduction

The divergences measure the differences between probability distributions. They
are applied in many different fields like economics, ecology, biology, genetics, anthro-
pology, information theory, signal processing, etc. Different authors investigated these
measures of difference and defined different types of divergences. So we can read
about f-divergence, Rényi divergence, Jensen-Shannon divergence, y“-divergences,
elementary divergences, Matusita’s divergences, Puri-Vincze divergences, divergences
of Arimoto-type, perimeter-type divergences, etc. (An interested reader can also con-
sult [6], [9] and [16]).

Jensen’s inequality is important in obtaining inequalities for divergences between
probability distributions, and there are many papers dealing with inequalities for diver-
gences and entropies (see for example [4] or [10]).

By means of one Jensen-type inequality for signed measures which is charac-
terized via several different Green functions, in this paper we will derive some new
inequalities for divergences. At the end, we will also give the applications on the Zipf-
Mandelbrot law, as one specific kind of probability distributions.

2. Preliminary results

Consider the following Green functions Gy : [, B] X [o, B] = R, (k=0,1,2,3,4)
defined by

(t_g)jx_a) fora <s<t,
Go(t:9) =\ (- Bia) (0
ﬁT fOI' t < S < ﬁ .
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Gilt,s) o—s, foroo <s<t, @)
) =
! o—t, forr <s < B.
Golt.s) = t—B, fora <s <1, 3)
’ s—PB, fort < s < B.
Galt,s) t—a, foroo < s <1, @)
) =
’ s—a, forr <s<B.
B—s, fora <s <1,
Gy(t,s) = 5
4(t:9) {B—L fort <s < B. ®)

All these functions are convex and continuous with respect to both s and t.
The following lemma holds (see [13] and [14]):

LEMMA 1. Forevery function ¢ : o, ] — R, ¢ € C*([a,B]), the following iden-
tities hold:

—Xx X — B
0 = 5= 0(@) + 52 0(B)+ [ Golws)e ()

B
o(x) = p(a) + (x— )¢/ (B) + / Gi(x,5)0" (s)ds,
B
o(x) = o(B) + (x— B)¢/(er) + / Ga(x,5)9" (s)ds,
B
0(x) = 0(B)— (B— )¢’ (B) + (x— o) ¢'(ct) + / Gs(x,5)¢" (s)ds,

B
o(x) = (o) +(B—0)9'(c) — (B—x)¢'(B) +/a Ga(x,5)9" (s)ds,

where the functions Gy, (k=0,1,2,3,4) are defined as above in (1)-(5).

This lemma was crucial in establishing the uniform treatment of the Jensen-type
inequalities, giving the necessary and sufficient conditions for such inequalities to hold
in case of the not necessarily positive real Stieltjes measure (see [13] and [14]).

As we are interested in probability distributions here, in this paper we will consider
the discrete results.

3. Discrete Jensen-type inequality

The discrete Jensen inequality states that

(0} (%ﬂ;mn) < UL u;i Q(x;)

ni=1
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holds for a convex function ¢ : I — R, I C R, an n-tuple x = (x1,...,x,) (n > 2) and
nonnegative n-tuple u = (uy,...,u,), such that U, = 37" u; > 0. In [13] and [14] we
have the generalization of that result. Namely, there is also allowed that u; are negative
with their sum different from 0, but we have a supplementary demand on u;,x; using
the Green functions Gy : [, B] x [, B] — R defined in (1)-(5).

In order to simplify the notation in this paper we shall use the common notation:
U, =" ,u; and and X = UL,, S uix;.

The following result holds true:

THEOREM 1. Let x; € [a,b] C [o,B], u; € R (i =1,...,n), be such that U, # 0
and x € [, B], and let ¢ : [0, B] — R, ¢ € C*([ox, B]). Let the functions Gy : [o, B] x
[o,B] = R (k=0,1,2,3,4) be as defined in (1)-(5). Furthermore, let p,q € R, 1 <
p,q < oo, be such that 1 >ty L — 1. Then

1 n
U Ziuifp(xi) —o(X)| <

0-[lo"ll,

holds, where

1
g 1l
g S G (315) — Gy (%,9)| ds)* forq # =,
ULZ?zlu,-Gk(x,-,s) —Gk(J_c,s)‘} for g = oo.

I
SUPse[a,B] {

0=

n

Proof. As we already know (from Lemma 1) how to represent every function ¢ :
[, B] = R, ¢ € C*([r,B]), in adequate form using previously defined functions Gy
(k=0,1,2,3,4), it’s easy to show by some calculation that for every such function ¢
and for any k € {0,1,2,3,4} it holds:

—Zu, Xi) —/ ( Eu G (xi,) Gk(x,s)> ¢ (s)ds. (6)

Applying the absolute value on (6), and using the triangle inequality for integrals which
says that for every function f the following is valid

[ reoa < [1r9ax

applying the Holder inequality we get the following:

I < B I & — "
o Y ugl) - [ (5 2 uGitsins) - Gelss) | 9" ()ds
Un i=1 o Un i=1

l} n
</a (UL Zuin(xi,S)—Gk()_C»S)> 0" (s)

ni=1
1 1
B T\ i v
y ) (Liwors)
o o

ds

1 n
e iG iy -G _7
U, ;u «(xi,8) «(X,s)
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and we get the result given in our theorem. [

REMARK 1. The analogue of the previous theorem for the integral case can be
found in [12].

4. Inequalities for different types of generalized f— divergences

For a function f: Ry — R and positive probability distributions p = (p1,..., pn)
and q = (q1,...,qn), L. Csiszdr (in [1], [2]) defined the f-divergence functional by

Cr(q.p) == D pif (%) . (7)

i=1 !

The undefined expressions can be interpreted as follows

0 a
f(0):= lim (1) Of (6) =0, 0f<6) tln&tf( ) a>0.
I. Csiszar studied (7) under assumption that function f is convex. Independently, some
other authors also introduced and studied these divergences, but (7) is widely known as
the Csiszdr f— divergence.

The definition of the f-divergence functional can be further generalized, and we
have the following generalization given in [1 1] which uses weights.

For a function f: Ry — R and p= (p1,...,pn) €RL, q=(q1,...,qx) € R,
r:=(ry,...,ry) € R, the generalized Csiszar f— divergence is defined by ([11])

Crla,pir): Zrlpf(q’> )

We can now apply Theorem 1 on C¢(q,p;r), and we get our next result.
In order to simplify our results, we introduce the following notation:

n
P.= Y ripi, ©)
i=1
1 &
0, = 7 Y rigi. (10)
Tzl

THEOREM 2. Let p,q,r € R, be such that

% € [a,b] C [o0, Bl fori = 1,...,n; and that O, € [et, B,
1
where Q, is as defined in (10).
Let the functions Gy : [, B] % [et, B] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < o, be such that %4_ é =1.
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(a) If f:[o,B] = R, feC*([a,B]), then

}%C,f(% pir)—f(Q))

<o |1,

holds, where P, and C¢(q,p;r) are as defined in (9) and (8) respectively,

and

> ripiGy <ﬂ s) —Gi(0;5) )qu] % , for g # o,

3k
7 i 1VszGk< )—Gk(ér,s)’}7forq:oo.

SUPge(a,B] {

Q= (11)

(b) Ifldf [a7ﬁ] —R, id'fecz([aa[ﬂ)’ then

1 . = Zf: qi . "
Frcid;f(qap?r)_Qr'f( :Lzllpl)‘ gQH(ldf) HP

holds, where id is the identity function, Cig.f(q,p;r) Zr,q, (—i) and Q is
as defined in (11).

Proof.
(a) The result follows directly from Theorem 1 by substitution ¢ := f,
. ripi . qi .
uj = —; , Xpi=—, i=1,...,n

> ripi b
=1

(b) The result follows from (a) by substitution f:=id-f. U

In the following results we consider some of the most important examples of
f—divergences.
For p,q € R, the Kullback-Leibler divergence is defined by (see [7], [8])

n ql
p) = > qilog (—)
i=1 Pi

Itis easy to see that the Kullback-Leibler divergence is in fact Csiszar f-divergence
if we set f(z) =tlogt, t > 0.
The generalized Kullback-Leibler divergence is defined by (see [11])

n
KL((LP,I') = Z ri‘liIOg 27

i=1 i

where p,q,r € R’} .
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PROPOSITION 1. Let p,q,r € R". be such that

9i ¢ [a,b] C [0, B] fori=1,...,n; and that Q, € |, B],
pi

where Q, is as defined in (10).
Let the functions Gy : [at, B] % [et, ] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %—I— Ll] =1.
Then
1 — Z‘LI qi . "
= KL(q,p;r) — O, log (— < Q-||(id -log
S KL(a.pir) 21| < 0 -tog)',
holds, where P, is as defined in (9), id is the identity function and Q is as defined in
(11).

Proof. The result follows from Theorem 2 (b) by substitution f :=log (i.e. from
Theorem 2 (a) by substitution f(¢) :=tlog(z), r >0). O
For p,q € R"_, the Hellinger divergence is defined by (see [3])

n

He(q,p) = Y (vai —/pi).

i=1

The Hellinger divergence is also the Csiszr f-divergence where f(z) = (1 —+/7)?,
t>0.
The generalization of the Hellinger divergence for r € R’} is defined by ([11])

n

He(q,p:r) = Y, ri(v/@i — /Pi)*-

i=1

PROPOSITION 2. Let p,q,xr € R} be such that

9i ¢ [a,b] C [o, B] fori=1,...,n; and that Q, € |, B],

Pi

where Q, is as defined in (10).
Let the functions Gy : [at, B] % [, ] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %—I— é =1.

Then
1 —\ 2

holds, where P, is as defined in (9), f(t) = (1 —+/1)?>, t >0, and Q is as defined in
(11).

<o- |1,
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Proof. For f(t) = (1—+/7)*, t >0, we have that

r(q,p;r) an:(l—\/;> Zn\/_ Vai) Zrz\/_ Vpi)’=He(q,p;r),

and the statement from our proposition follows from Theorem 2 (a). [

For p,q € R"_, the Rényi divergence is defined by ([15])

Rey(q,p) = quypf Ty € (1,+o0).

Its generalization for r € R’} is defined by ([11])

Rey q,p:r) Er,ql pl -7,

We have the following result.

PROPOSITION 3. Let p,q,r € R} be such that

94t ¢ [a,b] C o, B] fori=1,...,n; and that Q, € [a, B],

Pi

where Q, is as defined in (10).
Let the functions Gy, : [ct, B] X
Furthermore, let p,q € R, 1 < p,q < oo, be such that ti= 1.

Then
o-[l"[l,

[a,B] =R (k=0,1,2,3,4) be as defined in (1)-(5).

‘—Rey q,p;r) —
holds, where P, is as defined in (9), f(t) =1t¥ (t >0, y> 1), and Q is as defined in

(11).
Proof. The result follows from Theorem 2 (a), as for f(t) =¥ (t >0, y> 1) it

holds ,
n
1—
r(q,p;r) Zr,p, (—) = Zr;qz/pi "= Rey(q,p;r). O
i=1

l

For p,q € R" , the y*— divergence is defined by
& (gi—pi)?
D,2(q,p) =Y, ————.
=1 P

The generalized y?-divergence for r € R’ is defined by ([11])

n 2
qi—pi
sz(q,p;r)=2ri%.

i=1

The following result holds.
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PROPOSITION 4. Let p,q,r € R". be such that

4 ¢ [a,b] C o, B] fori=1,...,n; and that Q, € [, B],

Pi

where Q, is as defined in (10).

Let the functions Gy : (e, B] x [, B] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < o, be such that %4_5 —1.

Then

o-|Ir"[l,

holds, where P, is as defined in (9), f(t) = (t—1)%, t >0, and Q is as defined in (11).

1 _
'EDXZ (q,p:r) — (O, —

Proof. For f(t) = (t—1)%, t >0, we have that

2

qpl’ Zrlpl (ﬂ_l) Zrl . D (q7p;r)7

l l

so the statement from our proposition follows from Theorem 2 (a). U
The Shannon entropy of a positive probability distribution p = (py,...,p,) is de-
fined by (see [4])

H(p) = — Y pilog(pi)- (12)
i=1
We can see that (12) is a special case of the Csiszar f-divergence Cy(q,p) if we set q =
(1,...,1) € R and function f(r) =logt, t > 0. We can also consider the generalized
Shannon entropy which is defined by

H(p;r) Zrlpll()g Pi)-
i=1

We have the following result.

PROPOSITION 5. Let p,r € R, be such that

1
— €la,b] C|a,B] fori=1,...,n; and that — Zrl
Di

where P, is as defined in (9).
Let the functions Gy : [, B] % [et, B] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %—I— é =1.

Then
iH( ;r) —1lo iir
Pr p’ g Pr “ 4

holds, where Q is as defined in (11).

<Q-log”]],

Proof. The result follows from Theorem 2 (a) by substitution f :=log and q =
(1,...,1). O
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5. Applications to Zipf-Mandelbrot law

DEFINITION 1. [4] (see also [5]) Zipf-Mandelbrot law is a discrete probability
distribution, depends on three parameters N € {1,2,...}, r € [0,0) and v > 0, and it
is defined by

1
.;N7ta =TT oo .:17"'7N7
fEN 1Y) D
where
N
H, = —_-
Nty jgl(j_'_t)v

When ¢ = 0, then Zipf-Mandelbrot law becomes Zipf’s law.

Now, we can apply our results for distributions on the Zipf-Mandelbrot law, as a
sort of discrete probability distribution.

Let p,q be two Zipf-Mandelbrot laws with parameters N € {1,2,...}, 1, 1, >0
and vy, vy > 0, respectively. It is

1
= f(i;N,t1, =—-—— i=1,...,N, 13
pi=f(i 1,V1) ) Hvoo, i (13)
and .
i =J (N, 1, = i=1,...,N, 14
qi = f(i;N,t2,v2) (ETSET i (14)
where

N
1
Hy:yy =) ———, k=1,2.
ks Vi j;l(]‘i‘tk)vk

Then the generalized Csiszar divergence for such p,q, and for r € R" is given by

N . v

ri (l+t1) IHN.II.VI)

Ci(q,p;r) = - - = . (15)
f((l pir) Hy 1) v, ,; (i+n)M ((I‘FIZ)VZHNJLW
Using (13) and (14), we have the following expressions for (9) and (10)
1 N ri
. (16)
; (i+n) lHNtl vy HN7t17V1 l; (i+u
N i N T

_ i=1 (i+1,)" ZHNQ v Hy 4w, ) Yit1 (i+12)"2 a7

N N _ri
S Gty e T g

We have the following result.

COROLLARY 1. Let p,q be two Zipf-Mandelbrot laws with parameters N €
{1,2,...}, 1, n > 0 and vy,v2 > 0, respectively, and r € R". such that

qi . _ (i+tl)vl HN7t17V1

= €la,b| Cla,B|fori=1,....N,
" (40) " Hyo, [a,b] C [o, B fe
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and that Q, € [o, B], where Q, is as defined in (17).

Let the functions Gy : [a,B] x [o,f] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %—I— Ll] =1.

(a) If f: [0, B] = R, f€C*([et,B)), then

<o/,

1 _
»Criamn)—f(2)
holds, and

(b) lfldf [av[ﬂ — R, id'f€C2([aaﬂD’ then

1 ) — Ziv qi . "
‘Frcimq,p,r)—g,-f(zl i l>'<Q'H(ld-f) I,

holds, where id is the identity function, Q, pi, qi, Pr, C¢(q,p;r) are as defined
in(11), (13), (14), (16), (15) respectively.

If p,q are two Zipf-Mandelbrot laws with parameters N € {1,2,...}, 1, 1 >0
and vy, vy > 0, respectively, and r € R’} , for the generalized Kullbach-Leibler diver-
gence we have the following representation:

KL(q.pir) 1 i ((i+z1)v1HN,tl,vl> (1s)
’7 HNtz Vo l=l l+t (i+t2)v2HN7t2.’V2 '

The following result holds true:

COROLLARY 2. Let p,q be two Zipf-Mandelbrot laws with parameters N €
{1,2,...}, t1, b >0 and vy,vy > 0, respectively, and r € R’ such that

qi (i+tl)Vl HNt1 V1 .
—=—>=""""¢cla,b|C|a,B|fori=1,... N,
o T Hysr, [a,b] € [e, B fo

and that Q, € [o, B], where Q, is as defined in (17).

Let the functions Gy : (o, B] x [0, ] — R (k= 0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,qg € R, 1 < p,q < oo, be such that %4_% =1.
Then

1 i . "
5 KL(a.pr) =0, 10g<2t 1Z )'<Q-H<zd-log> I,

i=1 /i

holds, where id is the identity function, Q, pi, qi, Pr, KL(q,p;r) are as defined in
(11), (13), (14), (16), (18) respectively.
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For p,q two Zipf-Mandelbrot laws with parameters N € {1,2,...}, #;, t, > 0
and v, vo > 0, respectively, and r € R’ , the generalized Hellinger divergence has the
following representation:

- - 2
! S i (\/(l—"tl)leNJhW - \/(l+t2)V2HN7t2~,V2)
' (i+0)"(i+1)" '

He(q,p;r) = (19)

; Hn gy v BN, (5
The following result holds true:

COROLLARY 3. Let p,q be two Zipf-Mandelbrot laws with parameters N €
{1,2,...}, t1, o > 0 and vy,v2 > 0, respectively, and r € R'. such that

qi (i+t1)V1 HNI1 v .
—=——"—l elgb|Cla,B]fori=1,...,N,
o GF ) Hyons [a,b] € [e, B] f

and that Q, € [, B], where Q, is as defined in (17).

Let the functions Gy : [a,B] x [o,f] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %—I— é =1.

Then )
1 —
p He(a,pir) - (1 - \/Qi>

holds, where Q, pi, qi, P, He(q,p;r) are as defined in (11), (13), (14), (16), (19)
respectively, and f(t) = (1 —+/1)?, t > 0.

<o/,

For p,q two Zipf-Mandelbrot laws with parameters N € {1,2,...}, #;, t, > 0
and vy, vo > 0, respectively, and r € R, the generalized Rényi divergence has the
following representation:

i . (20)

r—1 . _
HNJth i (l+t1)(y D
’y .
HN,tQ,VQ i=1 (l—|—[2)w2

Rey(q,pir) =
The following result holds true:

COROLLARY 4. Let p,q be two Zipf-Mandelbrot laws with parameters N €
{1,2,...}, t1, o > 0 and vy,v2 > 0, respectively, and r € R". such that

ﬂ — (i‘|'t1)vl HNJth

pi (i+n)= HN 5 v,

and that Q, € [o, B], where Q, is as defined in (17).

Let the functions Gy : (o, B] x [0, ] = R (k= 0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %4_5 =1.
Then

€la,b] C [a, Bl fori=1,...,N,

1 _
pRer(a.pir) - o/l <o,

holds, where Q, pi, qi, Pr, Rey(q,p:r) are as defined in (11), (13), (14), (16), (20)
respectively, and f(t) =17, (t >0,7> 1).
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For p,q two Zipf-Mandelbrot laws with parameters N € {1,2,...}, 71, £, > 0 and
vi, v2 >0, respectively, and r € R’ , the generalized x>~ divergence has the following

representation:
N 1 1 :
D.>(q,p;r) = Hy s, v, - r-i+t"1<, — — ).(21)
x (q P ) o Zi l( 1) (l+t2)v2HNJz7V2 (H'tl)leNJth

The following result holds true:

COROLLARY 5. Let p,q be two Zipf-Mandelbrot laws with parameters N €
{1,2,...}, t1, o > 0 and vy,v2 > 0, respectively, and r € R". such that

9 ._ (i+n)" Hy 1.,
pi ' (i+t2)vz HN7t27V2
and that Q, € [, B], where Q, is as defined in (17).

Let the functions Gy : [a,B] x [o,f] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %—I— Ll] =1.
Then

€ [a’b} - [(X,[ﬂfOrl’: 1a"'7N7

D@m= (- 17 <0/,

holds, where Q, pi, qi, Py, sz(q,p;r) are as defined in (11), (13), (14), (16), (21)
respectively, and f(t) = (t —1)%,1 > 0.
If p is the Zipf-Mandelbrot law with parameters N € {1,2,...}, #; >0 and v; >0,

and r € R” , then the generalized Shannon entropy H (p;r) has the following represen-

tation:
1

HNthvl i=1 l+tl

Mz

H(p;r) =

We have the following result.

log l-‘rtl) IHNJM,J. (22)

COROLLARY 6. Let p be the Zipf-Mandelbrot law with parameters N € {1,2,...},
t1 20 and vy >0, and r € R} such that

P (i+t1)" Hyyy v, € [a,0) C|a,B] fori=1,...,N,
1

and that — Z ri € , where P, is as defined in (16).

Let the functions Gy : [a, ﬁ] x o, B] = R (k=0,1,2,3,4) be as defined in (1)-(5).
Furthermore, let p,q € R, 1 < p,q < oo, be such that %4_ é =1.

Then
}%H( r)— log< zr,>

ri=1

<0-flog’,

holds, where Q, pi, qi, H(p;r) are as defined in (11), (13), (14), (22) respectively.
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