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Abstract. Infinitely many, even scales of, equivalent conditions are derived to characterize the
bilinear Hardy-type inequality under various ranges of parameters.

1. Introduction

Let 9 denote the set of all Lebesgue measurable functions on (a,b), —0 < a <
b < oo, MT C M is the subset of all non-negative functions.

Let u,v,v;,€ M', 0 < p,pi,q < oo,1 < pji=1,2. Denote pl:= pi”jl for 1 <
pi < oo, pi:=1 for pj =0 and p}:= e for p; =1,i =1,2. We use the record A ~
B that means cjA < B < ¢pA with the constants ¢y, c,, depending only on irrelevant
parameters.

We put

U(x):/xbu(t)dh W(X)zfuxv,-lfpﬁ(t)dt, i=1,2.

It is well known that the best constant C for the Hardy inequality

</ab</axf>qu(x)dx>q<C</ahf”v)%,feim+, (1)

is equivalent to the Muckenhoupt constant in the case 1 < p < g < oo

3=

Ay = sup Ué(x)VP (x) < oo

a<x<b
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or to the Mazya-Rozin constant for 0 < g < p < oo, 1 < p < oo, % =

BMR_</UP VI (x ()dx)%<oo

and it can be replaced by different (equivalent) constants. For instance, the constants
Apm and By can be replaced by the following [4]:

asrch (/ “Vq) = (x) < oo,
</ab </: qu> v (X)M(X)dX> % < oo,

More generally, it was discovered (see, e.g., [ 1], [5]) that these conditions are not unique
and can be replaced by the scales of constants depending on a continuous parameter
s >0 of a form:

=

1
q

ATI

Bpsi

1
Ap(s) := sup ( uV F‘S)qv“(x)@o, )
a<x<b
1
Ar(s) = sup ( qu )qu(x)<oo, 3)
a<x<b
r '
Bug(s) ::( ( Wi )qV”_l(x)dV(x)> < oo, )

Bps(s) == (/ab (/a W +‘>)§V—”—1(x)dV(x)>: < oo, (5)

Moreover, it yields that (see, e.g., [1], [3], [5]) C~ Ay (s) = Ar(s) for 1 < p <
q < and C =~ Byg(s) =~ Bps(s) for 0 < g < p <eo, p>1 and s > 0. Concerning his-
tory and references about such alternative conditions, even infinite scales of equivalent
conditions, we refer to the book [3], Section 7, and the references therein e.g. [1], [5]
and the PhD theses [6] and [7].

Recently, M. Krepela [2] considered the following bilinear Hardy-type inequality

(/ub (/jf)q (/:g)liu(x)dx)% <C </ubfplw) ' </ubgp2vz> : s Em:@

and characterized it for various range of parameters pi, p2, ¢. The results can be sum-
marized in the following modified theorem:

THEOREM A. Let 0 < g <o, 1 < py,ps <co. Then the inequality (6) with the
best constant C holds for every f,g € 9™, iff the following holds:
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(i) If 1 <max(py,p2) < g <-oo, then C = Ay, where

1
1 - 7
Ap:= sup Ut (x)V}" (x)V,? (x) < oo.

a<x<b

(ii) If 1 < p1 < q<p2<°°—::$ i then C =~ A,, where

b rn o )
Ar:= sup V| (x )(/ Uav,’ de) .
a<x<b X

(i) If l <pa<g<pp <oo —:—é—%, then C =~ A3z, where

7"1

i, by O %
Azi= sup V)2 (x )( Uy dVl) .
X

a<x<b

(iv) Let 0 < g < min(py1,py) < eo, min(py,ps) > 1, rL, = é - I%i, i=1,2 and %1 <

pll . Then C =~ Ay + As, where

T
sule()</ UV, dv,

a<x<b

A41

)
“)

_l
As = supV2 (/U‘f
a<x<b
(v) Let 0 < g <min(py,p;) <ee, min(py,p2) > 1, - : é_%ﬂ i=12, ;> L1+PL
and L= é_ % — —. Then C =~ Ag+ A7, where
1
K

blgh oD nok
Ag = ( / ( U7 )V <y>dv2<y>) Vf<x>dv1<x>> 7

and

Al—

Ay ( [ ( / bU'?‘<y>v13’<y>dv1(y>) "V s >>

Inspired by the works in [1] and [5] (see also [3]), in this paper we derive infinite
many equivalent conditions to characterize the inequality (6) for each of the cases (i)-
(v). More exactly, we prove that each of the Krepela constants A; —A7 can be replaced
by infinite many other equivalent constants, even scales of constants.
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2. The case 1 < max(pj,pz) < g < oo

We begin this section with the following:

THEOREM 1. Let 1 <max(p,p2) < g <-oe. Then C%Ail)(sl,n) %Agz)(sl,sz),

Vsi1,52 > 0, where

Q=

(n) ; S b q(;lr—Sl) q(;lr—fz)
AD(s1,50) 1= sup VI (0)VE2(x) /uv1 Loy,

a<x<b

and

a<x<b

() s s v aloras) q(yres) @
A (81,82) = sup Vi 1()C)V2 2(x) /uvl 1 v, A .

In this Theorem and also all other Theorems and proofs in this paper we let C
denote the sharp constant in (6).

Proof. We have

(&2 Je)? Ung) wto)dr)
C = supsup
s f ”fHPth Hngz,vz

1
) _ b vy \ 4 a(-r—s1) 4
2 sup gl sup ( [ ([ ) wom ™ oar) v
g a<x<b \ /X a

) b g(L—s1) q(L—s)\ 9
2 sup V;'(x) | sup (/ wv, v, V52 (y) :A(ll)(sl,sz).
y

a<x<b x<y<b

_—

Similarly, by using (3) twice, we find that C ~ A§2) (s1,52) so the proofis complete. [J

|-

L

REMARK 1. The Krepela constant A; appears just as a point (-, P ) on our first
2

P
. . 1
scale of equivalent constants, i.e. Ai )(pi,l, pl,z) =Aj.

Theorem 1 gives two scales of equivalent conditions, namely A(ll)(sl,sz) < o

and A§2> (s1,82) < oo, characterizing the inequality (6). Below, we prove that also these
scales of equivalent conditions are not unique and can in fact be replaced by several
more equivalent conditions for the inequality (6) to hold. Unlike in Theorem 1, here we
do not link any of the conditions with the inequality (6). Rather it is provided that each
of these conditions is equivalent to the condition A} < oo.

THEOREM 2. Let 1 < max(py,p2) < g <-oo. Then A; %Agg)(s) %A54) (s)
zAiS)(s) %A§6)(s1,sz), Vs, 51, 52 >0, where

Al ;= sup ljl/q(x)‘/ll/pll(.x)‘/zl/p/Z(x)7

a<x<b
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b 1 1) Lg+s
A(s) = sup ( / u(t)vl‘/"“‘(t)v;/"“o)dt) U(x),

a<x<b
X 1/p} 1/ph 1/g=s
A (s) = sup ( / u(r)vl““mv;”“(z)dr) U(x), 1/g>s,
a<x<b a
b 1 1) 1/g=s
AYV(s):= sup ( / u(f)Vll/"“'(t)Vzl/"S(t)dt) U'(x), 1/g<s
a<x<b X
and
X 1/29 VPt X 1/29 Vpyts:
A5y, 52) == sup / WU TR (1) dr / WP U TR (1) de
a<x<b\/a a

x Vi (x)V, 2 (x).

Proof. Note that the function U is decreasing while V; and V, are increasing.
First we prove that A; ~ A53) (s). We have

UMV P v T ) = U v P v P U ()
1/g+s

_ ( / hu(t)dt) VP v (o u s (v)
. p, A 1/q+s
_ ( / u(t)V,7 () v, (x)dt) U= (x)

1/p) 1/p

b 1/g+s
< ( / u(t)vf/q*-‘(t)v;/q“(z)dz) U~ (x).

Hence,

’ ’ b l/i ) Vats
sup UV4(x)v, P (v P2 () < sup (/ u(t)v;/‘f“(t)v;/q“(z)dz> U ().

a<x<b a<x<b
(7

Moreover,

1/p) 1/p

b 1/q+s
( / u()V, () v, (t)dt) U~*(x)

b 1/q+s
< sup UV9(n)y, l/pl 1/,72 (/ ult )dt) U~*(x)
x<t<b

1/q+s
= sup UM,y e ((”‘“S)Uuw()) U

x<t<b
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1/q+s , ,
< <l/q+s) sup U9\, P (e)va P2 1), )

S a<t<b

The equivalence A ~ A(13) (s) now follows by taking supremum in (8) and using (7).

Next, we prove that A} ~ AY‘) (s). Fix x € (a,b) and define y € (x,b) such that

‘Ayuﬁ)dtziébuﬁ)dp 9

Then

UM(x) = (/)fu(t)dt) v = (/qu(t)dmt/yhu(t)dt) v —2l/a </yhu(t)dt> v
=2!/4 (/ybu(f)df) " </yhu(t)dt>s =2l/a (/ju(t)dt) l/qﬂU-\'(y).

We have

/ / 1/q—s / ,
UV, 7 (v, 2 () = 21 ( / yu(t)dt) U vy 72 (x)

1/p) 1/p

1/qg—s
<2V ( / TV, (v, (t)dt> U (y)

Hence,

1/p} 1/ph

1/q—s
/ / Y
Ul/q(X)Vll/pl (x)Vzl/Pz(x) < 21/11 sup (/ u(t)vll/qfs (t)Vzl/qfs (f)dt) US(y),

a<y<b

(10)

and the estimate A} < cA(l4) (s) follows.

Moreover, since 1/g — s> 0, we have

1/p) 1/p4

1/q—s
( / u(O)V, 7 (V) (1) dt) US (x)

1 /Py /1P * -l Vs
< sup UMW Py P ) ( / u()U 1/6H‘(t)dt> Ut (x)

a<t<x

/ / X 1/ 1/qg—s
< sup UMy o), 2 ) (‘/ vax<t>du<t>) U ()

a<t<b
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, , - 1/qg—s s s 1/q—s
= sup Ul/q(;>vf/”l(z)V;/”Z(z)(—1/" S) (Ul/w(x)—Ul/q&‘(a)) U*(x)

a<t<b S

_ l/q_s ’ /
< <M> sup U9V, /P 0y P2 (1), (11)

S a<t<b

By now just taking supremum in (11) and using (10), we obtain the equivalence A| ~
4
AW ().
Next, we prove that A} ~ ASS)(S). Since 1/g—s <0, we get

UV v ) = U U v v, P ()

:<KWMQWﬂwwW“w@%w

1/p 1/ph

. 1/q—s
<</mm4“@wmwmﬁ )

Therefore
sup UVa(x)v, P o) P (v < (12)
a<x<b
b0 Vas
sup /u(t)vl'/“(z)vzl/"*-‘(t)dt US(x). (13)
a<x<b X

Now fix x € (a,b) and define y € (x,b) such that

/xyu(t)dt = /ybu(t)dt.

Then U(x) = 2U(y) and using this fact, we obtain

1/p) 1/

b 1 /7 Va=s y 1/q—s
(/ W)V, (), (t)dt> U(x) < (/ u()V, 7 (), (t)dt> U*(x)

X

Y Vs 1/py 1/ph s b l/a=s 1/py 1/ph s
<([uvar) VoW eu@=([uwa) w00
X y
=U W ) P ()20 ) = 20 v ) P )
<2* sup UMy yvy P(y). (14)

a<y<b

We now take supremum in (14) and use (13) and the equivalence A| ~ A(ls) (s) follows.
Finally, we prove that A; ~ A(16) (s1,52). It yields that

uMav, " v " )
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=0 I )V, PR v (), ()

Xy 1/p)+s1 X 1/ph+s2 ‘ ‘
—ove) ([ wa) ([ wa) T v

1/2q 1/2q

. , 1/p}+s1 " , 1/ph+s2
<</ vi*m (I)Ul/Plﬁsl (t)dt) (/ v;*ﬁz (U 1/ph+5 (t)dt) Vl—sl (X)Vz_sz (x).
a a
(15)

On the other hand
X 1— / 152‘7 l/p/1+.\'1 X 1— / 1{24 1/17,2+S2 ) .
/ WU (1) de / WU TR (1) dr VoV, ()
a a
X 1{2‘, 1/17/1 +s1 " I{Zq 1/17,2+S2
_ / U (1) avi (1) / U (1) dVa (1) Vo Vs ()
a a

12 1/p)+s1 12 1/ph+s2
< (U“"i“l o <x>> (U“"’m <x>v2<x>> Vi v )

UV P v, PR v v 2 ()
U1V, P v (). (16)

The equivalence A| ~ Agﬁ) (s1,52) now follows by just combining (15) and (16). The
proof is complete. []

3. Thecases | <p; <g<py<ecand l <pr <g<p <oo

We begin this section with the following:

THEOREM 3. Let 1 < py < g < py <o and % = nl;_p% Then CmAgl)(shsz)m

Agz) (51,82) zAf)(sl,sQ) mAg‘)(sl,sz)7 s1,82 > 0, where

1
2 5

(1) s b b q(I’L,_Sl) q(l’, 2\ 4 rysr—1
A1) = sp Vi) | [ [ ) v v |
x y

a<x<b

o . s ek e\ T
AP (sis) = swp Vi@ | [ [T ) v e

a<x<b a

(3) s b Y q(I’L,_Sl) q(I’L,JrSZ) “ —rysy—1 B
AV (sis) = sp v | [ [ T vy ()ava(y)

a<x<b
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and
I 1
(4) —s x * q(I’L/JrSI) q(l’_/_SZ) K rysr—1 ’
Ay (s1,82) = suprl"(x) / /y”V1 v, V22 (0)dVa(y)
a<x< a
Proof. We have
1
(2 (i) (Jrg)" utoyar)
C = supsup
s f 111101 1811 p.vs
1
2) _1 b 'y q q(#—Sl) q 5|
Lswlelhs sop ([ [6) wom T 0ay) vites
8 a<x<b X a
r L
“ . b ( b q(ﬁfﬂ) q(i*-vz) K rysy—1 :
< sup V() / /y na v, VI (y)ava (y)
a<<x<

The first relation follows by the formula (2), the second relation is due to formula
(4). By now using (3) and (5) we have C = Aéz) (s1,52). Moreover, using (2) and (5)
we find that C ~ Af)(sl ,52). Similarly, by instead using (3) and (4) we conclude that
Cr~ Aé4) (s1,52). The proof is complete. [

The case 1 < p» < g < p1 < o can be handled similarly to obtain the following
result:

THEOREM 4. Let 1 < py < g < p; <o and % = Ll]— ﬁ. Then CmAgl)(shsz) &
Agz) (51,82) zAf)(sl,sQ) mAg4)(s1,sz)7 Vsi,s0 > 0, where

) 0 b [ b q(iﬂ‘n) q(iﬂ‘z) -
Ay (s1,52) = sup Vy*(x) /x /y uv, v, Vi ()dvi(y) )

a<x<b

1
x [y alrts) a(orts)\ @
AP (s1,5) = sup v ) | ( [ty ) Vi p)av)

a<x<b

(3) s b y q(pil“"-\'l) q(pilf-YZ) a Crrsi—1
Ay (s1,52) = sup V*(x) /x /xuV1 ! v, ? Vi ()dvi(y)

a<x<b

and

X X L_ L
A (s1m2) = sup V() | [ ( [
a y

a<x<b



1544
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1
and As :Ag )(pi,l,pl,z)

(1)
Py

4. The case 0 < g < min(py,p2) <

We begin this section with the following:

p.

7
2

THEOREM 5. Let 0 < g < min(py,p2) < oo, min(py,p2) > 1, 1 <Ll p% and

)~

Lol L 12 Then C~Al )(sl,sz)—FAf)(sl,sz)%Af)(sl,sz)—i-A

itooq pi?

B~
-lk'_
=
—~

S1,82

Ags)(sl,sz) +Aé(‘ )(sl,s2) zAf)(sl,sz) +A£8)(s1,sz)7 where

Agl)(sl,sz) =

Af) (s1,82)

A‘(ﬁ)(sl,Sz) =

A4(14) (s51,8) :

AE‘_S)(SI,Sz) =

A4(].6)(Sl7s2) -

A4(].7)(Sl7s2) -

and

sup V!

a<x<b

sup V52 (x

a<x<b

sup V,

a<x<b

sup V, 2

a<x<b

sup V'(x

a<x<b

sup V, 2

a<x<b

sup Vv, !

a<x<b

(/

ol [
ol [

(8) . 5 Pl
A, (s1,82) = sup V,2(x)

a<x<b

q(
uV,
q(

/ uV, 7
y
_S x (p +51)q(or+2)
'(x) / /uV1 v, 7
a a

uV1

q(
uV,

d—s1) q(Fr—s)

r

n
! o)\ @
Ty, ) V3227 (y)dva(y)
1

s1)_al(5r=s) T P
v, Vit (n)avi(y)

n
q

Vv, 27 (y)dva(y)

+\1) q(iﬂz)
V2

n

,l ‘H'l) ‘1(%7-\'2) a rasy—1
v, v, (»)dVa(y)
n
s q(z—sz) sl
v, 4 »)dvi(y)

WS-

==
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Proof. We have

(42 Ue)" Urg) " ute)a)

e,

C = supsup
g f ||pr1~,V1||g||pz~,V2
uy "
@ . b b vy \ 4 11(#*5‘1) a rsy—1 !
~ sup|lgll .., / / / g) u»V, Wdy | Vi®' (x)avi(x)
8 a X a
1
b, x \g/ ‘1(#*5‘1)
=sup|g,),, |sup Ju Ua8)” U W)V, (x)dx
P22 4
8 h Py P\ 71
(f:hp‘ilVl(”Sl D=5 )V{I )
1
2 5
b by q(#_s ) q(i—s ) ! rpsr—1 ’
Ja VS Uz h)u()Vvy Vs (dy | V3227 (x)dVa(x)
4
(%)sup
h P P1
risp—1) (=2 =L
(ffhpq_lvl(” =) 1r1>
A L
r -s1) a(F-s)\ T :
frEmT (fhuV noy ) VI (x)dvs (x)
%sip —
p rys|— _Piy 21 1
(f:h%vf 0 )>
" i
a(l—s1) a(r—s2) a "2
I (f,f’h(y) (fybuv1 oy, )dy) VP2 (x)dvs (x)
o —
by P\ 71
(1wt
=:H,+H,. 17)

The first relation follows by the formula (4), the second relation is due to duality. For the
third relation we use again formula (4), the fourth relation holds by the Fubini theorem.

Finally, we have Hardy’s constants with p = %,q = %, and for the case p < g, we

obtain that H; ~ Af‘l)(sl,sz) and H, ~ Af)(sl,sz). The proof follows by just using

these facts. [

=
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REMARK 3. We note that Agl)(ﬁ,pi,) = A4 and Af)(pl,, #) = As, where A4
1 2 1 2

and As are the Krepela constants defined in Theorem A (iv).

Our final results reads:

THEOREM 6. Let 0 < g < min(p1,pa) < oo, min(p1,p2) > 1, 5 > o=+ 5 and

. 1 2
L.— Ll]— L z: 1,2. Let L:= Ll] - % - é. Then C%Ag )(s1,52)+Ag )(sl,sz) ~

Agg)(sl,sz) —|—Ag (51,82) %Ags)(sl,sz) +Ag6) (s1,82) %Ag)(sl,sz) —|—Agg)(sl,52), where

X
)

2
(1) K b b b q(i_sl) q(i_sﬂ ’ rs3—1
s = [ ([ V322 ()ava(y)
a y
x VU (0)avi (1),

r x

a8 T
@ o G aGres)\ o :
O A A W A A I O

X Vz(l‘)mzilde(Z),

b ¢ vy a(L+s) g(E+s)
(AgB)(Sl,Sz))K:/ / (/ w, v,

W b iy alrts) alrs) ¥ s
@)= [ [ [ ) v o)

b b vy a(F=s1) ql+s)
A(S)s,s K::/ / /uV oy, 2
@ = [ [ ([
' . o
(),
a
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n
©) . b o f q(ﬁ—h) q(iﬂz) T st
PG = [ | [ [ Vi g)avo)
a y

b —rash—1 %
xd(—(/ vy dVg) )
t

Q

) r_

™) b g px algrts) algr-s)\ @
DG = [ [ [T ) v gava)
a a y

b X T
xd| — (/ Vl_rlsl_ dV1>
t

and

(A® (s1,52))* : (V)dVi(y)

C R
X d (/ V;ZSZ_ dVQ) .
a

Proof. The proof is absolutely analogous to that of Theorem 5 so we do not give
the details. We only note as in this proof we have C ~ H| + H,, where H; and H,

are defined in (17). Next for the case ¢ < p the following holds H| ~ Agl)(sl ,s2) and
H2 %Agz)(ShSz). O

Il
h
>
—
>
VRS
—
~=
<
=~
=
-
+
=
I\-)< Q
o
X
N
~_—
<)
=
=
=
|
_

REMARK 4. In this case the corresponding Krepela constants A and A7 are just

recovered as Ag :Agl)(pi,7 I%) and A5 :Agz)(l%, pL,)
1 2 1 2

REMARK 5. There are not many results concerning bilinear Hardy type inequal-
ities then that by M. Krepela presented in Theorem A. However, some other results of
this type can be found in the recent PhD thesis [&].
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