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HEINZ MEANS AND TRIANGLES INSCRIBED
IN A SEMICIRCLE IN BANACH SPACES
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(Communicated by H. Martini)

Abstract. In this paper, we introduce two classes of new geometric constants for Banach spaces
by using the Heinz means that interpolate between the geometric and arithmetic means. One
of these constants is closely related to the modulus of convexity of the space and it seems to
represent a useful tool to estimate the exact values of the James and von Neumann-Jordan con-
stants of some Banach spaces, while the study of the other one seems to be more complicated.
Moreover, we investigate some geometric properties related to these constants and calculate the
precise values of these two constants for several Banach spaces. We also study the stability under
norm perturbations of these constants.

1. Introduction

There are various ways for constructing the means between two positive numbers
a and b. One of the most remarkable, which interpolates in a certain way between
the arithmetic and geometric means is the so-called Heinz mean M, in the parameter
0 < v <1, defined by
avbl—v _|_a1—vbv

2

One can easily show that the Heinz means are “inbetween” the geometric mean and the
arithmetic mean, i.e.

My(a,b) =

a+b
2 )

\/asz%(a,b)<Mv(a,b)<M1(a,b): v e [0,1].

It is easy to see that the Heinz mean is convex as a function of v on the interval [0, 1],
attains minimum at v = %, and attains maximum at v =0 and v = 1. Moreover,
My (a,b) is symmetric with respectto v = 1, i.e.

My (a,b) =M, _y(a,b), v eo,1].

Throughout the paper, we shall assume that X is a Banach space with the dual
space X*. As usual, we willuse Sy ={x€ X : ||x|| =1} and By ={xe€ X : |x|| < 1}
to denote the unit sphere and the closed unit ball of X, respectively.
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Recently many investigations have been devoted to geometric constants of a Ba-
nach space X, which enable us to make precise descriptions on various geometric prop-
erties of X . It should be noted that if y and —y are antipodal points on the unit sphere
Sx, then ||x+y]||, |[x—y| and 2 can be regarded as the lengths of the sides of the trian-
gle T,, with vertices x, y and —y lying on Sx . Therefore, many geometric constants
of Banach spaces can be regarded as the result of some kind of estimation of the lengths
of the sides of these triangles when x and y move on Sy . For instance, if we consider
the arithmetic mean of the lengths of the non-constant sides of T, , we get the constants

Ay(X) = inf sup My ([Jx+ [, lx—y])
XESXyeSX

and
Ar(X) = sup My(Jlx+yl, [lx=yl),
X,yESx
introduced by Baronti, Casini and Papini [4] in 2000.
Moreover, if we consider the geometric mean of the lengths of the non-constant
sides of Ty, , we get the constants

t(X) = inf sup My (Jlx+ ], [lx—yl)

xeSx yeSx

and
T(X)= sup My ([lx+yll,|lx—yl),
x,yeSx 2
introduced by Alonso and Llorens-Fuster [1] in 2008.

Following this line of research, we will introduce two classes of new geometric
constants based on averaging the lengths of the sides of T, by considering the Heinz
means, which are more general than the above constants. These constants are also
proved to be connected with the well known modulus of convexity and other geometric
constants which allow us to compute the precise values of these two constants for some
interesting spaces. The results presented in this work are more general than the known
results about the constants mentioned above.

2. Preliminaries

We start by reviewing some notions and definitions which will be needed in the
sequel.

The Clarkson modulus of convexity of X [10] is the function Jx : [0,2] — [0, 1]
given by

[lx+ Il
2

Sx(e) = inf{l -

: 3y € By, =] > e}
: }

:inf{l Iyl tx,yESx, |[x—y||=¢€
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The function 8y is continuous on [0,2), increasing on [0,2] and strictly increasing on
[€0(X),2], where & (X) =sup{e € [0,2] : 8x(&) =0} is the so-called the characteristic
of convexity of X. A Banach space X is said to be uniformly convex if dx(g) > 0 for
0<e

< 2, or equivalently, if & (X) = 0.

Recall that a Banach space X is called to be uniformly non-square (see [11]) if
there exists & € (0,1) such that either ||x+y[| <2(1—6) or [[x—y| <2(1 — &) when-
ever x,y € Sx, a property which in its turn implies that X is reflexive. It is easy to
check that X is uniformly non-square if and only if & (X) < 2.

In order to measure the degree of uniform non-squareness of X, Gao [8] in 1982
defined the constant

J(X) = sup min{[x+yl, [x—yl}
X,yESx
usually called the non-square or James constant. It is related to the Clarkson modulus
by the equality

J(X)zsup{s € (0,2) : Sy (e) <1—§}.

Gao [8] also introduced the constant

xXESY

Jj(X) = inf sup max {|x+yl|,[lx—yl}.
YESX

In connection with the celebrated work of Jordan and von Neumann concerning in-
ner products [12], the von Neumann-Jordan constant of X was introduced by Clarkson
[5] as the smallest constant C for which

1 eyl 4l —yl?

< <C
C 201l + 121

holds for all x,y € X with (x,y) # (0,0). If C is the best possible constant on the right-

hand side of the above inequality, then so is % on the left-hand one. An equivalent

definition of the NJ constant is found in [13] as

[+ (> + [Jx — y[I? }
1 x€Sx,y€Bx ;.
2(112(1+ 11y*1)

As regards the above constants, we collect some basic properties of them (see
[1, 4, 14]):

Cvy(X) = SUP{

() V2<J(X)<T(X)<Ax(X)<2and 1 <Cyy(X)<2;
(i) max {J(X),/2e0(X)} < T(X) <Ax(X) < /2Cns(X);
(iii) X is a Hilbert space if and only if Cy;(X) = 1;

(iv) If X is a Hilbert space, then J(X) = /2, T(X) = v/2, Ay(X) = /2 and the
converse is not true for each condition;
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(v) Cny(X)=Cns(X*) and Ax(X) = A2(X*), whereas J(X) # J(X*) and T(X) #
T(X™) in general;

(vi) X is uniformly non-square if and only if one of the following is true:

@J(X) <2, (B)Cw(X)<2, (OTX)<2, (d)As(X)<2.

Now, let us introduce the constants based on the Heinz means of the lengths of the
sides of Ty, .

DEFINITION 1. For a given Banach space X, let

Hy(X) = sup My (|lx+yl,llx=y])

X,yESx
B e ey G LB
X,yESx 2

and

hy(X) = inf SUPMV(HX‘H’H»HX—)’”)
X€5XyeSX

Vily 1-v 1=V _ VvV
_ inf sup e+ A = I 4 el e =yl
xESXyeSX 2

where 0 < v < 1.

REMARK 1. Obviously, v2 < Hy(X) <2 for0< v < 1.

3. Properties of H,(X) and £, (X)

From the definitions, it is clear that 4, (X) < Hy(X) for any space X . Since

min { -+ y[l, x =yl } < V/llx+ vl [lx =y

eyl =y ey Ve — Il
= 2

< HX+y||ﬂ2LHx—y||7

it follows that
J(X) <1X) < hy(X) <AL(X) <2 3.1)
and

J(X) < T(X) < Hy(X) < Ax(X) <2. (3.2)
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1
EXAMPLE 1. It is well known (see [1, 4]) that 7(¢,) = A({,) = 27 for 1
p < 2. Hence, from (3.1) it follows that also &y (X) = 27. Moreover, T ({,)
Asx(Lp) = max{ZTl’,Zlfé} for all 1 < p < eo. Consequently, (3.2) gives Hy({,)

1 1
max{27,2' "7},

(TIV/AN

EXAMPLE 2. For X = (R?,|| - ||), it is shown in [1] that 7(X) =2 and in [4, 9]
that A»(X) =J(X) =T (X). Hence, from (3.2) it follows that H, (X ) = 2. Furthermore,
it is well known (see [1, 4, 9]) that #(X) = v/2, A{(X) = % and j(X) = L. Therefore,
thanks to (3.1), we have v/2 < hy(X) < % . Note that this is a space for which j(X) <
hy(X).

EXAMPLE 3. Let X, be the space R?> endowed with a norm whose unit sphere
is a regular octagon. In [1, 4] it has been shown that 7(X,) = T(X,) = A1(X,) =
A(X,) = V2. Therefore, by applying the inequalities (3.1) and (3.2), we obtain that
also hy(X,) = Hy(X,) = V2.

We shall see that the constant Hy (X) allows to characterize uniformly non-square
spaces. It was shown that a Banach space X is uniformly non-square if and only if either
A»(X) <2 or T(X)<2. So bearing in mind inequalities (3.2), we get the following
proposition.

PROPOSITION 1. A Banach space X is uniformly non-square if and only if Hy(X)
<2for0<v<I1.

PROPOSITION 2. A Banach space X is not uniformly non-square if and only if
any of the following properties hold:

() Hy(X)=2;
(i) J(X)=2.

Proof. 1t is known that both A>(X) =2 and J(X) = 2 characterize the spaces
which are not uniformly non-square (see [4, 9]). From (3.2) it follows that the same is
the case for Hy(X)=2. O

With respect to the other bound of Hy(X) in item (i) of Remark 1, the follow-
ing proposition shows that it is attained in Hilbert spaces, but Example 3 tells us that
H,(X) = /2 is not characteristic of such spaces when dim(X) = 2.

PROPOSITION 3. If X is a Hilbert space, then Hy(X) = /2 for 0 < v <1 and
the converse does not hold in general.

It is natural to ask which necessary and sufficient conditions hold for Banach
spaces X satisfying H,(X) = V2 for 0 < v < 1. It is shown in [14] that, for a Ba-
nach space of three or more dimensions, the James constant becomes V2 if and only
if X is a Hilbert space. Using the same method in [14], we can get the following
proposition, which answers a question posed by Alonso and Llorens-Fuster [1].
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PROPOSITION 4. If dim(X) > 3, then Hy,(X) =+/2 for 0 < v < 1 if and only if
X is a Hilbert space.

With respect to the bounds of 4, (X), it is obvious that 4, (X) < 2. The following
proposition provides some information about the extreme value 2.

PROPOSITION 5. Let 0 < v < 1. For a Banach space X the following properties
are equivalent:

0 j(X)=2;
(i) hy(X)=2.

Moreover, any of the above properties implies that X is a not-uniformly non-square in-
finite dimensional space. Consequently, in finite-dimensional spaces the two constants
are less than 2.

Proof. From the inequality

the above conditions are equivalent. In [1, Proposition 9] it is proved that X is a not-
uniformly non-square infinite-dimensional space whenever j(X) =2, which completes
the proof. [J

In [4] it is shown that if X is any of the spaces ¢, ¢, Or I, then A;(X) = % . This
proves that for such spaces Ay (X) < % and that the reciprocal result to the one in the
second part of Proposition 5 is not true. Moreover, if X is any of the spaces CJ0,1],
Co[0,1], or L;[0,1], then A; (X) =2 which implies that 4, (X) =2. Also it is proved in
[23] that if dim(X) = 2, then A;(X) < 3, and then the same bound is valid for &, (X).
Notice that this estimate is an improvement of a result given by Baronti, Casini and
Papini [4].

[S][o8]

PROPOSITION 6. Let 0 < v < 1. For any Banach space X, hy(X) > MV(I,

).

Proof. Suppose that x € Sy . In any two-dimensional subspace of X that contains
x we can find z € Sy such that ||x—z||=1. Let w=x—z. Thus, 3x = (x+w) + (x+2)
which gives 3 < [[x+wl|| + |[x+z|. Hence, either |[x+w| >3 or ||x+2|| > 3 with
|x—wl|| = ||x—z|| = 1. Therefore, we have

3
sup My (-1 e 31) > Mo (1.3 ).
yESX

Since x is arbitrary, so we obtain the desired inequality.

According to Proposition 19 of [1], we get the following result.
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PROPOSITION 7. For every Banach space X,

2 < J(X)I(X) < hu(X)I(X) < hy(X)Hy (X).

REMARK 2. With regards the inequalities in Proposition 7 all the situations are
1
possible. Gao [9] showed that j(£,) =J(¢p) = 27 for 1 < p <2, whereas j({,) =27

and J(¢, ) =2'" » for 2 < p < eo. Therefore, j(£,)J(¢,) >2 for 1 < p <2 and
Jp)J(t,) =2 for 2 < p < e. Example 1 shows that j(£,)J(¢,) = hv(ﬂ () =
hy(€,)Hy (L)) = 20 >2for 1 < < p < 2. Example 2 shows that for X = (R? || - ||.), we
have hy(X) =+/2 and Hy,(X) =2 and from [9] we know that j(X)=1 and J(X) =2.
Therefore for this space we deduce that 2 = j(X)J(X) < hy(X)J(X) < Hy(X)J(X).
Example 3 shows that all the inequalities can be identities.

Now, let us state an identity between the modulus of convexity and Hy, (X) which
is motivated by [6].

THEOREM 1. For any Banach space X,
Hy(X) = sup{Mv(&Z(l ~8x(e)) 1 0<e< 2}7

where 0 <v < 1.

Proof. Suppose that 0 < v <1 and

sup {Mv (e.2(1—by(e))) : 0< e < z} —K.
From the definition of 8y (€), we have 8x ([lx—y||) < 1—3|lx+y| for x,y € Sx. Then
[+ YV =YY 4 [yl =yl
2

V21 (1 3x(e)) TV V2 (L - Sk () _
X 2 o

from which it follows that Hy (X) < K. On the other hand, let 0 < € < 2. Then, for any

€
N > 0 there exist x,y € Sy such that |[x—y||=¢€ and 1— Hx?” < &x(€) +n. Hence,
we have

[ e [ e

2
72! V(1 8x(e))' ¥ + €' 2V(1 - 5x(e))
= 2 .

Hy(X) >

Since 7 is arbitrary, it follows that H, (X) > K and hence the desired equality. [
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COROLLARY 1. For any Banach space X,
max (J(X)7MV(£072)) < Hy(X),
where 0 < v < 1.

The following example shows a space for which the modulus of convexity is
known and for which we can compute H, (X) by applying Theorem 1.

EXAMPLE 4. Let W be the space R? endowed with the norm
Ie1,32) |y, = max {24 /3 3}
Hence, due to [3], we know that

0 0<e

N

: <e< V3,
2 16
Sw(e)=q1-2¢/1-5, V3<e< /2,

L—y/1-%, J¥<e<2.

By virtue of Theorem 1, we obtain
Hy(W) =M, (vV3,2(1 - 8w(v/3))) =37 .27V 437 2" 1,

In particular, it is elementary to check that T(W) = v/2v/3 ~ 1.8612 and Ay(W) =
1+ \/Tg ~ 1.8660. Therefore, v/2v/3 < Hy(W) < 1+ \/TE It is easy to check that
J(W) = % ~ 1.7888. Consequently, for this space W, we have J(W) < H,(W).

It is clear that for all Banach spaces X,

max {J(X),v/2&(X)} < Hy(X) < /2Cny(X), (3.3)

where all the terms coincide if X is not uniformly non-square.

The inequalities (3.3) allows us to obtain H,(X) for some spaces for which J(X)
and Cyy(X) are well known.

EXAMPLE 5. Let V be the space R? endowed with the norm

||(x1,x2)||v = max{\/x% +2x3, \/2x% —|—x%}.

The closed unit ball of V is just the set

By :max{(xl,xz) cR?: x%+2x% < 1,2x%+x§ < 1}.
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Notice that & (V) = 0. In [16] it was shown that

4 8
CNJ(V) = = and J(V) = =.
3 3
Therefore, J(V) = 1/2Cn;(V) and from (3.3), we get
8
Hv(V) == 5.

EXAMPLE 6. For § > 1, let Xp be the space ¢, endowed with the norm
x| = max {||x]l2, B[l }
The spaces Xp have been extensively studied because they play a major role in Metric

Fixed Point Theory. It is shown in [13] that
and

Cws(Xp) = min{2, B?} J(Xg) = min{2, BV2}.

In particular, if 1 < B < /2, CNJ(Xﬁ) = B? and J(Xﬁ) =BV2 >

1\/2+/B?% — 1. Therefore, thanks to (3.3), we obtain

Hy(Xg) = BV2.

2¢0(Xp) =

EXAMPLE 7. For A >0, let Z; be the space R?> endowed with the norm

1
xla = (Il + AllelZ) 2

It is shown in [24] that

(i) if 2< p< g < oo, then J(Z)) =2
2P 4724

Thus, J(Z;) = \/2Cys(Z;) and from (3.3), we get

A+1
S e
P+ q

2 2 2 2
2P 4724 _ 2P 4A24
711 and Cyy(Z) = 20+1)

(i) if 1 < p<g<2,then J(Z;) =

2Cny(Z;) and (3.3) gives

Hence, J(Z)) =
25 + A2
P q
Hy(Z) =\ =51

Moreover, it is proved in [25] that
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=N
1

27
+2

(iii) if 1 <p <2< g< oo, then Cyy(Zy) < 2
2

ESIS)
>

Thus, by applying (3.3), we have

Hy(Z;) <\/2Cw(Z) <
1

On the one hand, let x; = (a,a) and y; = (a, —a), where a = \/ﬁ Then [|x1]|, =
20 +A24

2(2%+27L)
2ir+2

villa =1, x1 +y1 = (2a,0) and x; —y; = (0,2a). Hence, we obtain

A+1
Hy(Z3) 22 [ 5
2r 4+ A24

On the other hand, let x, = (b,0) and y, = (0,—b), where b = \/%H Then [|x;||; =

IIv2lla =1, x24+y2 = (b,—b) and x, — y» = (b,D). Hence, we get

2 2
Hy(Z;) = \/ %
Therefore, we have
2 2
maX{%/ Atl A ZP;LW } <HY(Z3) <
25 4224 +1

In the next example, we calculate the constant H, (X ) for two-dimensional Lorentz
sequence space X = d® (w,q) where 2 < g < o. For more detailed discussion and
some results concerning Lorentz sequence spaces, we refer the reader to [7, 18, 22].

EXAMPLE 8. (Lorentz sequence space). Let w = (wy,wp) with wy > wy > 0.
For 2 < g < oo, the two-dimensional Lorentz sequence space d (2)(w,q) is defined as
the space R? endowed with the norm

1

3 lhwig = {9 w2y}

where (Jx|*,|y|*) is the rearrangement of (|x|,[y|) satisfying |x|* > |y|*. One has that

J(d<2>(w,q)):2< " )é and CN,(d<2>(w,q)):2< " )5.

w1 +ws w1 +ws

Therefore, J(d(2)(w, q)) = 1/2Cns(d® (w,q)) and due to (3.3), we get

Hy (d® (w,q)) = 2( M ) é.

w1 +wp
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We now compute the constant Hy(X) in the case when X is a two-dimensional
Cesaro sequence space cesgz) . The Cesaro sequence space was defined by Shue [21] in
1970. It is very useful in the theory of matrix operators and others.

Let ¢ be the space of real sequences. For 1 < p < oo, the Cesaro sequence space

ces,, is defined by

ces, = {re s 1l =60} = ( 3, (12|<>)) <=},

The geometry of Cesaro sequence spaces and their generalizations have been exten-
sively studied in [7, 17, 19, 20, 21]. Let us restrict ourselves to the two-dimensional

Cesaro sequence space cesg,z) which is just R? equipped with the norm defined by

o= (2521

EXAMPLE 9. (Cesaro sequence space). The two-dimensional Cesaro sequence

space cesgz) is defined as the space R?> endowed with the norm

o= (552))

Cny (cesgz)) =1+ % and J(cesgz)) =[2+ %

Therefore, J (cesg,z)) =1/2Cny (cesg,z)) and thanks to (3.3), we obtain

2
H, (cesgz)) =,/2+ 7

The equality J(X) = 1/2Cn;(X) holds in the above examples. Although it seems
to suggest some kind of symmetry, it is untrue in general, as the following example
shows.

for all (x,y) € R?.

It is shown in [19] that

EXAMPLE 10. (Day-James (.. — ¢, space). Let {.. — | be R?> endowed with the
norm defined by

5 = 1 2 X
H(X 7xZ)H ) X1X2 <
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Thus, &, (€) = max {0,551}, In [13] it was shown that J(lw —¢;) = 3. From
Theorem 1 it immediately follows that Hy (le — ¢) = % The calculation of the von
Neumann-Jordan constant of this space was a part of Problem 2 in [13]. It was solved
independently in two recent papers, namely [26] and [2], and the value is Cyy(few —

) = HT‘E. Therefore, we have
3
J(low— 1) =Hy(lo — £) = 5 < V2CNj (oo — £1) = 1.618.

EXAMPLE 11. (Day-James ¢, — /1 space). Let /> —/; be R?> endowed with the
norm defined by

| (x1,x0)|| = |(x1,x2)]]2,  x1x2 >0,
’ )l xixe <O0.

In [13] it was shown that J(¢; — (1) = \/g ~ 1.633. Moreover, from [2] and [26] we

know that Cyy (¢ — 1) = % It is well known [10] that £ (¢, — ¢;) = +/2 and that the
modulus of convexity &, ¢, is the function

<V2,

5 B 0, 0<e<
) €)=
o min{l1-1/2-5,1-/1-8}, vV2<e<2.

Owing to Theorem 1 it is easy to derive that
Hy(lr—0) = My (V2,21 = 8,4, (V2)) =272 +2°7 .

In particular, we have T'(f; —£1) = v/2v/2 (see [1]) and Ax(ly —£;) =1+ 4 (see

[11). Thus, \/2v2 < Hy (£, — 1) < 1+ Y2 . Note that T (£, — £,) < A (¢2— £1). With
the help of inequalities (3.3), for this space one has

J(ly —01) < \/2e0(ly — 1) < Hy(by — 1) < /2Cnj(by — £1).

On the other hand, it is easy to check that, in fact, the dual space (¢, —¢;)" is just
R? endowed with the ¢, — (., norm defined by

| (x1,x2) || = [(x1,%2)[l2,  x1x2 20,
, H('xl7'x2)Ho<)7 xX1xp < 0.

Again from [13] we know that J((¢, —£1)*) > 1+ % ~ 1.7071 > J(ly —£;). Itis easy

to see that Cyy(ly —€1) =Cny((l2 —£1)*) = % and & ((¢, —¢1)*) = 1. Bearing in mind
inequalities (3.3), we deduce that

L+ —= <UL 0)) ST (L~ 1)) < Ho((6— 01)")

Sl -

1
<A ((h—0)") =As(ly— L) =1+ —=.

S
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Hence, J(({;—01)*) =Hy((lp—01)") =1+ % > Hy (¢, — ¢y). In particular, we have
T((ta=01)") =1+ 55 > V2V2=T(l 1) and Ay((2— 1)) = Ap(l — 1) = 1 +

% . Note that the space ¢, — ¢ is an example for which Hy (¢, — ¢1) # Hy((¢2 —£1)*)

in general.

4. Stability under norm perturbations
THEOREM 2. For any Banach space X,

Hy(X) = sup My(|lx+yl],|lx—yI])

xX,yEBy

and

hy(X) = inf sup My (|lx+ [, |lx—yll),
XESXyEBX
where 0 < v < 1.

Proof. Suppose that u € Sy and v € By . It follows from [15, p. 60] that there
exist x,y € Sy such that

Ju—v[|=lx=y[  and  flutv|]<|x+y[
Hence, we have

My ([l = ][, [l +v[) < My ([lx+ ¥l =)

< sup My ([lx+yll, [lx—yll)
X,yESx

== HV (X) 5
from which it follows that

Hy(X)> sup  My(|lx+yll,[lx— ).
xeSX,yEBX

On the other hand, let u,v € By assume without loss of generality that ||u|| > ||v|| > 0.
Thus, we have

u 1%

lull el

u 1%

Jull ]

)

My (=], Jlu+v])) = ||u||Mv(

< sup My([lx+yll, lx—=yl).
XESX7y€BX

This implies that

sup My ([lx+yll,[lx—yll) > sup My (|lx+yll, [lx—])
xSy ,yeBy X,yEBy
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and so the first identity follows. Similarly, we get the second identity. [

Recall the Banach-Mazur distance between isomorphic Banach spaces X and Y
is defined as

d(X.y)=if{||TI|T~"]},
where the infimum is taken over all bicontinuous linear operators 7 from X onto Y.

THEOREM 3. Let X and Y be isomorphic Banach spaces. Then for 0 < v < 1,

Hy(X)
a7y < H ) <HOAXY).

In particular, Hy(X) = H,(Y) if X and Y are isometric.

Proof. Suppose that x,y € Sx. By the definition of Banach-Mazur distance, for
each € > 0, there exists an operator 7 from X onto Y such that

ITINITH < d(X,Y)(1+e).

Consider
Txy Tx;

V1= €By and y» = — € By.
[l [l

According to Theorem 2, we obtain

IT(|My (|7 1 +32) [, 1T = 2) )

<d(X.Y)(1+&)My(|lyr + 2l lyr = y2))
<d(X,Y)(1+)H,(Y),

My ([lx1 +x2l, [Jx1 = x2[)

which implies that
Hy(X)<d(X,Y)(1+€e)H,(Y).

The last inequality is true for every € > 0, so we obtain the left-hand side of our as-
sertion. The right-hand side of our assertion follows by simply interchanging X and
y. 0o

COROLLARY 2. Let X; = (X,||-||1) and Xo = (X, || -||2), where || - ||y and || - ||2
are two equivalent norms in X such that

af- [ <[[-<Bl-1h  (0<a<p).

Then
G Hv0) < () < gHvOﬁ%

where 0 < v < 1.
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Proof. This follows from Theorem 3 and the fact that d(X;,X») < g . O
A Banach space X is finitely representable in a Banach space Y if for every € >0
and for every finite-dimensional subspace Xy of X, there exists a finite-dimensional

subspace Yy of ¥ with dim(Xy) = dim(¥y) such that d(Xp,Yp) < 1 +€.

COROLLARY 3. Let X be a Banach space which is finitely representable in Y .
Thenfor 0 < v <1,

() Hy(X) <Hy(Y).
(i) Hy(X™)=H,(X).

Proof. (i) For any x,y € Sx, let Xy be a two-dimensional subspace that contains
x and y. For every € > 0, since X is finitely representable in Y, there exists a two-
dimensional subspace ¥ of ¥ such that d(Xp,Yy) < 1 + €. By virtue of Theorem 3 to
the pair of Xy and Y, we obtain

Hy(X) < (1+¢€)Hy(Y).

The last inequality is true for every € > 0, so we obtain the desired inequality.

(ii) For any Banach space X, by using the principle of local reflexivity, X** is
always finitely representable in X . Hence, due to (i), we have H,(X*™*) < H,(X). On
the other hand, X is isometric to a subspace of X** and so H,(X) < H,(X**). O
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