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FOURIER COSINE-LAPLACE GENERALIZED
CONVOLUTION INEQUALITIES AND APPLICATIONS

NGUYEN XUAN THAO AND LE XUAN HUY

(Communicated by I. Peric)

Abstract. We introduce several weighted L,(R,)-norm inequalities and integral transform re-
lated to the generalized convolution with a weight function for the Fourier cosine and Laplace
transforms. Some applications of these inequalities to estimate the solutions of some partial
differential equations are considered. We also obtained solutions of a class of the Toeplitz plus
Hankel integro-differential equations in closed form.

1. Introduction

For the Fourier convolution (see [4])

(FER)0) = [ FOIKer—dy, xeR,

Young’s theorem (see [2])

‘/—o:o (f; k) (x).-h(x)dx

here f € L,(R), k€ Ly(R), h € L,(R), 1/p+1/q+1/r =2, is fundamental. An
important corollary of this theorem is the so-called Young’s inequality for the Fourier
convolution

< Ml ) &l 2wy 12 L, () » ey

1 1 1
< - _= —.
Hf;"k'kHLr(R) = ||‘fHLp(R) HkHLq(R)7 » + q 1+ (2)

r

Note, however, that for the typical case f,k € L(R), the inequalities (1) and (2) do not
hold. In [8], Saitoh introduced a weighted L,(R,|p;|) (j=1,2, p > 1) inequality for
the Fourier convolution

1
<F L, @ o 1212, (R0 102 1)
Lp(R)
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182 N. X. THAO AND L. X. HUY
where F; € L,(R,|pj|). The reverse weighted L, -norm inequality for the Fourier con-

volution has also been studied in [9].
For the Laplace convolution (see [4])

f*k /f k(x—y)dy, xeR;.
In [6], the authors have built the Saitoh’s type inequality for this convolution

1
<A, @ o) 121, @4 o))
Lp(R)

H((Flpl) (szz))(Plfpz)%_

where F; € L,(Ry,|p;|) (j=1,2,p>1). The reverse weighted L,-norm inequality
for the Laplace convolution has also been studied and applications to inverse heat source
problems (see [10]).

In this paper we are interested in the Fourier cosine-Laplace generalized convolu-
tion. It is the generalized convolution with a weight function y(y) = e *(u > 0) of
two functions f and g for the Fourier cosine and Laplace transforms (see [7])

- 1/2 0 (x,u,v) f(u)k(v)dudv, x>0, 3)
R+

where

v+ U n v+ U
v+ +(x—u)?  (v+pu)r+ (x+u)?

0 (x,u,v) = 4)

For f and k in L; (R} ), the following factorization property holds

F.(f%k)(v) = e ™ (F.f) ) (LK) (), Wy >0, (5)

here, let F;,.Z denote the Fourier cosine and the Laplace transforms

= \/%/ON f(x)cosxydx,

y) :/ k(x)e dx, y>0.
0

We obtain several inequalities related to the Fourier cosine-Laplace generalized convo-
lution (3) and apply them to estimate the solutions of some partial differential equations.
However, we are interested in integral transform related to this convolution and apply
solve a class of the Toeplitz plus Hankel integro-differential equations.
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2. Fourier cosine-Laplace generalized convolution inequalities

In this section, we will study the Fourier cosine-Laplace generalized convolution
(3) and related inequalities.

THEOREM 1. Suppose that f € Ly(R;) and k € Li(R..). Then, the generalized
convolution f fke Ly (Ry) satisfy the Parseval’s type identity

(F5K) (x) = Fo( e (Fef) (2K) ) (), ¥ >0, ©6)

and factorization identity (5).

Proof. From (4), we have

2 2
<= 7
< (7)

00 X V+lJ. /oo V+lJ.
0 du= | ————d T d
/0 6 v)ldu / (T B N O el

16 (x,u,v)| <

and

v+ .
_/ (v+u)? +t2dl 4 ®
From (7), (8) and using the Holder theorem, we have
Y 1 2 1/2 1/2
’(f*k)(x)‘é;[/R2+ LF () [*]6(x,u,v) | [k(v |dudv] [/R \}G(x,u,v)}dudv}

<UL 1rerwo) 2] ] [ kolsa]

T +
2 \1/2
= (ﬁ) R L
Therefore convolution (3) exist and is continuous.
(v>0) (formula (2.13.5), p. 91, [5]) and

v
By usin / e cosxydx = ——

the Fubini theorem, we obtain that
1 - 00
(f#k)(x) == /2 / e VTR (cos(x — u)y + cos(x + u)y)dy} fw)k(v)dudy
r2 LJo

= _/ _/m —(v+p)y Y (cosyx. cosyu)dy}f( Ye(v)dudv
R2

/f cosyudu/ k(v de cosxydy

- \/g /O e (Ef) () (LK) () cosxydy = F. (7 (Ff) (£5) ) (9):
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On the other hand, from f € L,(R) we get F.f € Ly(Ry), and since k € L; (R) we
get [(Lk)(y)| < 57 le 7 k(v)|dv <[5 [k(v)|dv < e (y > 0), that is, Lk is bounded.

Therefore ¢ (F.f) (£4) € Ly(R+) and F, (e 8 (Fof) (£K) ) € La(R..). Thus, the

convolution f 1 k € (R, and the Parseval’s type identity (6) holds. [J

THEOREM 2. (Young’s type theorem) Let p,q,r> 1 suchthat 1/p+1/q+1/r=
2,and f € Ly(Ry), k€ Ly(Ry, (x+ )7 (u>0), h€ L.(Ry), then

1g
STz, @) 1Kl L, e yoy 1PN L e, ) -

/0 " (L) ()h(x)dx

Proof. From (4), we have

= 0Cru)|dv _ = -
/ ’(xuv)|v<2/ dv 2<2/ ng2:E~ ©)
o viu o (v+u) 0o vi+ut ou

Let p1,q1,r1 be the conjugate exponentials of p,q,r, respectively, it means

1 1 1 1 1 1

—t—=1, ~4+—=1, —+—=1

V2 2| q 41 ro.n
Then it is obviously that 1/p;+1/g1+1/r; = 1. Put

—1 r 1
U (x,u,v) = k)| 77 [v-+ 1] 0 [R()| 77 10 x,u,v)] 71
0(x,u,v)
v+

v q q=1 1
W(x,u,v) = [ )" [kW)[7 v+ p] 7[00 u,v) [

€1
q1

V(x,u,v) = [ £()| 9 ()| 50

)

We have
(OVW) (x,u,v) = [ £ () |[k()[[A(x)] 16 (x,u,v)]. (10)

On the other hand, by using (8) we have

U = [ k)| v+ 7 R ()16 (x, e, v) | dudvdx (11)
Lpy (R}) R3

]
<n/ \k(v)|‘1\v+mf1*1dv/ Ih(x)| dx
0 0

= TR, g, oo P2

W g =/ £ @)IP|k(W) ||y + |97 |6 (x,u, v) | dudvdx (12)
L’l(R+) Ri

<Al e, HkHZ(R+,(x+#)q’l)'
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By using (9), we have

0(x,u,v) T ip ,
W\dudvdxg e MBI - (13)

q _ P r
VI ey = [ @I G
From (11), (12) and (13), we have

_ 1
101, 81V Wy sy W, oy < 0 L e Rl s gy I -
(14)

From (10) and (14), by the three-function from of Holder inequality we have

1

</ , LK 00 0)| dudv

/0 " (1) () dx

1
= —/ U (x,u,v)V (x,u,v)W (x,u,v)dudvdx
TR

1
< ;HUHLPI(Ri)||VHLq1(R1)||WHL,I(R3+)
1
<t fllL, oIkl @, e 1Al L@y )

g
=177 | fllL, @) Ikl &, ey 1Al Ry O

THEOREM 3. (Saitoh’s type theorem) For two positive functions p; (j =1,2),
the following L, (R )-weighted inequality for the Fourier cosine-Laplace generalized
convolution holds for any Fj € L,(Ry,p;) (p > 1)

H ((Fip1) X (F2p2)) (p1 le) po!

<AL eIl @ - (15)
LP(R+)

Proof. By raising the left-hand side of (15) to power p we obtain

p

H((Flpl)l(szz)) (p1 lpz)%l (16)

Lp(Ry)

_ %/:{)/Ri 6 (x, 1,v) (Fip1 ) (1) (Fapa) (v)dudv

‘ P

X ’/}RZ O(x,u,v)pl(u)pz(v)dudv’1_p}dx.
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On the other hand, ussing Holder inequality for q is the exponential conjugate to p, we

have
(17)

' [, 86x.3)(Fip1) () (Fapa) (v)dudy

1/p
< ([, 1ot IR G prG ) x|

+

X (/RZ |G(x,u,v)’pl(u)pz(v)dudv)l/q.

+

From (16) and (17), we have

L q|1P

H ((Fip1) U (Fap2)) (1 lpz) »

Lp(R)

<2 [ 100l 110 200 o

X </R2+ 6(x,u,v)|p1(u)p2(v)dudv>Z (/R2+ |9(x7u7v)|pl(u)pg(v)dudv) 1p]dx

= [ 1005 FL @) 91 ) I ()] o)

T JR3
1 1) 00 oo
<< [ IB@P piwdu [ IR pa(v)ay [0 uv)]dx

< ”Fle (Ry.p1) HF2||ZP(R+=P2) ’

P
Therefore we obtain (15). [l
Note, in particular, for p; =1 and p, = p € L;(R,), the inequality (15) takes the

form
14 -5
[ @), o) <10y WAy o 12 - (18)

THEOREM 4. Let F| and F, be positive functions satisfying

1

1 1 1
M} <o, 0<my <F(x)<M) <o, p>1, xeR,. (19)

1
0<m{ <F(x)
Then for any positive functions py and p> we have the reverse L,(R.)-weighted con-

volution inequality
L

H ((Fip1) ¥ (Fap2)) (p1 4 p2) ™

Lp(R+)
(20)

1 mimy -1
> [Apg ()| WEilleyce, ) 1Falry e, g



FOURIER COSINE-LAPLACE GENERALIZED CONVOLUTION INEQUALITIES 187

1 1 1
here, A, 4(t) = piéqfﬁtfﬁ (I—1)(1— t%)fﬁ (1— té)fﬁ . Inequality (20) and others
should be understood in the sense that if the left hand side is finite, then so is the right
hand side, and in this case the inequality holds.

Proof. With 6 is defined by (4), let
fu,v) = 0(x,u,v)F{ ()pr()Fy (v)p2(v),  g(u,v) = 0(x,u,v)p1(u)pa(v).
Then condition (19) implies

fu,v)
g(u,v)

Hence, one can apply the reverse Holder inequality for f and g to get

mymy < <MM,, uyveR,.

/ 0 (x,10,v)FY (1) pr (1) (V) (v) ) / 0 (x,1,)p1 (1)pa (v)dudv)

myny
SApg <M1M2>

Hence,

- 0 (x,u,v)F1 () F>(v) p1 (1) p2(v)dudv.

/ 0 (x,u,v)FF (u)p1(u)ES (v)p2(v)dudy

< [Ana( % /R , Ol R0)p (u)m(v)dudv)p

X </]RZ O(x,u,v)pl(u)pz(v)dudvyil. 21

By using (8) and taking integration of both sides of (21) with respect to x from 0 to oo
we obtain the inequality

7 /R L 0)p (W)F (v)pa(v)dudy

< [Apﬂ(]‘%)r /0 B ( /R  0(x,,9)Fi () 3 (4)p1 () pa(v)dudv)

X </R2 9(x7u7v)p1(u)p2(v)dudv>p_l] dx. (22)

Raising both sides of the inequality (22) to power 1% , we have
1

nr /Fp )p1(u) du /Fp )p2(v )d">

mima

<AM<W> /0 /R 00,1, V)(Fipa) () (Fspa) (v) )

X </RZ O(x,u,v)pl(u)pg(v)dudv>p ]dx}%.

Therefore the inequality (20). U
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3. Fourier cosine-Laplace generalized convolution transform

In this section, we will study the integral transform which related Fourier cosine-
Laplace generalized convolution (3), namely, the transform of the form

2
10 = 80 = (o )@ = (1= ) (FER) W+ )@} @)

Where f ;f k> is the Fourier cosine convolution of two functions f and k; (see [4])

1 oo
x k x:—/ k(lx—y|)+k(x+y)|dy, x>0,
(fFC 2) (%) Jax Jo FO) [ka(|x = y]) +kax+y)]dy
this convolution satisfy the following Parseval’s type identity (see [11])

(f ko) (x) = Fc((Fcf) (Fck2)> (x), Vx>0, f.ky € Ly(Ry). 24)

THEOREM 5. (Watson’s type theorem) Suppose that ky € Li(R) and ky € L,(R.),
then necessary and sufficient condition to ensure that the transform (23) is unitary on
Ly(Ry) is that

_ 1
e (L) 0) + (Feke) )] = 5 (25)
Moreover, the inverse transform has the form
d? — —
10 = (1= ) {eF ) 0+ (e ) @ }. 26)

Proof. Necessity. Assume that k; and k; satisfy condition (25) We known that
h(y). yh(y). yh(y) € La(R) if and only if (FR)(x). & (Fh)(x), L (Fh)(x) € Ly(R)
(Theorem 68, p. 92, [1]). Moreover,

2 2 oo
LN = =2 [ ey = £ ((-0800) )

Specially, if % is an even or odd function such that A(y),y*h(y) € Ly(R.), then the
following equality holds

(1= () ) = E (1149009 ) 0. @)

From condition (25), therefore e " (Zk; ) (v) + (Fek2) (v) is bounded, combining with
fE€Lx(Ry), hence (1+)?)[e ™ (L) (v) + (Feka) (v)] (F{Z}f) (v) € Ly(Ry). Using
Parseval’s type properties (6), (24) and formula (27), we have

60 = (1= L) R [ (R1)0) (2h) 0 )+(Ff)( (ER)W] 6 @)
= E[(1+3) (¢ (L0) 0) + (Fk) 0) ) (Fof) 0)] ().
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Therefore the Parseval identity || f||1,®,) = [[Fef|lL,®,) and condition (25) gives

lellym) = |1+ [ (Lh) () + (Feka) ()] (Fef) (y)HLZ(]lh)
= [|(Fer) (y)’|L2(R+) = Il e, -

It shows that the transform (23) is isometric.
On the other hand, since

(L4 [e ™ (L) (v) + (Feka) )] (Fof) (v) € La(R+),

we have

(Feg) () = (1+37) [e ™ (ZLh) () + (Foka) ()] (Fef ) (v)-
Using condition (25), we have

(Fef) ) = (1437 [e ' (Lh) () + (Foka) ()] (Feg) (v)-
Again, condition (25) shows that

(L+y) [ (L) () + (Feka) )] (Feg) () € La(Ry).

By using (27), we have
@) = F[(1+37) (e 2 (L) 0) + (FR) 0) ) (Fog) )] ()

= (1- };)Fc (7 (Fg) 0) (L) ) + (Feg) () (Fifa) ()] ()
= (1- ) [(e 5B+ (e £ ) 0]

Thus, the transform (23) is unitary on L, (R} ) and the inverse transform have the form
(26).

Sufficiency. Assume that, the transform (23) is unitary on L,(Ry). Then the
Parseval identity for Fourier cosine transform yield

lellye.) = [T+ [ (Lh) () + (Feka) ()] (Fef) (y)HLZ(]lh)
= [|(Fef) (y)’|L2(R+) = A1l e,

Therefore the operator Mg[f](y) = 6(y)f(y), here 0(y) = (1+?)[e ™ (Lk)(y) +
(Fk>)(v)] is unitary on L»(R4.), or equivalent, the condition (25) holds. [

REMARK 1. Suppose that k; € L;(R4) and k» € Lp(R.) such that

0<C <|(14+)")[e ™ (Lh) () + (Feka) )] | < Co < oo, (29)
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then Tj, 4, defines a isomophirm on L, (R ), and the following estimation hold

Cillflly®s) < Ngll®s) < Gl Ly ry)- (30)

Moreover, the inverse transform has the form
2

10 = (1-45) (g k) (), (3D

here k € L,(R.) such that

1

(1+4y?)? [e—“y(.ﬁfkl)(y) + (Fckz)(Y)] . 4

(Fek) (v) =

Proof. From (28) and (29), we have

& H (E.f) (Y)HLZ(RH < H(l +?) [e M (Lki) (v) + (Feka) (0)] (Fef) (y)HLz(R+)
<C[(FEAN O e, )

therefore estimation (30) holds.
Besides, from condition (29), we get

1 1
GO S U122 [ (Zh) () + (k) 0)]
1
Saity)

Therefore

1
(14+y2)2 e (Lh) (y) + (Foka) (v)]

€ Lr(Ry),

there exists k € Ly(R ) satisfy the condition (32). From (28) and (32) we have

1
( Cf)( ) (1_|_y )[ ,Hy(gkl)(y)_F(Fckz)(y)] (ch)(y)
1
(14+y2)2[eH (Lhk1) (y) + (Fckz)(}’)](
(ck)()’)( ) )
(1+y )F. (g * k) (y).

Fe

(1+y%) F:g)(y)

Thus, the inverse transform (31) holds. [
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4. Applications
Let us consider the Laplace equation in the first quadrant
Upy + Uy =0, 0<x,t < oo, 33)

with the boundary conditions

u(x.0) = (5 F(p)(1)) (), 0 <x <o (34)
uc(0,¢) =0, Vt >0, (35)
ue(x,2) = 0 asx — oo, 1 — oo (36)

here / and p are given functions such that 2 € Li (R, p)NL,(R1,p).
We introduce the Fourier cosine transform with respect to x of a function of two
variables u(x,1)

(Feu)(y,t) = \/g/omu(x,t)cosxydx. (37)

Applying the Fourier cosine transform (37) to both sides of (33), using conditions (34)—

(36), we have
d? )
o (Fat)(3.1) = Y (Fea) (1) = O, (39)

with the boundary condition

_ T o_
(Fo) (.0) = e W(\Ee “Y).f(hp)(y). (39)
The solution of the equation (38) with condition (39) is of the form

(Eu)(y7t) = (Fcu)(y,o)e_yt.

Using formula (1.4.1) in [3] and the factorization property (5), we have

(Fat) (1) = & (\/ge—”*“))z(hp)(y)

=W 02 he)0)

t+a Y
- F(m * (hp)(f)> (»:1).

Therefore

) = (Gt Fo)(®) ) (),

*k
1+a)?+1?
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For each ¢ > 0, using inequality (18) we obtain the following estimation

t+a

(TPt 17|z, (. p)

1—-1

llullz, @) <Pl &
I( +) LI(R+) LP(R+)
_Tp—3)

I'(p)

Here, T'(.) denotes the Gamma function I'(s) = ["#*~le~'dt.

-4 _
1011y, oy Il . ) (1 ).

Consider the initial value problem for the one-dimensional diffusion equation with

no sources or sinks
U = kity, 0<x<oo, t>0.
with the boundary conditions
uy(0,1) =0, Vt >0,
ue(x,2) — 0 as x — oo,

u(x,t) — 0 as x — oo,

and the initial condition

m‘l\-’

e

u(x,0) = ( = l(h,;)(r))(x), 0 < x < oo,

(40)

(41)
(42)
(43)

(44)

where £, p are given functions such that 2 € Li(Ry,p)NL,(Ry,p), and k >0 is a

diffusivity constant.

Again, by applying the Fourier cosine transform (37) with respect to x to both

sides of equation (40) and using conditions (41)—(44) we obtain

%(Fcuxy,t) =~k (Fea) (1),

with the initial condition

(Fat)(,0) = & (\/ge—“yz)a%(hp)(y).

The solution of the equation (45) with condition (46) is of the form

(Fea)(3.1) = (Fea) (3. 0)e ™.
Using formula (1.4.11) in [3] and the factorization property (5), we have

(Feu) (1) = e (\/ge_yz(’“*”))f (rp)(y)

72
e Alki+a)

— e WE, ( \/kt——|—a) 1)L (hp)(y)

2

e_“(’:’—“') Y
— (= L0 ) 0

(45)

(46)
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Therefore

2

(™ y .
() = ( — (hp)(r))( ).

For each ¢ > 0, using inequality (18) we obtain the following estimation

2
e Akita)
kl + allr

1

T

Consider the Toeplitz plus Hankel integro-differential equation

17llz,®,.p)

b
||u||Lp(R+) S ||pHL1(R+) »(Ry)

S+ 1" (x) + l—ﬁ / F)[k(x—u) +k(x+u)du=h(x), x>0, (47)
f(0) = f(0) =0,

where

Lo v+ U 1
k(t)_E/o m‘l’( v)dv EW(M)’ u >0,

and @, y,h are given functions and f is unknown function.

THEOREM 6. Suppose @, ¢” € Li(Ry), ¢'(0) =¢(0) =0, y,h € Ly(R) and
the following condition holds

sup
yeERy

[1+e™(L9) ) + (Fy) ()] ’ < oo, 48)

Then equation (47) has unique solution in L,(Ry). Moreover, the solution can be
presented in closed form as follows

10 =2 (g )00\ F () 2 )0 @9)

where q € Ly(Ry) is defined by

e (Z9)0) + (Fy)0)

50
l4+e(Z29)(y)+ (Few)(y) C

(Feq)(y) =

Proof. The equation (47) can be rewritten in the form related to the transform (23)

10+ 70+ (1) [P+ (rpv)] =he. 6D
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By using Parseval’s type identities (6) and (24) for the equations (51), we get

(Fef) ) + Y (Fef) ()
+ (1 +y2) [eiuy(Fcf) (y) (gq)) (y) + (Fcf) (y) (FCW) (y)] = (Fch) (y)7

therefore
(FS) ) [1+52+ (1432 (e (L) 0) + (Fw) )] = (FR) ). (52)

From condition (48) and (52), we have

(Fef)(y) =

(Feh)(v) [1 (L)) + (Fey ))y } (53)

1+y? l+e (L)) + (Foy

On the other hand, from the hypothesis of this theorem and using formula (2.13.5) in
[5], we have

e (Zo)(y)=e

(e ten)0)

= \/ge”y (Fceft) (y).f(qo + (P”) )

- @F (e Lo +97)0):

Therefore

(L)) + (Fey) (v) = Fe [@ (X9 +0")+y| () € La(Ry).  (54)

From (54), therefore there esixts a function g € L,(R.) defined by (50). Thus, from
(53) and the hypothesis of theorem, we have

(Ff) ) = @ (e ) 0) (FR)0) 1 (E))]

- \/gF (hxe) )~ \/gF (kg e) () (Feq) )

- \/ch(h; e )y) - ch<(h;E ) x q) () € L2(R+).

c c

Therefore, we obtain solution f in Ly(R.) defined by (49). O
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