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WEIGHTED MORREY ESTIMATES FOR HAUSDORFF OPERATOR
AND ITS COMMUTATOR ON THE HEISENBERG GROUP

JIANMIAO RUAN, DASHAN FAN AND QINGYAN WU

(Communicated by S. Varosanec)

Abstract. In this paper, we study the high-dimensional Hausdortf operators, defined via a general
linear mapping A, and their commutators on the weighted Morrey spaces in the setting of the
Heisenberg group. Particularly, under some assumption on the mapping A, we establish their
sharp boundedness on the power weighted Morrey spaces.

1. Introduction

Let R" be the Euclidean space of dimension n. Lerner and Liflyand in [ 18] studied
the Hausdorff operator He 4 defined by

Hoa(0) = [ D0 rtatya,

R [y["

where A(y) is an n x n matrix satisfying detA(y) # 0 almost everywhere in the support
of a fixed integrable function ®. By choosing

A(y) = diag[L/[y[,1/[yl,-.., 1/Iyl],

one then defines Hg 4 in this special case by

Ho(n) = [, T ()

R [y |

In the definition of Hep 4 (f), for simplicity, one may always assume that functions f
initially lie in the Schwartz space S. After we establish the boundedness of He 4 (f) for
f €S on anormed (or quasi-normed) space X, we can use a standard dense argument
together with the Hahn-Banach theorem to easily extend the boundedness of Hg 4 to
the whole space X. For the Lebesgue space L” (p > 1) and the Hardy space H!, the
boundedness of Hg (even Hg 4 ) are well established (see [4, 7, 19, 20, 23, 24, 27,
30, 35]). Besides spaces L” and H'!, the boundedness of Hg and its special cases
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on other function spaces was recently also studied by many authors (see, for instance,
[5, 15, 22, 26, 31, 32, 36, 37, 38] and the references therein). Here, we recommend
two recent survey papers [6] and [21] for understanding further the background and
historical development of this research topic. Particularly, it is notable that many well
known operators in analysis can be derived from the Hausdorff operator if one chooses
suitable generating functions @ [6].

This paper is aimed to study the Hausdorff operator on Morrey spaces. The classi-
cal Morrey spaces introduced by Morrey [28] are a useful work frame in the study of the
existence and regularity of partial differential equations. It has been obtained that many
properties of solutions to partial differential equations are concerned with the bound-
edness of some operators on Morrey type spaces. Therefore, in recent years there has
been an explosion of interest on the boundedness of operators in Morrey type spaces.
For this information, one can refer to [1, 3, 9] and references therein. On the other hand,
Chiarenza and Frasca [8] established the boundedness of the Hardy-Littlewood maxi-
mal operator, of the fractional integral operator, and of the singular integral operator on
Morrey spaces. Subsequently, Komori and Shirai [17] extended the results of [8] to the
weighted Morrey spaces. Alvarez, Lakey and Guzran-Partida [2] studied the central
Morrey spaces.

Inspired by above mentioned research, the purpose of this paper is to study the
boundedness of Hausdorff operator, as well as its commutator, on the weighted central
Morrey spaces in the setting of the Heisenberg group L7 (H";w) (see next section for
the definition). We remark that the Hausdorff operator is a linear operator, while we
can view its commutator as a bilinear operator (see Definition 1.1).

The Heisenberg group H" is a non-commutative nilpotent Lie group, with the
underlying manifold R?* x R and the group law

n
X-y= (xl +y1,X2 42, Xon + Yans Xont1 + Yon+1 + 2 Z X+ j —xjyn+,-)> )
j=1

where x = (x1,x2, -+, X2u+1), ¥y = (¥1,¥2,"-*,Y2n+1). The geometric motions on the
Heisenberg group H" are quite different from those on R" due to the loss of inter-
changeability. On the other hand we find that H" inherits some basic structures of
R". These inheritances are good enough for us to study the Hausdorff operator on H".
Also, since the Heisenberg group plays significant roles in many math branches such
as representation theory, several complex analysis, harmonic analysis, partial deferen-
tial equations and quantum mechanics (see [12, 34] for more details), an extension of
Hausdorff operator to the Heisenberg group seems interesting and encouraging.

By the definition, the identity element on H” is 0 € R***!  while the inverse
element of x is —x. The corresponding Lie algebra is generated by the left-invariant
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vector fields:

d d
Xi= 2 4 2y e =1,
J axj + anrj ax2n+1 ) J ) )1,
d d
Xy = —2x; =1.---
n+j axn+j Xj ax2n+l ’ yt s,
d
X = .
2n+1 &x2n+1

The only non-trivial commutator relations are
Xj, Xptj] = —4X241, j=1,---,n.
H" is a homogeneous group in the sense of Folland and Stein [10] with dilations
8 (1,0, - Xopy Xong 1) = (FX1, X2, - X0, PP X000 1), 7> 0.

The Haar measure on H” coincides with the usual Lebesgue measure on R*" x R. We
denote the measure of any measurable set E C H" by |E|. It is easy to check that

16,(E)| =r2|E|, d(&x)=rYx.
In the above, QO = 2n+ 2 is the homogeneous dimension of H".
The Heisenberg distance
d(p,q) =d(q~"'p,0) =g~ plu

is derived from the norm

I

2n ) 2 5
= | | X7 | +30e1|
i=1

Where X = ('x17'x27 e ax2n7x2n+1)~

This distance d is left-invariant in the sense that d(p,q) remains unchanged when
p and g are both left-translated by some fixed vector on H". Furthermore, d satisfies
the triangular inequality (p. 320 in [16])

d(p,q) <d(p,x)+d(x,q), p,x,qecH".

For r > 0 and x € H", the ball and sphere with center x and radius » on H" are
given by
B(x,r) ={y e H" :d(x,y) <r},

and
St,r)y={yeH":d(x,y) =r},

respectively. We know that

|B(x,r)| = |B(0,r)| = Qor?,



310 J. RUAN, D. FAN AND Q. WU

where

Qp =

2T (2) 0
(n+ D)%)’
is the volume of the unit ball B(0,1) on H". The area of S(0,1) on H" is wp = 0Qy.
For more details about the Heisenberg group one can refer to [10].

Now we provide the definition of Hausdorff operators and their commutators on
the Heisenberg group in the following.

DEFINITION 1. Let @ be a locally integrable function on H". The Hausdorff
operators on H" are defined by

()
Hof(x) = /H" %?f(ayhlx)dy»
Hoaf() = [, %?fm(y)x) d,

where A(y) is a matrix-valued function and detA(y) # O almost everywhere in the
support of @.
If b € Lj,.(H"), The commutator of Hausdorff operator is defined by

HENf = bHopf — Ho (D).

In the above definition, we note that J7g 4 = S if we choose a special matrix

A. For a matrix M, we will use the norm [[M|| = sup,cpn 2o |[Mx[5/|x[5. By Lemma
3.11in [33],

1M ~C < [detm | < M2, 2)

where M is any invertible (2n+ 1) x (2n+ 1) matrix. Define

(r) =[P r@amm b - bAcw)ar

et y|2

(i) = [ TR a0 ) - bao)]dy

W1 |y|¢

It is not difficult to see that the commutator can be rewritten by
b b1 b2
%,Af = %,Af"’%ﬁf'

Here and throughout this paper, we use the notation A < B to denote that there is a
constant C > 0 independent of all essential values and variables such that A < CB. We
use the notation A ~ B, if there exists a positive constant C independent of all essential
values and variables, such that C"!B < A < CB. Also, the class A p denotes the set of
all A, weights whose definition can be found in the next section.

Now we are in a position to state our results.
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THEOREM 1. Let 1 < pi, p2, g <oo and —1/p; <A <0. Suppose that w € A,
with the critical index r,, for the reverse Holder condition. If py > pagry/(rw —1),
then we have that, for any 1 < & < ry,

||%,Af||LPM(Hn;W) = Cl”fHLmJL(Hn;W):

where

A2 q/p1 -
_/ (d (A)H ) A () [[2HE-/3 gy
Ml>1 |y|h | detA(y)|

@) (JABIC N o
+/HA(y)u<1 12 (detA(y)|) 1AG) % 4dy.

THEOREM 2. Let 1 < p, p1, p2, g <o and —1/py < A < 0. Suppose that
w € A, with the critical index r,, for the reverse Hélder condition. If 1/p > (1/p1 +
L/p2)grw/(rw— 1) and q < pa, then we have that, for any 1 < 8 < r,,

181 1 5y = CollF 2 s 1 ot s

where

) A2\ A(5-1)/5 IA)||2
. y|h o) MO mad (EE oA

90| (JAGIE N g [ JAG) |
* o N <|detA<y>|> 1AG) (7 ma {|detA(y>|’1°g2 ||A<y>||}dy'

When the weight is reduced to the power function, we have the following enhanced
results.

THEOREM 3. Let 1 < p<oo, —1/p<A <0 and —Q < o < co. We have that
170 AS | 1 gy = C (O o (pny )

where

@ A (O+a)(A+1/p)
/ | ()g| Al 7 ||A_1(y)||a/pdy7 0< 0 < oo,
H o |y|; |detA(y)|
()] [|A Q)| *+1/p)

|AG)||~*/Pdy, —0Q < o <O0.
o2 |detA(y)|”

THEOREM 4. Let 1 < p, p1, pa<oo, —1/p1 <A <0and 1/p=1/p;+1/pa.
(i) If —0 < a0 <0, then we have that

b
17 A | gy o) = C4Hf||yz1‘/l(Hn;|.|gz)HbHCMopz(Hn;\.\g)7
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where

[ |oW)] A)||@ ettt/
oy [detA(y)|'/”

o
o) { LR ogs a1

(ii) If 0 < o <eoand py > (Q+)/Q, then we have that
||3%7,Af||LM(Hn;|.|g) 2G5 fll g g0 18| canor g g

where

c_ [ 120) (”A(y)“(wa)(wp)||A-1<y>||“/”
@\ ldeta)t”

A(y)||(@ro@+1/py) A®y)||9
Al (|cietA(y)|l/m A~ ()] /71 max %,llong\(yﬂ dy

Especially, if ||[A~!(y)| and ||A(y)||~"' are comparable, the following sharp results
hold

THEOREM 5. Let 1 < p<oo, —1/p<A <0, —Q < <o and O be a non-
negative function. Suppose that there is a constant Cy independent of y such that
A= () || < CollAW)|| =" for all y € supp(®). Then Hg 4 is bounded on LP>*(H";| -
|¥) if and only if

(o}
[ 2 a0 ey < ®
h

THEOREM 6. Let 1 < p, p1, pp <o, 1/p=1/pi+1/ps, —1/p1 <A <0,
—0<a<eand py>(0Q+0a)/Qif0<a<eorp,>1if —0<oa<0. Suppose
that ® is a nonnegative function and there is a constant Cy independent of y such that
A= (V)| < Col|A(yY)|| =" for all y € supp(®). If b € CMOP2(H"; |- |¥) and (3) holds,
then we have the following conclusions.

(i) fffﬁ’; is bounded from LPv*(H";|-|%) to LP-*(H";|-|%) if and only if

Loy TR IO gy [AG) < =
lap)l<t |y|2

(ii) %’ﬁi’j is bounded from LPv*(H"; |- %) to LP: A - |i¥) if and only if

Lo TR IO gy Ay < =
lam>1 [y|2

Finally in this section, we want to make a few remarks about our main theorems.
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REMARK 1. Suppose A(y) = diag[1/A1(y),...,1/A2u(¥), 1/ A2n11(¥)] with A;(y)
#£0, fori=1,...,2n+ 1. Denote

M(y) = max{\ll()’)\:---aMzn(}’”a M’2n+l(y)‘l/2}a
m(y) = min{[ 4 ()], [Aan ()], [A2ns1 ()2}

If there is a constant C > 1 independent of y such that M(y) < Cm(y), then it is easy
to check that A(y) satisfies the assumptions of Theorem 5 and Theorem 6.

REMARK 2. By checking the proof of necessity of Theorem 6, we find that the
necessary condition in (ii) with Cy = 1 and in (i) are also true without the assumption
(3). Therefore, comparing with Theorem 4 and Theorem 6, we raise the following two
questions.

(i) Do the statements also hold for A = —1/p; in Theorem 6?

(ii) Is g 4 bounded from LP1 A (H";|-|¢) to LP+*(H";|-|%) if and only if

D
/ —(yQ) JAG)[|CH®* (1 4 [log, [AW)]||) dy < o?
H" ‘y‘h

In the second section, we will introduce some necessary notation and definitions,
as well as some known results to be used later in the paper. We will prove the main
theorems in Section 3.

2. Notation and definitions
We first recall some standard definitions and notation. The theory of A, weight
was first introduced by Muckenhoupt in the Euclidean spaces for studying the weighted
L? boundedness of Hardy-Littlewood maximal functions in [29]. For A, weights on

the Heisenberg group one can refer to [11, 13]. A weight is a nonnegative, locally
integrable function on H".

DEFINITION 2. Let 1 < p < eoo. We say that a weight w € A,(H") if there exists
a constant C such that for all balls B,

! ! o1 g
—/w(x)dx —/w(x) = dx <C.
B /5 B /s
We say that a weight w € A (H") if there is a constant C such that for all balls B,
1 .
—/w(x) dx < Cessinfw (x).
|B| B XEB

We define
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Following proofs of Propositions 1.4.1, 1.4.2 in [25] together with the reverse
Holder inequality on the Heisenberg group [13], we have the following results.

PROPOSITION 1. (i) A,(H") CA,H"), for 1 <p < q < eo.
(ii) If w e A,(H"), 1 < p < oo, then there is an € > 0 such that p —€ > 1 and
weA,_¢(H").

A close relation to A.(H") is the reverse Holder condition. If there exist r > 1
and a fixed constant C such that

1r
(ﬁ/}gw(x)%ix) < ‘%‘/Bw(x)dx

for all balls B C H", we then say that w satisfies the reverse Holder condition of order
r and write w € RH,(H"). According to Theorem 19 and Corollary 21 in [14], w €
A (H") if and only if there exists some r > 1 such that w € RH,.(H"). Moreover, if
w € RH.(H"), r > 1, then w € RH,+(H") for some € > 0. We thus write r,, = sup{r >
1:w e RH,(H")} to denote the critical index of w for the reverse Holder condition.

An important example of A, (H") weight is the power function |x|f*. By the simi-
lar proofs of Propositions 1.4.3 and 1.4.4 in [25], we obtain the following properties of
power weights.

PROPOSITION 2. Let x € H". Then
(i) x| € Ay(H") if and only if —Q < ot < 0;
(i) |x|f € Ap(H"), 1 <p <eo,ifandonlyif —Q <o <Q(p—1).

We will denote by g, the critical index for w, that is, the infimum of all the ¢
such that w satisfies the condition A,. From Proposition 1, we see that unless g,, = 1,
w is never an A, weight. Also by Proposition 1 and Proposition 2 we see that if
0 < 0 < oo, then

Wie ) 4 )

O+a oo
5 <p<

where (Q+ o)/Q is the critical index of |x|{’.
For any w € A..(H") and any Lebesgue measurable set E , write w(E) = [ w(x)dx.
We have the following standard characterization of A, weights (see [33]).

PROPOSITION 3. Let we A,(H")NRH,(H"),p > 1 and r > 1. Then there exist
constants C1,Cy > 0 such that

C <I%I)P _ % 6 <|%|)(r—1)/r

for any measurable subset E of a ball B. Especially, for any A > 1,

w (B (x0,AR)) < CA"w (B (x0,R)).
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PROPOSITION 4. Ifwe A,(H"), 1 < p <o, then forany f € L}OC(H”) and any
ball B C H",

o o lriar<c (@ / f(X)I”W(X)dX) "

Given a weight function w on H", for any measurable set £ C H", as usual we
denote by L? (E;w) the weighted Lebesgue space of all functions satisfying

I/p
1Al ze () = (/E f(x)|pW(x)dx) < oo,
We denote L= (H";w) = L*(H") and ||fHLm(H,,;W) = Hf”L""(H") for p = oo.

DEFINITION 3. Let 1 < p <o, —1/p <A <0 and w be a weight on H".
A function f € L7 (H";w) is said to belong to the weighted central Morrey spaces
LPA(H;w) if

1 1/p
. = B — P Eed
WAl gy = e’ (w(B(O,r))“”"}L /B(O,r) 7 Wwdx) -

When A = —1/p, then LP*(H";w) = LP(H";w). If w = 1, one can easily check
that L7* (H") reduces to 0 when A < —1/p.

DEFINITION 4. Let 1 < p < and w be a weight on H". A function f €

LP (H";w) is said to be in the weighted central BMO spaces CMOP (H"; w) if

loc

1 1/p
|f lepor () = sup (W/B(O,r) |f(x) —fB|pw(x)dx> < oo,

r>0
where fp = [0, f(x)dx/|B(0,r)|.

The spaces CMO?(H";,w) are quasi-Banach spaces. When 1 < p < oo, then
CMOP (H";w) are Banach spaces after identifying the functions that differ by a constant
almost everywhere. Holder’s inequality shows that CMOP' (H";w) C CMOP2 (H";w)
if 1 < py<p) <e. If w=1, we denote the central BMO spaces by CMOP (H") and
we can see that BUO(H") C CMOP (H"), 1 < p < eo.

3. Proof of the theorems

In this section, we use tB(0,r) to denote B(0,7r) for any central ball B(0,r) in
H" and any 7 > 0. Fora (2n+ 1) x (2n+ 1) matrix M, we denote MB(0,r) the set
{zeH" |z=Mx, x€B(0,r)}.
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3.1. Proof of Theorem 1

By the definition and the Minkowski inequality,

1A 2 g

1
b w(B(0, 1) A2

()
Jo a0

"y

LP2(B(0,r);w)

! [PW)]
<§gg W(B(O,r))/1+1/pz/ 2 1FCAG) ) 222 (B(0.r) ) - (5)

Since py > pagrw/(rw — 1) = pagri,, there is 1 < ¥ < r, such that p;/q = py =
p2y/(y—1). In view of the Holder inequality and the reverse Holder condition, we
obtain that

1FCAD)r B0,r)w)

o/ a/pi . 1/(vp2)
< ([, lrammieas) (] )

q/p1 1/(yp2)
< [detA™ (y) 4/ ( / If(x)”‘/‘fdx> ( / w(x)ydx)
A(y)B(O,r) B(O,r)

a/pi
< aeta Q)P B0 (B0, ([ )
A(y)B(0,r)

Proposition 4 and (2) show that

a/p
([, [0 001)
A(y)B(0,r)
a/p
([ [0 10)
B(0,A(y)Ir)

1/p1
< AY)2/P1|B(O, r) |2/ P (W/ 5040 )f(x)|mw(x)dx> )

which implies that

1AM 2r2 ((B0,7):w) (6)
w(B(0,r))"/P2

< detA ™ )/ A2 R U 0101,

Therefore, we infer from (5) and (6) that
H%,Af“[lpz‘l (H";w) (7)

D) [ AMI2 N\ wBO, AW 7))
i [y)2 (detA<y>|) ( w(B(0,7)) )"’y'

= Hf”LI’[JL(Hn; )Sllp
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If ||A(y)|| > 1, Proposition 3 shows that, for any 1 < 8 < ry,

w r )\ e-D/e
(i((ol;x(ry)))” ) <|B((|)23|£,(:))|” )|) — [[Ay) 2613, )
If ||A(y)|] < 1, by Proposition 3 again, we have
w r M\?
O . (BOIAIN_ y 0n o)

Thus we complete the proof of Theorem | by (7)-(9). U

3.2. Proof of Theorem 2
By the definition,

H'%pdiAf”Lnﬂ (H";w)
P 1/p
w(x)dx)

/H 0) (A [65) ~ bao]

" ly|2

1
=< - -
= b wBO,n))T </B<o,r>

R B

D(y)
x (/B(O,r)

L T A0 (a0 ~bason] dy
+sup

|Y|h
r=0 w(B(0,r))*+1/p

p 1/p
X (/B(O,r) w(x)dx)

= [+ 11+1I1. (10)

P 1/p
w(x)dx)

/ &{))f (A(y)x) [bay)B0.)—b(A(Y)X)] dy
i Mh

Holder’s inequality and Theorem 1 show that

1 1/17
_ P _ P
1= sup s ([ oa 0 066) b (o))

= H%,AfHLmJ(Hn;W)||b||CM0P2 (H":w)

/p1
2| (A2 \* 0A(5-1)/5
SN 12 (g 161l carors (g / Al dy
Lt e IEREMOR I i1 |y|@ \[detA(y)]

@) (1A Ny
+/HA(y>H<1 |2 <|detA(y)> 1A= 4dy | , (11

where 1/p=1/ps+1/ps.
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According to the Minkowski inequality,

1 [PW)]
11 < brio —b

([, lramorue) a

By the similar argument as Theorem 1, we have, forany 1 < 8§ < ry,

1
SUp B (0. 7)) 1S AW) e 0,)w)
A2 q/p1 -
(el ) ™ e )] > 1.
= Hf“LPLK(B(O,r);W) ||A(y)||Q q/p1 (12)
() e, o<t

Next, we estimate sup,. |bB(07,) - bA(y>B(O7,)| .If ||JA(y)|| > 1, there exists a non-
negtive integer ko > O satisfying

2% < J|A(y)|| < 2T
Therefore

16501 = B0
= [ba0.) ~ bason |+ [B250.) = baion] + -+ [Batopo,) ~ brrorio)

"“bz"oHB(o,r)_bA(y)B(OJ) : (13)
Since for any k € Z, Proposition 4 implies that
’b2kB(0,r) —borripo,r)
20
< - _
= 25HB(0, )| Jar8(0,) PR = batetaon| & (14)
1 q 1/a
< | — b(x)—b d
- <W(2’<+1B(07r)) /2k+13(0,r) () = baripo,n | W) x)
1 b b P2 d p
I _
) <W(2k+1B(07r)) ,/Zk*’lB(O,r) (X) 2k+lB(0,r) W(x) x)
= bl emor: (e (15)

where the third inequality is achieved by Holder’s inequality and g < p;.
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On the other hand,

)bszHB(o N ba(yB(0,)

OV|/ B(0,r)

2Q(ko+1)
<
|detA(y)] \2"0“3(0,r)| 2401 B(0,r)

—bakgrip( | X

dx

b(x) =byto+1p(0,y)

b(x) — bzkoHB(o,r)

lA)12 I , e
~ |detA(y)] (W(ZkOHB(O,r)) /2k0+13(07r) w(x)dx)
IAMI©

= b o) - 16
= detA(y )||| lemor: () (16)
Then, it follows from (13)—(16) that, for ||A(y)| > 1,

JA(y)[|2
|b5(0.r) — bay) 0,}<<k0+1+|detA( I 161l cpmrora (Erm)

Ay
jmax{long( - det(A)()I}bCMO"2<H";w>~ (a7

Similar to the proceeding argument, for ||A(y)|| <

1 A(y)||@
b0,/ — baw)so.| = max{log2 ) 1AW)] |}||b||CM0P2(H";w)~ (18)

y)|I" | detA(y)
Therefore (12), (17) and (18) yield that

1= Hf”[’j’ﬂL (H?;w) ”b”CMO”Z(]HI”;w) (19)

‘q)()’” HA(y)HQ a/p1 )
X </A(y)>l ‘y‘}? (detA( )|) ||A(y)||Ql(5 1)/6

(0]
X max {10g2||A( s de EA)()}dy

)] (JAGIN o Ok
e o0 <|detA<y>) 4012 qma"{l"gz ||A<y>||’|detA<y>}dy '

Now we turn to estimate the term ///. Using the Minkowski inequality again,

1 Y)|
=3 B0, r))Ml/p/Hn S WAOH Bason =50 a0 2

On the other hand, since 1/p > (1/p1+ 1/p2)qr),, we can choose pa, ps satisfying
1/ps>qrl,/p1,1/ps > qrl,/p2 and 1/p=1/ps+ 1/ps. Then (12) implies that,
1

sup W(BO.)) T r £ (A)) Bagy)o.r) — BAW) ) 2o B0.5):w)
1
= sup w(BO. AT IFCAD) )| 2ra B(0.0):0) [1BAG)B0.) — DIAW) )| 75 (B0.1)w)
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1
ZSUPWW( ())HLP4 B(0,r);w)

>0 W

1 s 1/ps
(B0 o Primon ~HAGII w0

1 1/ps
= 7/ b n—b(A x“wxdx)
o0 (w(B(o,r)) B(O,r)’ A()B(0.r) — DAX)X) |7 w(x)

0\ 4/P1
(LA )™ a7, pal >

0\ 4/P
(%) A2, JAW)| < 1.

It follows from Proposition 4 and g < p» that

X ”fHLmJ(Hn;W) (20)

1 1/ps
(577 o P07~ PO )

1 ) 1/ps
077 (s, A0~ bl i)
+1b5(0,1a0) 11— bawson)|

1 1/ps

= S (B0.7) 7 ( /BW) [b(AG)x) —bB<o7A(y>r>|p5W(X>dx)

A2 | N o
" ldetl)] (w(B(O,HA( Il ))/OHA 1 1200 = P10y | wx)d )
1 s 1/ps
= WBON) </B(O,r) [BAG)x) = baojacin|” W(X)dx)
laple

‘detA( )‘ H HCMOPZ(H”;W).

Since 1/ps>qrl,/p2, there exists 1<f<r, suchthat 1/ps=gB’/pr=qB/(p2(B—1)).
Due to the Holder inequality and the reverse Holder condition, we have

1 s 1/ps
w(B(0,r))!/rs </B(O.,r) [B(A)X) = b0 a1 W(x)dx)

1 p2/q 9/p2 B 1/(Bps)
- b(A —b . d / d
w(B(0,r))1/ps (/B(OJ)| (AW)x) = bp(o, a1 x) ( B(O’r)w(x) x)

< 1 (/ b5~ n }pz/qu>q/pz
~ w(B(0,r))VPs [detA(y)|> \JB0.Ja)In (001

1/(Bps)
X (/ w(x)ﬁdx)
B(0,r)

IA
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B0 B Brs) wix\dx s (B0, IAG) 7))
w(B .y P00 F<Awo(m> (@M@n )

1 , 1/p2
X(wmum<m»/0A>“>‘%““”Mp”””)

lAp)I """ ! . v o)
<<dauw0 <www,u>»/0A>w” w01 (”)

= HA(y)HQ q/p2
N M ||b||CMOI’2 (Hn;w)

1Aoe o
- |detA( )‘ CMOP2 (H";w)»

IA

which yields that

1 1/ps
0 (W /B(Om) |ba)0.n) —bAX)X)|” W(x)dx>

A2
= TdetA(y)] 5]l carors (gm)- (21)

Then, we infer from (20) and (21) that

HI= ”fHLmJL(Hn;W) HbHCM()Pz(Hn;w)

0\ !+a/p
" / ‘D(y)|<A(y) ) A () [[2HE=1/3 gy
A=t [y[2 \|detA(y)]

@O (1AW N e
+/HA(y)H<1 12 (detA(y)|) A= dy ). (22)

By combining (10), (11), (19) and (22), we finish the proof of the theorem. [J

Here and in after, we some time use w(-) for |- | for the sake of convenience.

3.3. Proof of Theorem 3

Similar to the proof of the Theorem 1, we have

1 ()|
[EZyvirr ) = sup wET) r))“l/z’/ N 1S A zr B0, dy- (23)

A changing of variables A(y)x = z yields that
O] - (24)
N Vs VNI 70 v\ P
|detA™ (y)[/P[[A= ()] (fB(O,HA(y)Hr) @17 |2l dZ) 0 <o < oo,
1/p
deta™ )] PIAWI=? (f ain A1 fde) ", ~0 < <0,
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For simplicity, we just consider the case 0 < & < e, since the proof of the case —Q <
a < 0 is essentially similar. Combining (23),(24) and the simple fact

w(BO.N) = [ W= G20 g <a<e ©5)
X\ p<r

where wy is the surface area of the unit sphere in H", we have
H%,Af”ml (H"™;w)

W ; A+1/p
SIr——y |y(|h>|th ()1/,7“/41@)”05/,7(%) ay

D(y _
Wl [, g 140 1P ) PIA) 1@ .

This proves the theorem. [J

3.4. Proof of Theorem 4

According to the same argument as Theorem 2, we have
1 AGAS | 1 gy = T+ T+,

here I, 11, I11 are the same as in (10).
We first consider the case that 0 < & < eo. The Holder inequality and Theorem 3
show that

1= H%,Af”LI’lﬁ(Hn;W)”b”CMOpZ(H";w)
=N o 2 gy 16l crror camsy

@ A (Q+0a)(A+1/p1)
x/ | ()é)| A : 1A~ ()| /P dy. (26)
oy |detA(y)|/”

By the Minkowski inequality and Holder’s inequality again,

1 ()]
1= by —b
= b w(B(0, )~ 1/r /IHI 2 (b0 = baaos)|

1/p
X ( /B o [f(A)x)]” xgdx) dy

=sup ! / [*0 || bp(0,r) —ba(y)B (Or)’
= =0 w(B(0,r))AE1en Jun |y)9

1/p1
<( [, raomir ga) oy
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= ||fHLm~,7L(Hn;W) (27)
[P A CrOA )y
xsup/ AT 9P bgio — b " |y,
[ 1A O aton —bacma

where the last inequality is achieved by a similar argument as in the proof of Theorem
3. A similar discussion as in (13)—(18) shows that

a1 }
sup |bgo) —b | = maxy [log, [|A b ny, (28
r>g| B(0,r) — ba(y)B(0, } {| 2 1AM, TdetA(y)] 61l cporz (), (28)

where p, > (Q+ o)/Q. Then we infer from (27) and (28) that

I =l gy g 1Bl cvaor (emsy (29)

(PO [A)[CHOIA+r) .y { || &) )IIQ}
A7 (y)||%Pr max <|log, ||A(y dy.

It is not difficult to check that

1 D(y
15 T o e A0 B~ A o

and for any r > 0,

W LF(AG) ) baws.r = BAG) Nlrs0.10)

1
- W ”f(A(y)')”Ll’l (B(0,r);w)

l b b P (Xd 1/1’2
(507 Jyon om0~ A o)

|A(y)||(@+e)+1/p)
|detA(y)[/7!

1 PR 1/p2
: (W /B(o,r> [Paca(o) — DAL |} dx) : (30)

On the other hand, the Minkowski inequality and Proposition 4 imply that

l b b A P ad 1/1’2
(B0 o Pimon iAW i)

< l bA b P OCd l/pZ
h (W/B(o,r)' (AG)x) = b jacynl” 151k x)
+1bag)B0.) — B0, a0 I |

PN

I )| /m

||fHLr’1~,7L(Hn;w)
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=< A~ ()] ¥/72 |deta ()] 72

( N RS

X | —————— Z Z

w(B(O 1) Jawso. poIALIn
0,|/ = bp(0 jaw)n| 42

L (w(B(O, |AW)|[F) /72
< HA’I(y)HO‘/m |detA*1(y)|”” (W) 151l cpor2 rmw)
lamie

\detA( )‘ H HCMOPZ(]HI";W)
Ay
< (||A1<y>||°‘/m ldet A= ()72 A (y) | @/ P2 ¢ ﬁ) 1Bllcators @ G1)

|detA(y)]
We infer from (30), (31) and (2) that

D(y AL ) ||9/7 || A(y)|| (@) (A+1/p)
IlljHfHLpl#l(Hn;W)HbHCMOpZ(H";w)/HI”‘ ( >| (” ( )H H ( )H

|2 | detA(y)|!/»

+HA(y)H(Q“")(“l/”')IIA’I(y)IIO‘/’" lA)|¢
|detA(y)| /P! | detA(y)|
Thus we complete the proof of the case 0 < o < oo by (26), (29) and (32).

Next we consider the case that —Q < o < 0. By the previously used argument,
we have

(32)

1= ”fHLPM(Hn;W)”b”CMO”Z(H";w)

(Q+a)(A+1/p1)
></ |(D()é)| [AG)]] : A(y)|| =%/ P dy (33)
moy¢  |detA(y) /™

()| |AQ)]Crer+/n
Y |detA(y) '/

= 10 g P lcror ey [ .
I =1 f 1l g1 gy 1B | cmaor ey G

D>y |[A(y)||(@tA+2/p A2
POMIACIE 2 o 401 Lo =L
H |yl [detA(y)[ /! " detA(y))|

IlljHf”LI’lﬁ(Hn;W)”b”CMO”Z(H”;w) /]HI”

()| [ |AQy)|@ter+o/p
M |detA(y)[!/»

[AQ)|[Crer+arp |A(y)||2
|detA(y)|/P1 [detA(y)|
IA)|[(Crerrele |A(y)||2

n |detA(y)|V/Pr [detA(y)]

=11 Bl ) [ (35)
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where the last inequality is obtained by (2). Thus we finish the proof of the theo-
rem. [

3.5. Proof of Theorem 5
If [|A~' ()] < [|A()[ 7", then (2) gives that

AT DIIC = A7 = |detA™ (v)]. (36)

The “if” part of Theorem 5 is easily obtained from Theorem 3. Next we will show the
“only if” part.

We just consider the case that —1/p < A < 0, since the theorem is exactly the
Corollary 1.6 in [33]if A = —1/p. Let f*(x) = \x\EIQJraM. By the fact of (25), it is not
difficult to check that

(Q+a)*

1 N ipr oy = o7
LA (H™|[F) wé(l_f_px)l/p

Simple calculation shows that, for ® > 0,

Hoar) )= [ DGO ay
h

O
> 510 [, T A

which completes the proof of Theorem 5. [

3.6. Proof of Theorem 6

The sufficient part is easily obtained by (36) and Theorem 4. It now remains to
prove the necessary part.
(i) Let b*(x) = In|x|,. A simple calculation tells us that

*

1
b :7/ In |x|ydx = Inr— 1/0,
B(0,r) ‘B(O, r)| B(0,r) | |h /Q

which implies that

/B(O,r)

P2
x|

b*(x) = by,

.
fdx = 0 [ [1/0~In(r/p)|” p**% " dp
= er‘~’+°‘/ 11/Q — Ing|P2 ¢~ (@+a+lg,,
1
Therefore,

||b*||CM0p2(Hn;I_|gt) = C(Q"‘ (X)I/PZ,
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where

oo 1/p2
c= (/ 1/Q—1nt|”2t‘(Q+°‘+1)dt> < oo,
1
Let f*(x) = |x|, (0+04 Tpen f*elrA ). \;‘i‘)ﬂU’vl(H”;Lm‘) and

(Q+a) 1l (Q+a)
O (L4 praytee W A E = B (14 pay e

Hf*HLmJL(HnJ.w) =

(37)

By definition of the commutator of the Hausdorff operator,

(Aaals) ) = /H A 20) a0 1n< il )dy.

QIS! |y|,? [A(y)x[n

Since |[A(y)| < 1,

" (Ag')};h) 21“<A<1y>) =0

This inequality implies that

S, a/ @(y) (Q+oc))Lln< )
H DA HLI’,A(H ,‘ ‘h) H HLI’,A(H ,‘ ‘h) ( H ( )H HA( )H

<1 |y|h

Therefore, the boundedness of Hg:;‘l from LP1A(H";|-|*) to LPA(H";|-|%) and (37)

show that ( )
1
(Q+°‘>Mn< )d <
Jaoe yie MO o) ®

(ii) Let b(x) = In(1/]x[4). Then b € CMOP2(H"; |- |%) and

161l cpora -2y = 16" (lemorz (g 2)»

where b* is as in (i). Without loss of generality, we assume that the constant Cy > 1,
since the case of Cy = 1 is easier to deal with. Taking f* be as in (i), we have

(Y@= [ o (A )ty nen, o)

Wi=1 [y|2 [

where

_ D(y) (+o)r 1A
W= [ TG i (AR ) ay,

)I>Co \y\,?

_/ ‘ ()](@+ 1n<A(y)xh)dy
1<) 1<Co \y\h [
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Since A" < A7 W) < GollAW)IIT! if AW > Co.

" <|A|(x|)f |h>>1“(||A 0 )||)>IH<AC(0)) o &

and if 1 < [|A(y)]| < Go,
’1 ('A( Y |”)‘ <InG. (40)

|x[5

It follows from (39) and (40) that

| |hQ+OC /H o q)(Q)” ( )”(QJrO()lln(”A( )”) /07

N=Co |ylf

1< W Gy [ 20 japl@ray
1<A0) <o [y|2

These two inequalities and (38) tell us that

”f*”LM(Hn;"‘ﬁ)/H e ( )” ( )||(Q+O€)7Lln<”A( )H)

H>C0 |y|h

D(y) (Q+a)A
<NHA I Nipa gy + 1 Nip snggey o [ 540 (P
1P (H-|) LA ()| 2) L<JAG)I<Co |>’|h

Therefore, the boundedness of HyZ from LPVA(H”;|-|%) to LP*(H™;|-|%) and (3),

(37) show that
() A
/ (Z)A(y)(QJra)lln( ( ))
lAmI>Cy [y|S

Using (3) again, we finish the proof of Theorem 6. [
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