athematical
nequalities
& Papplications

Volume 22, Number 4 (2019), 1505-1533 doi:10.7153/mia-2019-22-105

ON ITERATED AND BILINEAR INTEGRAL HARDY-TYPE OPERATORS
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Abstract. We characterize the weighted inequalities on Lebesgue cone of all nonnegative func-
tions on the semi-axis for iterated integral operators with Oinarov kernels.

1. Introduction

The study of the weighted inequalities for iterated integral operators, including on
the cone of monotone functions, has recently attracted a lot of interest. In particular,
we can point out the articles [2]-[91,[13]1", [15]-[16], [18]-[20], [23], [25]-[29] devoted
to this topic.

Let us introduce some notations. Denote 91 the set of all Lebesgue measurable
functions on R :=[0;c0), and let 91" C 90 be the subset of all nonnegative functions.

For 0 < p <o and v € M we define weighted Lebesgue space

Ly = {feim: 1A lpw = (/Omlf(X)l”V(x)dxy <°°},

L 5= { £ €T e i= esssup )10 <

Suppose that u,v,w € MM+, 0 < ¢, p,r < oo, and a kernel k : [0,00)> — [0,00) is a

Borel function satisfying the following Oinarov condition [14]: k(x,y) =0 for 0 < x <
y and k(x,y) >0 for 0 <y < x and

D™Y((k(x,2) +k(z,y)) < k(x,y) < D((k(x,2) +k(z,y)), x=2=y>0 (1)

Mathematics subject classification (2010): 26D10, 46E20.
Keywords and phrases: Iterated Hardy-type operators, weighted Lebesgue space.
* Corresponding author.

! About the paper [13] see review MR3764644.
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with a constant D > 1 independent on x,z,y. Without a loss of generality, we may and
shall assume that k(x,y) is non-decreasing with respect to x and non-increasing with
respect to y while the second variable is fixed. It follows from (1) that

ko(x,y) := sup [SUP k(Z»S)] ~ k(x,y).

Ys<x Ls<z<x

and we can replace k(x,y) by ko(x,y) which have these properties (see [21], p S45).
We consider the weighted inequality

where the integral operator R has one of the following form:

o=([roamo[saros o).
T e
RO N
(o feomnf.

The first result was given in [2] for the operator .7, when k;(x,y)=1,i=1,2; p>
1 and the case p = 1 was treated in [3] provided additional relations between weights
w and u. Alternative reduction method was suggested in [19] and developed in [20].
This method comprises the case of one or two Oinarov kernels, all possible values of
summation parameters and weights, inaccessible by discretization—anti-discretization
method [2], [3]. However, new method uses an auxiliary function depended on a weight
u, which motivates further investigations (see [4], [7]-[9]).

In this paper we obtain explicit criteria, that is with no reduction procedure or
using an auxiliary function, for the inequality (2) provided R is any of the above iter-
ated integrals and r > g. The case r = g is reduced to Hardy-type inequalities which
completely studied in [14], [24], [17], [10].

Well known application of iterated operators is the weighted inequalities with bi-
linear integral operators (see [1], [6], [8], [9], [18]). We demonstrate this idea in § 7,
where we characterize bilinear Hardy-type inequality with Oinarov kernels extending
the results of M. Kiepela [9] and D. V. Prokhorov [18].

Throughout the article, products of the form 0 - e are assumed to be equal to 0.
The sign A < B means A < ¢B with a constant ¢ depending only on p, g and r; A~ B
means that A < B < A. Also Z stands for the set of all integers, and yg denotes the
characteristic function (indicator) of a set E C (0,e0). We use the symbols := and =:
for definition of new quantities. If 1 < p < oo, then p’ := p%l for 1 <p<oo, p'i=co

< C”fHP.,\H f € E:);)’t+7 (2)

for p=1and p’:=1 for p =co.
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2. Preliminaries

In this paper we use the classical results for Hardy-type inequalities (see for in-
stance, [11], [12]).

THEOREM A. Let 0 < g < oo, 1 < p < co. Then the inequality of the form

</0w (foxf)qu(x)dxf cc (/wapv) 3

with the best constant C, is valid for every f € 9™, if and only if the following holds:

(i) If 1 <p < q<oo, then C~ Ay, where

=g [ o)

(ii) If 1 < q < p < oo, then C = Ay, where

Q=
=

</Oxvl‘pl(t)dt> " <o,

xr

Ay = (/Ow (/:u(t)dt>; (/Oxvll’/(t)dt> ! vlp,(x)dx> % < oo,

(iii) If 0 < g <1< p<oo, then C = Aj, where

L

Ay = (/Om (/xwu(t)dt)’% (/Oxvlpl(t)dt> ’ u(x)x> % < oo,

(iv) If 0 < g <1=p, then C~ Ay, where

Ay = (/Ow [eositsgfwlt)/:u(t)dt] X u(x)dx> KB |

where % =

<=

1
q
We need the following theorem (see [14], [24], [12]).

THEOREM B. Let 1 < g,p < oo. Then the inequality with the best constant C

(/om ( /O"k(x,y)f(y)dy>qu(x) dx)% . ( /:fpv> % |

holds for every f € M, if and only if the following holds.
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(i) If 1l <p<qg<eo, then C=Ag+Ay, where

€1

Ag:i= sup (/xwkq(t,x)u(t)dt)}] (/Ox vll"(t)dt) <o
A= sup (/)iu(t)dt)é (/Oxkp' (x,t)vl‘l"(t)dt> " < oo,

(ii) If 1 <q < p < oo, then C = By+ By, where

]

REMARK 1. The similar results are valid for the inequalities

</0m (/:f)q”(x)dx); <C (/:f%) ’ 7
(/0“’ (/jk(y,x)f (y)dy>qu(X)dx) é <C ( /0 ) fpv> "

We omit details.

or

Also for solving the problem we often used duality property of L} — spaces. Let us
recall this property.

If 1 < p < oo, then for any f € 9" it holds that

- - -
sup Jo fE)hx)dx T = (/ fp,(x)vl_pl(x)dx> " (7)
hem (fo hP (x)v(x)dx) ? 0
It implies the following corollary which we use later:
' " 5
sup —Joubdx ( / u(x)dx>’ . )
hems (fo kP (x)u(x)dx) » 0
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3. Operator T

V(t)::/otvl_p,,W() /tmw U = /[u,

Vax(t) /kp L' p( )dy, Wi (t / ki (y,t)w(y)dy,

/ kq y7 dya W12 / kl y7 »t ( )dy

Let

REMARK 2. Let ¢ € M!. Without loss of generality we may and shall assume
that ¢ is right-continuous. Then it is known (see [22], Chapter 12), that there exists a
Borel measure, say 1y, such that
= dne(s
/[ 0] Np(s)

Thus, we may suppose that for the function V5 ; € M there is a Borel measure dVy i
such that V27k(t) = f[O,t] dV27k(S).

THEOREM 1. Let 1 < q, p, r < oo, r > q. Then for the best constant Cr of the

inequality
r 1 1
AN r
(/ (/ ki(ynx ( ka(0.1) )dy) u(x)dx) <cT(/ f”) femt,
)
the following holds.

(i) If l<p<g<oo, then Cr =11 +F 1o+ Fi34+Fi4+ Foy +Foo + oz, where
1

L i
Fyp =supV? (Z)quz(’)U%(’)’

t>0

1
1 o 1 r
Fia=supv ) ([T Whotsnas)
t>0 t

Fi3 — sup (/0’ K9 (1, 5)u(s) ds) % WAV (1),

t>0

1
r .
IF14=SUP</ ka (s, 1 )W ( ()d) Vi (r),
t>0
L, 1
Fa1 = supVy, (OW,! (1)U

t>0

F = sup (/Ot K9 (1, s)u(s) ds> "wi (t)Vz’i 0,

t>0

~I—

—
-~

—
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Fy3 =

(ii) If 1<q<p<eoo, $ =

Go3, where for p <

1 1
G14:sup</ k(t,x)d L’ )) (/ uWﬁ)
t
1

V. D. STEPANOV AND G. E. SHAMBILOVA

vy ([ W)’

>0
hen Ct ~G11+G1+G13+ G +Gop +Gop +

=1
q
r

>0
+Sule’ (/ kb (x,1)u qu()d)r7
t>0
Gy =sup (/ w/ dVZ”k) Y U%(t),
>0
—sup(/ K (e )W 3 (2)dVy (x ))in(I)
t>0
5 tor G
+sup</ quV ) (/ kf’(t,s)u(s)ds) ,
>0 0
1 N
ng—supV/()</ W{’u) .
>0 7 1
For r <p, i _%_117’
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Proof. We have

CT=Slflp||f;,£[</ (/ ky (v, x (/ ka(3,1) dt) dY);M(x)dx>Z];

1

Jo (ki x)w(y) (Jo ko (v2)f(1)dr)? dy) h(x)u(x)dx

D sl 1} s o
K (o)

e VU (B k() @) (3 R h(u()ds) wi)dy)

”?@h 0 P 17w

The first relation follows by the duality property (7), the second relation holds by
the Fubini theorem.

CaseI: 1 < p < g <r <. Applying theorem B (i) we find

11
azw%/hﬁo (B + Fo)),
h 0
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where

A= ([ 4o (/ i) a) v
Falh) = sup ( IR ( / i (3 x >dx) dy)’lfvzfl;o)-

Using Fubini’s theorem and the property of Oinarov kernels, we have
F1(h) = F11(h) + Fra(h) + F13(h) + Fra(h),

where

e,
=

Then Cr ~ C| + C,, where

~I—
N,

4 3 -
Cl%ZF]j,CQ%ZFzﬁFij = Sl;lp (/0 hﬁu) ‘%‘](h)

j=1 j=1

Using the duality property (8), we have

1 1
Fyp =supV?” (Z)quz(’)U%(’)’
>0
1 o L ’
Fi, = supVIT’(t) (/ W&(s)u(s)db‘) ’
>0 4

F)3 = sup ( /0 K (e, syuls) ds) % W3 WV (1),

t>0

1
r T 1
F14—sup</ K (s, )W ( ()d) VY ().

>0
Similarly, for %, (h) we have

Fo(h) = Fp1(h) + Far(h) + Fo3(h),
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where

t>0

F1(h) = sup (/yhu> % Wﬁ (z)Vz‘i (t),

1
F22(h) = sup (/ ki(t,s)h(s)u(s)ds )qwé(f)vzi_,’k(t%

t>0

1
7 1
Fas(h —sup(/ h(s d)qu‘fk(t).
t>0 '

Using the consequence of the duality property (8) for

11
FQ/Z:Sup</ hfrqu> qﬁzj(h),
: P o

we have

Fa1 = supVy/y ()W, (1)U (1),

t>0

Fy — sup ( /0 oy (t,s)u(s)ds) WOV (o),

t>0

1
L
FzgzsupV (/ W )
t>0

Casell: 1l <g<p,r, +:=

é %. Continuing Applying theorem B we find

_ =

Cr ~ sup (/Owhﬁu) a (“1(h) +%(h)),

h
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Using the Fubini theorem and property of Oinarov kernels, we have

G (h) ~ (/: (/Othu) % Wi (1)av 7

|
—
=
N
SN————
o
i

+< /k‘fsr u(s)W <>ds)§dv5'<t>>x
ZIgU( +g12( )+g13( )+g14(h)’

where 41 (h) and % 3(h) are defined by theorem A and its dual, as well as %, (k) and
% 4(h) are determined by theorem B and its dual. Then

4
Cl ~ z G1j~
j=1
(1) If p<r,then

Gt —sup (/ ledVP ) Ur(t),

G12_sup</ kD (e, )W (x)dV Y’()>£U%(I)

t>0

1
s s t
+sup</ Wz"dV_’> </k
>0 0
00 r l
(Glg:sup</ Wéu) Vv
t>0 t
i N
G14:sup</ ks (t,x)dV v’ )) (/ uW{’)
>0 t

T supV 7 (¢ (/ kS (o, ) u(x)W, (x

t>0

—al~
—
=
©
N
<
~—
©
N
QU
“
\—/

~|-

—
-~

=

|u

Eﬁ
v
S

- 1.1
(i) Ifr<pand§.—;—

had A EX s YTI s St
Gu:(/ (/ qudeP’) dUTl(t)> ,
0 t
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Similarly, for % (h) we have
G (h) =~ %G1 (h) +a(h) +%3(h),

where
e </0w () wi0avs m) ;
o :</ ([rteon >5W3<t>dvzi<r>>i,
Grs(h) = ( I ( [ ,mwl) vt m) !
Then

(1) If p <r,then
| =sup (/ qudV_,)‘ U%(t),

t>0

ngzsup</mkq X)W 3 (x)dV,) (x ))in(I)

t>0

+sup (/ W‘idV%> (/Otklg (t,s)u(s)d5> ' ,

t>0
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s 0 r r
Gas =sup V7, (1) ( [ Wl‘iu> .

t>0

The proof is complete. [

CLAIM 1. Let U(x) :=esssup u(t), T(f) € 9. Then

0<r<x

esssup u(x)T f(x) = sup U (x)T f(x).
x>0 x>0

Proof. For ” < the proof is obvious.

esssup u(x)T f(x) = sup esssup u(s)T f(s) ZsupU(xX)Tf(x). O

x>0 x>0 0<s<x x>0

CLAIM 2. Let U, (x) :=esssup u(t), 7 (f) € M!. Then

xX<t<eo

esssup u(x).7 f(x) = sup Us(x).7 f(x).

x>0 x>0

Let v € M. We define v/ (x) := esssup ﬁ We denote
0<t<x

Wa(r) = / "l (y,)w(y)dy, Wia (1) = / "l (3.0 (3,1 w(y)dy.

REMARK 3. () If p=1,1<g<r<eoo,then Cr = F;+F,+F;+F4, where

ISR
—~
~
~
~SI—
—~
~
~—

Fy =supv! (/)W

t>0
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P2 = supl (1) ( | Wé<s>u<s>ds) g
a—sups 0w, 1) ([ 4 0.9uts)a ) g
w0 ([ Koowionora)

(i) If p=g=1,1<r< oo, then Cr = G| + Gy + G5+ Gy, where

1
r

Gy =supv!(r) (/ {214) ;
>0 '

Gy = sup v (r) (/IN Ky (s, )W (s)u(s) dS) % ;

G3 = supRy(t) </[u>% R1>(t) := esssup Wia(s)

>0 1<§<oo V(S) ’

Ga=supRy () (/ ki(t,8)u s) , Ry(1) :=esssup Wz(s).

>0 t<§<oo V(S)

Proof.

(i) As well as in theorem 1 using the duality property (7) and Fubini theorem, we
obtain

Cr =supl 15 ( [ ([t ([ s soa) o)’ u(x)dx> i

e N (kb £ 0)d) (3 () dw )y
‘S‘2P</oh ) P 1Ts

~1—=
Q=

Applying theorem 1.1 from [5] and claim 1, we have

1.1 1
:sup</ hﬁu> qesssup (/ ko (vt ( ki (v, x )dx) ()dy)q
h 0 >0 V(1
11 1
had r roq q
:sup(/ hwu) sup v ( (/ (1) ( kO, >dx) ()dy)
h 0 >0
1.1
°° r roq
:sup</ hﬁu> F1(h).
n \Jo

Using Fubini theorem and the property of Oinarov’s kernels, we have

F1(h) = F1(h) + Fa(h) + F3(h) + Fu(h),
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1518
where
t 1
k) = sup (/ hu> W (o),
>0 \J/0
)= sup (/ h(s)u(s)Wia( )ds) V(1)
t
t g 1
—su (/ ki(t,8)h ds) W, (1)l (1),
0
Falh —sup(/ ko (5,0 (s)u(s)W, ()d)"vT(t)
>0
Then .

Using the consequence of the duality property (8), we have

1

Fy =supv! (\WL (1)U (1),

t>0

1
> =supv!( (/ le u(s) ) ,

>0
1

F3 = sup < Ot klg (t,s)u(s)ds) ’ W, (t)v! (2),

t>0

F4—sup</ K (s, )W, (s ()d)lvT(z).

t>0

(ii) Forthecase p=¢g=1,1<r <o we have

/ ki (y,x (/ ko (v,1) )dy.

Using Fubini theorem and properties of Oinarov’s kernels, we obtain

rrw = ([ ) e+ ([ o) we + ([
+ ( / ko (1,%) f(t)Wg(t)dt) .

We apply theorem 1.1 from [5], claim 1 and claim 2, then Cr ~ z‘}: 1Gj, where

L
Gy =supv' (1) (/ Wﬁ“) ;
13

t>0
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Grﬁgﬁm([Wwﬁm%wwmf,
G3 = supRua (1) </(: M) % s Rio(t) :=esssup Wials)

>0 t<s<oo V(S) ’

Ga=supRy () (/ ki(t,8)u s) J Ry (1) := esssupwz(s).

>0 1<s<oo V($)

The proof is complete. [

4. Operator .7

V.(0) ::/twvl_pl7W*().:/0tw U*().—/mu,

V2k* / kp y7 ) - p( dyawl* /kl ty dy7

Let

Wa, (t / Ki(t,y)w(y)dy, Wi.(t / ky(t,y)k3 (2, y)w(y)dy.

REMARK 4. Let ¢ € M. Without loss of generality we may and shall assume
that ¢ is left-continuous. Then it is known (see [22], chapter 12), that there exists a
Borel measure, say 1, such that

0)= | _ o)
Thus, we may suppose that for the function V5 1, € 9! there is a Borel measure dV; s
such that V27k* (l‘) = ﬁ[7w] dVLk* (S)

THEOREM 2. Let 1 < q, p, r <o, r > q. Then for the best constant Cz of the
inequality

1

(/( i (x,y)w ( ka(,3)f )dy)’u(x)dx> <c9.</ fp)l Femt,

(10)
the following holds.

(i) If 1 <p<g<oo, then Cg =F +F], +Fi5+Fj, +F5 +F5, + 5, where

1
E tor v
Fi, = supV.Z (1) ( / WS (s)u(s) ds> 7
>0 0
1

Flz—supV* (/ kztsz* ()d) ,

t>0
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FT3 = SupV*p ( )qu2*( )U (t)v
>0
L, 1 o 1 ¥
iy =supy? W0 ([T (uloyas)
>0

N 1
F3 = sup Vs, ’ (/ Wl* ) )
>0 k

IF22 = supVi ( )Wl*( )U* ( )a

>0
L, (=} r
F23—SUPV (/ kq St )
>0 ’

1
(ii) Ifl<q<p<t>°,§. 7

G35, where for p <

Gl —SUPV’ (/ quz* ) )
>0
o s 1 N
G, =sup (/ k;(x,t)d(—V*pl (x))) (/ Wl‘fku)
>0 \Jt 0
+supV” (/ ky(t,x)u 5( )dx)r,
>0

G7; =sup (/ le*d (=Vr )) U* (1),
>0 0

=

1
E)

s

G, =sup (/Ot klg (t,x)Wzi(x)d(—V*V (x))) : U,

t>0

1
t s L, s
+sup (/ Wyld(=V. ))
>0 \J/0
L, tr %
63 =supviL o) ([ i)
>0 o 0

G =sup ([ (0w o >d<—v2i*<x>>)% 40

t>0

1
+sup (/ qu v/ ) ( kf (s,t)u(s)ds) ,
>0 t

1
) ol
G%:sup(/ W"d *) U/ (1).
>0

—
8
-
=~
=
54
2
=
N
~—
1)
=
Q
1)
\_/
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1._1_1
Forr<pandﬁ.—; >

0 t
- ([ wa( [}
%:(/ (/ K (W ()~ Vi(x)))%uﬁ(ou(z)dt);l
([ (o) a( [ wiacin) )
= ([ ([wiari) ot )

Let v € M*. We define v!(x) := esssup ﬁ We denote

1<s<oo

Wo. (¢ / ka(t,y)w(y)dy, Wip.(t / ki(t,y)ka(t,y)w(y)dy.

REMARK 5. (i) If p=1,1<g<r<eoo,then Cy ~F|+F;+F;+IF;, where

1
tor G
F* = sup v (r) (/ Wl"z*(s)u(s)ds) ,
>0 0
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1
F = sup vt (r (/kzts ()ds) ,
>0

1
;

3 = supv ()Wm(l)U OF

t>0

F; = sup v'(z (/ kqst )
t>0

() f p=qg=1,1<r<oo, then Cy = G]+G;+ G5+ F;, where

Wa,
G} = sup Ry, (z (/ ki (s,t)u s) , Ro.(1) :=esssup vz(s()s>’

t>0 0<s<t

1
v Wik (s
G5 = supRy2.(t) (/t u) , Ri2:(t) := esssup :ES)( ),

t>0 O<s<t

G% = sup vi(r) (/Ot k;(t,s)Wé (s)u(s) ds) % ,

t>0

G = sup v'(r) (/Ot sz*(s)u(s) ds) ’ .

t>0

5. Operator S

THEOREM 3. Let 1 < q, p, r < oo, r > q. Then for the best constant Cs of the
inequality

1

(/ (/ o (3, x ( o (t,7)f )dy)'u(x)dx> gcs</ fp>1 femt,

(11)
the following holds.

(i) If 1 <p < q<eo, then Cs =~ 3§+ 52, where

sl—fggw (/ (/krym ()dy)'uwx)’,

Sz—fgng' (/ (/ ki (y,x ) u(x)dx)i.

then Cs =~ & + &,, where for p <r

(i) f 1<q<p<eo,{:=;—1,

s

B, zfggU% (1) (/tw (/txkg(yﬁ)kl (x,y)W(y)dy> % d(-v/ (X))> E
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1

T fggvf (0 ( [ ( JEE <y7x>w<y>dy) 5 u(x)dx) N

1

o:-saguh) [ ([ hicomons) a-vio )

1
+supV2k (/ (/klyx ) u(x) x) .
>0

1._1
Forr<pandﬁ.—;

1
P

&) = ( | ( | ( | B0 <x,y>w(y>dy) “avi <x>>> | U?mu(z)dt)
+ ( I ( [ ([ Besmoonoa) ’ u(x)dx) v <t>>) % 7

v ([ ([ () o) vt
" ( I ( [ ([ moowoa) 5 u(x)dx) ' d(_Vz%;*(f))) ' .

Proof. Using similar reasoning as in theorem 1, we have

1

CSZS?P||f\\p (/ (/ ki (y,2)w (/ ka(1,y) f dt) y)%(x)d;;)%]

q

Dy p||fH ! | sup <f ki (y,x)w (f kzjy dt) dy)h() (X)dx]
| Joh )

a fO (f ka(z,y)f(t)d ) ( gkl(y x)h(x)u(x )dX)W(y)dy>$

_Sup</ v ) 7 1A ~

Applying dual theorem to theorem B, we find

11

CS%SUP</ h—) " (Fuh) + Fo(h)),
h 0
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where

1

t 7 L
(h) :sup(/ K (1 (/ ki (y,x)h dx)dy) v (1),
>0
1
T
F>(h) = sup (/ (/ ki(y dx) dy) V().
>0 ’

Using Fubini theorem, we have

Lo

w10 =sup ([ ( [ 0.9k Guw0)as ) o) v )

t>0

i
sup (/ (/ ki (y,x)w ) )dx) ! V.l (1)
Then Cg ~ C| + C,, where

Ci =i :=sup (/ h"qu) ' qﬂ}-(h),i: 1,2.
h 0

Using the consequence of the duality property (8), we have

51 = fngfl' (t) (/t (/t kS (2,y)k1 (y7X)W(y)dy) g u(x) dX> 7 :

1

3= suszk (/ (/klyx ) u(x) x)r.

1_1

Casell: 1 <g < p,r, ?::q i

1

(/ (/ K1, y)w (/ kot (v, )k dx)dy)vd(—V*’f/(t))>s,

(/ (/ (/ k1 (v, )k dx> dy)vd(—Vz’i*(t))>%.

Using Fubini theorem, we have

() = ( L ([ e (y,x>w<y>dy) ioute) " a(-v7 <r>>> ;
s = ([ ([ ([ss0mira i) i)

% (h
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We use theorem B to obtain for p < r

& =supU7 (1) </ N (/,xk%»f)kl <x»y>w<y>dy) Cav? <x>>> %
a0 f (/ 0wl >dy)’u<x>dx)%,

o =g 0 [ ( [t ) ad)
o[ (/ aa0)ay)’ W)dx)*,

1.1 1
Forr<pand§.—r »

" (/Ow </tm ([ oamsomons) a-s? “”) U%@u(n‘”) %
i (/Ow </0 </ Ktk (Y’X>W<Y>dy> 5 u(x)dx> ’ d(v? (,») ; |
. </°w </ N (f,xkl <X»y>w<y>dy) 3 a(-vy] <x>>> : Uﬁ(gu(t)dt) :
* (/0 (/0 ([ 1wy u<x>dx> vl (I))> g

The proof is complete. [

REMARK 6. (i) If p=1,1<g<r<oo,then Cs~ §, where

T

51 = fggvl (t) (/Ot (/xl K5 (2,y)ky (y7X)W(y)dy) 5 u(x) dX> ,

) fp=g=1,1<r <, then Cs~ &, where

&1 =supe!) ([ [1ateam (y,x>w(y>dy)’u<x>dx) g



1526 V. D. STEPANOV AND G. E. SHAMBILOVA

6. Operator .

THEOREM 4. Let 1 < q, p, r < oo, r > q. Then for the best constant C of the

inequality
r % 1
(/ ( ki (x,y)w ( ko (v,1) f )dy) M(X)dX> <Cy</ f”) , fem’,
(12)
the following holds.

(i) If 1 < p < q<eoo, then Cy = §|+ 385, where

r

3 =supV7 (1) ( | ( / xk;%y,t)kl(x,y)w(y)dy) 5 u(x)dx> ,

t>0

sz—supvz (/ (/ ki (x,y)w ) u(x)dx)i.

t>0

, then Cy = & + &3, where for p <r

"t:l'—‘

1
(ll)lf1<q<p<°°,§ q-

s

(CH =supUj (1) (/Ot /xt K (1,)ky (y,X)W(y)dy> ' dv v (x )) s

1
;

Forr<p

& =

~
S—
VRS
S—
N
—
M?\T‘
i~
=
Koy
e
=
~
N~—
=
e
~<
=
<
N—
Qq
<
~ e
&
~_
=
=
1
=
<
S
SN~—
QA
~
\/

o= [ ( [ ([ 10mtas)’ dvz'jlu)) Ut out
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S1
a

+ /Ow (/[w (/[Xkl (x,y)w(y)dy> 5 M(x)dx> deji (t)

REMARK 7. (i) If p=1,1<g<r <o, then Cy =~ F], where

i =supv' (1) ( ([ oo omon) e dx>

(ii) If p=g=1,1<r <o, then Cy ~ &}, where

& = supv (1) ( | ( [ et (x,y>w<y>dy) ") dx>

7. Bilinear Hardy-type inequality

S =

~ =

As application of the results for operator 7 we consider the characterization prob-
lem of the inequality

° q
([ i Regitn)” < Uyl S 0 13

where R;(x) := [q ki(x,y)h(y)dy, where k; satisfies condition (1).

The case 1 < min(p1,py) < g < o was explicitly solved in [18] and a reduction
theorem was proved for the case 1 < ¢ < min(py,p,). We complement this case by
explicit criteria.

Additionally to notations of § 3 we define

1 1—p! . t 1—p
V)= [ = 120040 = [y ),
and%::l—i_,izl,z.

ll:ollowing lby a known scheme (see [1], [9]) we write for the least constant C in
(13)

< =

. Y [R1f RyglTw
C= sup |gl,,, sup Uo | )
fe

=:supllgll,)., Z (3)-
0£gem+ 04 fem+ £l piv g P

Let 1 < g < min(py,p2) and suppose first that 1 < g < p;. For a fixed g € M™,
applying theorem B, we have

F(g) = F1(g) + F2(g),
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where
r l

/:(/“’k (e (Rage) i) v 001

n

</ym(R2g)qW> " KO (Rag) (),

[ |
o\

where
s

~ ([ oot o)

By remark 1 we assume that K; € M, and K (y) = Jioy)@K1- Then

n

F@~ [ ([ ) axi)

and, thus, C ~ F+F, where
F:= snggH;;,vz% (8): F:= sgpllgllgzl,vz%(g)-
To characterize the functional ' we use theorem 1.
a) If 1 <g < py<ry, then
FaFy +Fio+Fiz+Fig+ Foy + Fop + Fo,
where, with

Wia(t /qu, 1)K3 (y,1)w(y)dy

and

/ k{ (v,0)w(y)dy,

s L
Fyy =sup / ng dV”2 lel (1),
>0

1
2 2 n L
Fi =sup ( kP2 (x,0)W," (x )de2 (x )) V(1)

t>0

N
+Sup</ quVp2> (/k”tst‘ )) :
t>0

(14)
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1
Fys =sup (/ W, dV”l) V2 (1),
t>0
N
1F14:sup</k tdepz ) (/ W%ZV‘)
t>0
) g\
+supVy (1 (/ KD (e, )W, )dVl()) ,
t>0
5
Fy, =sup /qu“i/pz V1),
t>0
1
hed ) r% 6 7
2 =sup (/t ky? (x»l)WV(x)d”//szz (x)) V(1)

t>0

) "
+Sup</ quVP2> (/k’ldel )) ,
t>0

- o 5
F23—Sup7/k2()<t qu &

t>0
b) Ifl<g<n <p2,%::%—— then
Fr~F|+F,+Fi3+F4+F +Fy»n+Fy=F, (15)
where

o/ o n B\m &
iy = / ( W, dV2p2> av ()|
0 t

S|
S
|
\8
7N
N\X
o
S
=
~
N—
=
IS
=
S
NS\-S’
—
=
N—
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n

o [ oo " 4ooNT
+ / KD (o)W, T (av] () | vy (o)
0 t

Fyp =

oo oo ZN\n 5
Fy = (/ (/ Wld%?> avi* ()|
0 t ’

Again we use theorem 1 for characterization of the functional F.

a) If 1 <g < p> <r then

Fa Fll +F12+F13 —|—+F21 —HFQQ,

where

< 00 r ITE
ﬁ22 =Sup”//2z€2(t)< W‘lldK1> ' .
>0 t

b) If1<q<r1<p27%::%—%7then

FrFi+Fo+Fi3++Fy +Fp=F,

(16)

7)
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where
s 1
3 o o n  B\n '
FH_/ /Wz"arvj2 aKk’ (1) |
0 t
- o o S n s
o /vym( qudK1> W, (dKi (1) |
0 t
1
- oo 1 ;*2 E ° r '
Fis— / / K2 (1,2)dVy (x) ( W7dK1) WT (1)dK, (1)
0 0 t
5 1

By summing up our investigations above we can now formulate our main result in this

é—p—,l—l 2. Then the
T, if and if only if the

section.
THEOREM 5. Let 1 < g < min(py,p2) < e and

inequality (13) with the best constant C holds for every f,g € M
following holds.

(i) If 1 <g<p><
(16), respectively.
1

r| < oo, then C ~F+TF, where F and F are defined by (14) and

- then C =~ F+F where F and ¥ are

(ii) If1<q<r1<p2<<>oand1 =5
defined by (15) and (17), correspondmgly
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