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COMMUTATORS OF RIESZ POTENTIAL IN
THE VANISHING GENERALIZED WEIGHTED
MORREY SPACES WITH VARIABLE EXPONENT

VAGIF S. GULIYEV, JAVANSHIR J. HASANOV AND XAYYAM A. BADALOV

(Communicated by S. Varosanec)

Abstract. Let Q C R" be an unbounded open set. We consider the generalized weighted Morrey

spaces .///a’;(')‘(p(ﬂ) and the vanishing generalized weighted Morrey spaces V.///(ﬁ(')‘q)(ﬂ) with
variable exponent p(x) and a general function @(x,r) defining the Morrey-type norm. The
main result of this paper are the boundedness of Riesz potential and its commutators on the

spaces ///c’;(') ?(Q) and V///c’;(') “?(Q). This result generalizes several existing results for Riesz
potential and its commutators on Morrey type spaces. Especially, it gives a unified result for
generalized Morrey spaces and variable Morrey spaces which currently gained a lot of attentions
from researchers in theory of function spaces.

1. Introduction

The variable exponent generalized weighted Morrey spaces ///5('>’¢(Q) over an
open set Q C R" was introduced and the boundedness of the Hardy-Littlewood maxi-
mal operator, the singular integral operators and their commutators on these spaces was
proven in [28]. The main focus of this article is to prove that the Riesz potential and

its commutators are bounded on generalized weighted Morrey spaces ./, (')’¢(Q) and
vanishing generalized weighted Morrey spaces V///a’;(')’(p(Q) with variable exponents.
Also some Sobolev-type inequalities for Riesz potentials on spaces //5(')’(”(9) and

V.#ED?(Q) are proved.

The classical Morrey spaces were introduced by Morrey [38] to study the local
behavior of solutions to second-order elliptic partial differential equations. Moreover,
various Morrey-type spaces are defined in the process of study. Mizuhara [39] and
Nakai [42] introduced generalized Morrey spaces MP-?(R") (see, also [21]); Komori
and Shirai [33] defined weighted Morrey spaces LP*(w); Guliyev [22] gave a con-
cept of the generalized weighted Morrey spaces M%'?(R") which could be viewed as
extension of both MP>?(R") and LP"*(w).

Mathematics subject classification (2010): 42B20, 42B25, 42B35.
Keywords and phrases: Riesz potential, commutator, vanishing generalized weighted Morrey space
with variable exponent, BMO space.
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Vanishing Morrey spaces VMP:?(IR") are subspaces of functions in Morrey spaces
which were introduced by Vitanza [52] satisfying the condition

. 2
lim xseuﬂg r o 1 Xl oo o0 =0
o<t<r

and applied there to obtain a regularity result for elliptic partial differential equations.
Also Ragusa [44] proved a sufficient condition for commutators of fractional integral
operators to belong to vanishing Morrey spaces VM? A (R™). The vanishing generalized
Morrey spaces VMP-?(R") were introduced and studied by Samko in [46], see also
[3,17,37].

As it is known, last two decades there is an increasing interest to the study of vari-
able exponent spaces and operators with variable parameters in such spaces, we refer
for instance to the surveying papers [16, 32, 47], on the progress in this field, includ-
ing topics of Harmonic Analysis and Operator Theory, see also references therein. For
mapping properties of maximal functions and Riesz potential on Lebesgue spaces with
variable exponent we refer to [9, 10, 13, 14, 15, 31, 35, 45].

Variable exponent Morrey spaces 31’(')=7“(')(Q), were introduced and studied in
[4] and [40] in the Euclidean setting. The boundedness of Riesz potential in vari-
able exponent Morrey spaces .Z”()4()(Q) under the log-condition on p(-),A(-) and a
Sobolev type £P ():A() — 2a():A() _theorem for potential operators of variable order

o(x) was proved in [31]. In the case of constant ¢, there was also proved a bounded-
n—A(x)
o
from #PA0) into BMO was proved in [4]. In [40] the maximal operator and po-
tential operators were considered in a somewhat more general space, but under more

restrictive conditions on p(x).

ness theorem in the limiting case p(x) = , when the potential operator I* acts

Generalized Morrey spaces of such a kind in the case of constant p were studied
in[18, 21, 39,42, 50, 51]. In the case of bounded sets the boundedness of the maximal
operator, singular integral operator and the potential operators in generalized variable
exponent Morrey type spaces was proved in [24, 25, 26] and in the case of unbounded
sets in [27]. Also, in the case of bounded sets the boundedness of these operators
in generalized variable exponent weighted Morrey spaces for the power weights was
proved in [30].

In the case of constant p and A, the results on the boundedness of potential op-
erators go back to [1] and [43], respectively, while the boundedness of the maximal
operator in the Euclidean setting was proved in [12]; for further results in the case of
constant p and A (see, for instance, [5, 19]).

In the spaces ./ (')’¢(Q) over open sets £ C R” we consider the following oper-
ators:
1) the Hardy-Littlewood maximal operator

Mp0) = suplBls )~ [ 1f)lay

r>0
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2) Riesz potential operator

140 = [ b=l )y, 0< o<,

3) the fractional maximal operator

My =suplBLen)F L [ 1)y 0<a<n

r>0

We find the condition on the function ¢(x,r) for the boundedness of the Riesz po-
tential /% and its commutators in the generalized weighted Morrey space .Z/; (')’(P(Q)

and the vanishing generalized weighted Morrey spaces V///£('W(Q) with variable
p(x) under the log-condition on p(-).

The paper is organized as follows. In Section 2 we provide necessary preliminar-
ies on variable exponent weighted Lebesgue, generalized weighted Morrey spaces and
vanishing generalized weighted Morrey spaces. In Section 3 we prove the boundedness
of Riesz potential and its commutators on the variable exponent generalized weighted
Morrey spaces. In Section 4 we prove the boundedness of Riesz potential and its com-
mutators on the variable exponent vanishing generalized weighted Morrey spaces.

The main results are given in Theorems 4, 5, 8, 9, 10, 1 and 2. We emphasize that
the results we obtain for generalized Morrey spaces are new even in the case when p(x)
is constant, because we do not impose any monotonicity type condition on @(r).

We use the following notation: R" is the n-dimensional Euclidean space, 2 C R”
is an open set, xr (x) is the characteristic function of a set E C R”, B(x,r) = {y ¢ R":
|x—y| <r}), Bx,r) = B(x,r)NQ, by ¢, C, c;, ¢z etc, we denote various absolute
positive constants, which may have different values even in the same line.

2. Preliminaries on variable exponent weighted Lebesgue, generalized weighted
Morrey spaces and vanishing generalized weighted Morrey spaces

We refer to the book [14] for variable exponent Lebesgue spaces but give some
basic definitions and facts. Let p(-) be a measurable function on Q with values in
(1,00). An open set Q which may be unbounded throughout the whole paper. We
mainly suppose that

1 <p-<px) < ps <o (2.1)
where p_ :=ess }znfp(x), p =esssupp(x). By LP)(Q) we denote the space of all
xe xeQ

measurable functions f(x) on Q such that

Lo = [ 1@ <

Equipped with the norm

110 =inf{n ~0: 1, (%) < 1},
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this is a Banach function space. By p/() = %, x € Q, we denote the conjugate
exponent.

The space L’()(Q) coincides with the space

{f(x) : ’ /Q f(y)g(y)dy’ <o forall g€ LP’“(Q)} 2.2)
up to the equivalence of the norms
1 lpo )~ sup / f(y)g(y)dy’, (2.3)
HgHLp/(,)gl Q

see [36, Proposition 2.2], see also [34, Theorem 2.3], or [48, Theorem 3.5].

For the basics on variable exponent Lebesgue spaces we refer to [49], [34].
P (Q) is the set of bounded measurable functions p: Q — [1,0);
2198 (Q) is the set of exponents p € Z(Q) satisfying the local log-condition

Ip(x) — p(y)| < x—y[ <z xyeQ, (2.4)

S —Infx—y)’

N =

where A =A(p) > 0 does not depend on x,y;

a7'98(Q) is the set of bounded exponents p : Q — R” satisfying the condition (2.4);
P9¢(Q) is the set of exponents p € Z2¢(Q) with 1 < p_ < py < oo;

for Q which may be unbounded, by Z..(Q), 28(Q), Plos(Q), <78(Q) we denote
the subsets of the above sets of exponents satisfying the decay condition (when € is
unbounded)

Ao
— p(eo)| < _—, Rn, 2.5
P() = Pe=)| < iy <€ 25)
where p.. = lim p(x) > 1.
We will also make use of the estimate provided by the following lemma (see [14],
Corollary 4.5.9).

X5 Ollpy SCroED, - xeQ, pePlé(Q), (2.6)
h 9 _ pflx)a rg la
where 6, (x,r) = p(,,w)7 re

By @ we always denote a weight, i.e. a positive, locally integrable function with

domain Q. The weighted Lebesgue space Lfo(') () is defined as the set of all measur-
able functions for which

1150y = 1@l
Let us define the class Ap(,) (Q) (see [16], [35]) to consist of those weights @ for
which
[w]A,,(.) = S‘;P ‘B‘_l ||w||Lp(-)(§(x7r)) H(D—l HLp’(-)(E(x,r)) < oo
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A weight function @ belongs to the class A .) 4.)(Q) if
l
0Ly = S0P 1B 500 0l 107 e < =

LEMMA 1. Let P q satisfy condition (2.1) and ® € Ap(.) 4)(Q), then =
Ay () (Q), with —Ls L =1,

Proof. Let p,q satisfy condition (2.1) and ® € Ay 4)(€2). Then ¢ = o e

A‘I’(')vl’/(') (Q) . Indeed,

1
7 -1
BI75 75 0l 3y 19 s 3y

1

_L g
=[B[rt) 4t ||w||Lq(-)(§(X,,))||w U

~1
oo @)
THEOREM 1. [29, Therem 1. l] Let Q C R" be an open unbounded set and p €
P98 (Q). Then M : Ly (Q) — Li(Q) if and only if & € A,(Q).

For unbounded sets, say € =RR", and constant orders a the corresponding Sobolev
theorem proved in [8, 9] runs as follows.

THEOREM 2. Let Q CR" be an open unboundedset, 0 < o < n and p € P1%(Q).

Let also py < 4. Then the operators M* and 1% are bounded from LPO(Q) to
¢ ith L= _1__«
LY (Q) with 0= n

Let A(x) be ameasurable function on Q with values in [0,7n]. The variable Morrey

space .ZP()4()(Q) and variable weighted Morrey space .5 (A0) (Q) is defined as the
set of integrable functions f on Q with the finite norms

A(0)
1l zrrr0@ = sup & PO fxgen o

x€Q, >0

_A)
1 gptr20 gy = SUP 1 P 1 Xl o

x€Q, >0

Let @ be a nonnegative measurable function on R” such that w? is locally in-
tegrable on R”. Then a Radon measure p is canonically associated with the weight

a)(-)p(') , that is,
£)= [ o))
E

We denote by .27()4 (R™,du) the set of all measurable functions f with finite
norm

. * O
17l rins ey = ‘“{”>° 20 e e () w011
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THEOREM 3. [41] Let 0< o <n, 0< A <n, pePl8(R"), p, <2, ﬁ =
ﬁ — %, @ € Ay (R"). Then the operator 1% is bounded from LPOMR du) 1o
Z40H (R, dp).

In view of the well known pointwise estimate M* f(x) < C(I*|f])(x), it suffices
to treat only the case of the operator 1.

COROLLARY 1. ([11],[41]) Let Q& C R" be an open unbounded set, 0 < o0 < n,

pePE(Q), py <L, o= — % 0 €A 4()(Q). Then the operators M* and

)
1% are bounded from LZ)(' (Q) to LZ)(')(Q)-

Let M* be the sharp maximal function defined by

£ - -1 e
MES() = sup B 1700~ il
where fg(x.,;) (x) = |§(x,t)|71 fE(X,;) f(y)dy.

DEFINITION 1. We define the BMO(L2) space as the set of all locally integrable
functions f with finite norm

Ifllawo = supME(0) = sup B~ [ 17() = fy,
xeQ x,r)

XEQ, r>0 B(x,

DEFINITION 2. We define the BMO,,.) ,(€2) space as the set of all locally inte-
grable functions f with finite norm

CFC) = Faer) X800 120 |

1fllso,,,, = sup
e eq 0 12500 1200

THEOREM 4. [36] Let Q C R" be an open unbounded set, p € P%(Q) and ®
be a Lebesgue measurable function. If ® € A,(.y(<2), then the norms || - ||BM01,(, and

),
| [Bmo are mutually equivalent.

Everywhere in the sequel the functions ¢ (x,r), @;(x,r) and @;(x,r) used in the
body of the paper, are non-negative measurable function on Q x (0,e0). We find it
convenient to define the variable exponent generalized weighted Morrey spaces in the
form as follows.

DEFINITION 3. Let 1 < p(x) < oo, x € Q. The variable exponent generalized
Morrey space .7 (')"P(Q) and variable exponent generalized weighted Morrey space

///5(')”(9) are defined by the norms

1

Flasre= S0 ————— [ F L0 Gen
A1l p0.0 I oGy | o) B )
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1
I£1l yrere = sup

Pl
o oGl gy ) )

According to this definition, we recover the space .Z7()4(") (Q) under the choice
Alx)
o(x,r) = r i

LPOA Q) = aP0)P0)(Q)

AT
(P(x,r):rep () px)

DEFINITION 4. (Vanishing generalized weighted Morrey space) The vanishing
generalized weighted Morrey space V.Z} (')"P(Q) is defined as the space of functions
fe#P?(Q) such that

1
lim sup 1 2500 20 ) = O-
r=0yeQ (pl(x,t)||a)||L,,(.)(§(x7,)) B T, @)

Everywhere in the sequel we assume that
1

lim - =0 2.7
r—0 HwHLP(*)(E(xJ));ggfz(/)(xat)

and |
sup - =0, (2.8)
0<r<eo ||w||y(-)(§(x7,));g£§°(x7t)

which makes the spaces V///£(')’¢(Q) non-trivial, because bounded functions with
compact support belong then to this space.

THEOREM 5. [28] Let Q C R" be an open unbounded set, p € P%(Q), o €
Ap((Q) and the function @y (x,r) and @2(x,r) satisfy the condition

ess inf @1 (x,5)[| @1l 1) ()

sup < C@a(x,r). (2.9)

>r ||a)||L,,(.)(§(xJ))

Then the maximal operator M is bounded from the space ///5(')’(/)' (Q) the space
M5 ().

3. Riesz potential and its commutators in the spaces .7/, (')’¢(Q)

It is well-known that the commutator is an important integral operator and it plays
akey role in harmonic analysis. Let b € BUO(R"). A well known result of Chanillo [7]
states that the commutator operator [b,I%|f =I1%(bf)—bI®f is bounded from L, (R")
to Ly(R") with 1/g=1/p—o/n, 1 <p <n/c.
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Let L”(R4,v) be the weighted L -space with the norm
llgllz=(r, v) = ess supv(t)g(t).
>0

In the sequel M(Ry), M (R, ) and 9MT(R ;1) stand for the set of Lebesgue-
measurable functions on R, and its subspaces of nonnegative and nonnegative non-
decreasing functions, respectively. We also denote

A= {(p eEM(R4;1) :tgrg}r(p(t) :0}.

Let u be a continuous and non-negative function on R, . We define the supremal
operator S, by

(Sug) (1) := lluglL00), 1 € (0,%0).

In the following theorem proved in [6], we use the notation

B = sup vi(E).

0<é<t

THEOREM 1. Suppose that v| and v, are nonnegative measurable functions such
that 0 < [[vi|[1_(0s) < oo for every t > 0. Let u be a continuous nonnegative function

on R. Then the operator S, is bounded from Le.(R,v1) to Le(R,v2) on the cone A
if and only if

— —1
HvQSu (||v1\\Lw(o,.)> HLN(RH =

We will use the following statement on the boundedness of the weighted Hardy
operator

H,g(t):= /tlg(s)w(s)ds, Hig(t) = /t1 (1 —i—ln;)g(s)w(s)ds, 0<t<oo,

where w is a weight.
The following theorem was proved in [23].

THEOREM 2. [23] Let vi,vy and w be weights on (0,0) and v|(t) be bounded
outside a neighborhood of the origin. The inequality

supvy(t)Hyg(t) < Csupvi(t)g(t)
>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0,°°) if and only

if
! d
B:= supvz(t)/ __wislds < oo,
>0 i SUPs 7o V1(T)
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THEOREM 3. [22] Let vy, v, and w be weights on (0,c0) and v (t) be bounded
outside a neighborhood of the origin. The inequality

supv (1) Hy5g(1) < Csupvi (1)g(1) G.D)

>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,°) if and only

if
! d
B:= supvz(t)/ (1 +1n£> _ wls)ds <
>0 t 1/ supg. s vi(7)

Moreover, the value C = B is the best constant for (3.1).

The following weighted local estimates are valid.

THEOREM 4. Let Q C R" be an open unbounded set, 0 < o, < n, p € IF’I,,Z”'(Q),

n 1 1
P+ < @’ g = O %, w eAp()q()(Q) Then

i _ ds
1190 ey < M0N0 000 | 150 0| @l by e G2

where C does not depend on f, x and t.

Proof. We represent f as
f=h+rh, (O =000 0): L0) =X sra ), >0, (3.3)

and have
Iaf(x) = Iafl (x)+ Iafz (x).
By Corollary 1 we obtain

I 11l 0 ey < 1Sl g0 ) < €A g0 ) = CI 360 2y
Then
7% Fill a0 ey < CIN 20 i 2y

where the constant C is independent of f.

On the other hand,

L - o T PR ===
<IBIF [ 110 sy o G4
SNl o) Gy W0 Gy /tl Hf”LZ,(')(E(x,s))J%OC
S Mol 200 B /t1 L1120 ey 1907 0 i) Snf%a

! 1 ds
,S [w]Ap(.)‘q(,) HwHLq(')(E(xJ)) ~/t ||‘fHLg,()(§(xs)) HwHL‘i()(E(x7s)) ?
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Taking into account that

© ds
-1
||fHLg,()(§(xt)) < C”w”LQ()(E(xt))‘/t Hf”LZ)()(g(x78))Ha)HLq()(E(X,S))?,
we get
%A1l < Clloll g0 Tl ol as (3.5)
U280 Blx)) L0 (B(x1)) , 29 Brs)) "N a0 Blxs)) s :
When |x—z| <7, |z—y| > 2, we have 1[z—y| <|x—y| < 3|z—y]|, and therefore
FRWIS [ =yl )y
Q\B(x21)
<o [ eyl )y
Q\B(x,21)
We obtain
Lo A= [ |f<y>|( / s““ds) dy
Q\B(x,2r) Q\B(x,2r) [x—y]|
<[ Oy )ds
2t {yeQ:2t<|x—y|<s}
S A i e L P
ds
1
S [ 10 ey 19N ey -
Hence
_ ds
11 2l g sy S 10003100 | 0 1@y 5

which together with (3.5) yields (3.2). O

THEOREM 5. Let Q C R" be an open unbounded set, 0 < o, < n, p € IF’I,,Zg(Q),
pr < Z, LX = ﬁ — 5 ©E AL o) (Q) and the functions @ (x,t) and @a(x,t)
fulfill the condition

« €SS inf(Pl (x7 r)”w”LP() B(x,r
/ §<r<oo (Bxr)) @ S (pz(x7t), (3.6)
t ||w||m(-)(§(x,s)) §

Then the operator 1% is bounded from //£(')’(p1 (Q) to g//lg,(')’(’)2 (Q).

Proof. Let @ € Ay 4)(L2), by condition (3.6) and Theorems 4, 2 with
vz(r) = (pz(x7r)_1’ Vl( ) - (pl(x r) 1H(DH 1 (xr)) (r) = ||fHLg,()(§(x,r)) and
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W(V) = ||w||;pl(,)(§(x7r))r_l we Obtain
o
HEAN a2
1 - ds
< - ~ -1 as
~ et o0 $2(51) /t 17120 By 190 ) ) 5
1

O

< su floer iz =1L pe), :
e ool i aen =W gghon

Now we consider the commutators Riesz potential defined by

0,11 () = [ [b() = bOLA0) b= "y

n

The commutator generated by M and a suitable function b is formally defined by

[M,blf = M(bf) —bM(f).

Given a measurable function b the maximal commutator is defined by

M) () = suplBls )~ [ 1) =)0l

r>0

forall x € R".

LEMMA 2. [20] Let b € BMO(R"), 1 < s < oo. Then

1 1
s s

M ([b,1%]£ (x)) < Cl|b||8mo [(Mllo‘f(X)l“') + @ f(F) |
where C > 0 is independed of [ and x.

LEMMA 3. [11] Let Q C R" be an open unbounded set, p € P%8(Q) and o €
AP()(Q) Then
If @l 0 < ClloM £
with a constant C > 0 not depending on f.
THEOREM 6. [2, Theorem 1.13] Let b € BMO(R"). Suppose that X is a Banach

space of measurable functions defined on R". Assume that M is bounded on X . Then
the operator My, is bounded on X, and the inequality

1My fllx < ClII71x

holds with constant C independent of f.

COROLLARY 2. Let b€ BMO(Q), p € Pl%(Q) and o € Ap()(Q), then the op-
erator My, is bounded on L‘Z,(') (R™).
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THEOREM 7. [28] Let Q C R" be an open unbounded set, p € Pl%(Q), o €
Ap()(Q), b€ BMO(Q) and the function @ (x,r) and ¢2(x,r) satisfy the condition

( ¢ ) ess inf @1 (x,5) | @] ) 5ix,v))

sup(1+1In- < Coa(x,r), (3.7)
r

ror 0l p0) (3x))

where C does not depend on x € Q and t. Then the operator M}, is bounded from the

space ///5(')’(/)' (Q) to the space ///5(')’@(9).

THEOREM 8. Let Q C R" be an open unbounded set, 0 < o < n and p € Pl%(Q),

P+ < g ﬁ = ﬁ — % 0 €Ay 4()(Q). The following assertions are equivalent:

(i) The operator [b,1%] is bounded from Lfo(')(Q) to LZ](')(Q).
(ii) b € BMO(Q).

Proof. (ii) = (i) Let f € LL)(Q) and b € BMO(Q). By the Lemma 3, we have
1B, )£ 1 ) ) S HMﬁ([b71a]f)HLZ)<->(Q)~

From Lemma 2, we have

1 1
IV, 0 ) = 101 | 01271 - 01117 |
1 1
<b*HMIOCS§ HMOCS S\ y .
S ([0 g + 0719 g0
By Theorem 1 and Corollary 1, we have
1 1
o £S5 < o £IS||s — |7 <
@129 g0 ) SIS o= Vi) S gy

w34(-)
By Corollary 1, we have

1
s

e 1)

<
Therefore

(i) = (ii) Now, let us prove the “only if” part. Let [b,I%] be bounded from
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LZ)(')(Q) to LZ)(')(Q), 1 <py <g-Then

B(x,1)| / — b ldz
= \B(x,t)|N/ ‘b@_w(i,t)t/ b(v)dy|dz
B(x,r)

(b(z)—b(y))dy\dz

< /
~ B (xz|1+ |th|1——

x—y|*"d )dz
x[ |1+n / ‘ / | y| Y

{——= b,1 n(2)dz

B(x,t)|1+n~/ |16, 1a) x(x) (2)]
B(xt)

S Ct " by Lo xB (s a0 1B e HLq’Ql

<C |0l 0 gy 0™ e <C

(B(x:t))
Hence we get

B [ 1b0) = by dy < C.

il

This shows that b € BMO(Q).
The theorem has been proved. [

THEOREM 9. Let Q C R" be an open unbounded set, 0 < o, < n, p € IF’I,,Zg(Q),

n 1 1
P+ < 0= %, w EAI,(,)ﬂ(.)(Q), b € BMO(Q). Then

||[b,1a}f||L,£.)(§(X’t)) < CHbH*”w”Lq(-) B(x.1))

1 ds
[ U0 gy 9 ey o B

where C does not depend on f, x and t.

Proof. We represent f as
f=h+rh hO) =00 0): 20) =X b)) >0, (39)

and have
(b, 17f (x) = [b,1°] f1(x) + [b,1%] f2(x).
By Theorem 8 we obtain

12, LV fill a0 iy S OS] a0 ) S IBINLAN p0 p
= 1811 120 i 20
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Then

162011l 00y < CIPI T

where the constant C is independent of f.
Taking into account that from the inequality (3.4) we have

° _ ds

and then

© _ ds
|| [bvla]fl ||LZ)()(§()”)) < CHbH*||w||L‘1()(§(xt)) [ Hf”LZ,()(E(x,S)) HwHqu()(E(x’s)) ?

(3.10)
When [x—z| <1, |z—y| > 2t, we have 1[z—y| <|x—y| < 3|z—y]|, and therefore

BINLWIS [ b)) = b))y

Q\B(x,2t)

<C [ |b(y) =b@)l|x—y[* " f(y)|dy.
Q\B(x,2r)

We obtain
Lo 1) = b))y
OQ\B(x,21)

= g [P0V 0O ([ s s )y

Q\B(x,2t)

<c [ s / b(y)— b= d)d
S ( {yeg:ztglxiy‘@}l () = b [1f)ldy | ds
+Clb(2) —bg(x.f)l/ s¢n (/ If(y)ldy) ds=Vi+Va.
’ 2t {yeQ:2t<|x—y|<s}

To estimate Vi :

Vi=C w““(/ b(y) — b d)d
1 ., N {yeQ:Ztglx—y\<S}| ) B(x,t)Hf(YH y |ds

< “ o—n—1 DN He , ~ oo
<c [ s e Pates ) e 115 e @

« —n—1
+C /, 5 |b§(x7,)—b§(x7s)|< /g(m If(y)ldy) ds
- oa—n—1 -1
<CHbH*/, s o™l ) e ) I 20 ) 28
< an—1y Sy 1
+CHbH*/, s Il 0 sy 1 50 sy 2

© s _ ds
<Clolle [ (1410 2) 101k 0 1 g0y (3.11)
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To estimate V5 :

oo

Vo, =C|b(z) — b, 0‘"1</ d)d
2 =Clb() — byl |, e} lf(v)ldy ) ds

ds
< -1 ; -
< ClB(x.1)| /g(mu Ny [ 11,50 0 190 sy 5
_ ds
<Myt (@) [ (1107 )anL,, \\w\\L;@(g(xvs))? (3.12)

where C does not depend on x,7. Then by Corollary 2 and (3.11), (3.12) we have
116, 2%1 21l 0

(B(x.))
S UVl a0 ey + 1V21 90 3
1 ds
< 010 ey | (1105 1150 ey s ey 5
° ds
—1
1Mool ) | (1+1n )anL,, P
* ds
—1
< 0l ey | (110 17150y 9N ey 5
_ ds
+Clel @l 5 ))t (1+1n )anL,, I
_ ds
Hence
o
H[b?I ]szLZ,()(E(Xt))
* ds
_ ~1 as
<C||b||*||(D||Lq(-)(3(x7,))/t (1+ln )”fHLI’ ”w”L‘?(')(E(x,s)) PR

which together with (3.10) yields (3.8). [

THEOREM 10. Let Q C R" be an open unbounded set, 0 < o <n, p € IF’f)f,’g(Q),
P+ < g ( 7= (1) — 5 @ E A, 4)(Q), b€ BMO(Q) and the functions @i(x,t)

and @ (x,t) fulfill the condition

= <Cpy(x ). (3.13)

. s ess 1nf(p1 (x, r)H(DHLp (B(x,r)) ds
/ (1 s
' ||CO||L,1. )(B(x,s)) §

Then the operators [b,1%] is bounded from ///5(')’901 (Q) to //f,(')’%(g).

Proof. Let ® € A,y 4)(€2), by condition (3.13) and Theorems 9, 3 with

n2(r) = 0260 () = oen) 0lk e 80) = 10, @

(B(xr))’ )
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w(r) = ||f0||£,,1 - r~! we obtain

O(Blxr))
[CART O

(Q)
1 bl ds
<|b - 1 -1 i
Il swp s | (2 10 g 100 sy
1
< ||b||l« sup fll oo = =|b f N .
|| ”*er 120 (Pl(x f)||w||Lp(-)(§(x7,)) H ”Lz,()(B(x,t)) || ||*|||| H'/”alz()fﬂl(g)

4. Riesz potential and its commutators in the spaces V///a’;(')’(p(Q)

THEOREM 1. Let Q C R" be an open unbounded set, 0 < o, < n, p € IPf,f,’g(Q),
P+ < g ﬁ = ﬁ — 5 © €A, 4)(Q) and the functions @) (x,t) and @a(x,t)
Sfulfill the conditions

e inf @1 (6@l a0 B2 ais
Cy _/

ds _ @.1)
% HwHLq (B(x.s)) §
for every 1 >0, and
w €ss inf @y (x, 7)[| @] 140) s
/ s<r<eo (Bxr) @ < C(pz(x,t). 4.2)
t ||w||Lq(')(§(x,s)) §

Then the operators I* is bounded from V{%CI;('):QDI (Q) 10 V///él,(')’w(g).

Proof. The norm inequalities follow from Theorem 5, so we only have to prove
that if

1
lim sup 1 X500 10 ) = O
=0 cgn @1(x, I)H(DHU (B(x.)) BnlLg @
then
lim sup 1% fxzenll a0 g, =0 4.3)
=0 xR QDZ(XJ)H(‘)HLq(-)(ﬁ(x’t)) By (@)
otherwise.
1
To show that xs;%) CLEE) e HI X ||Lq <€ for small r, we split

the right-hand side of (3.2):

sup

||Iafox H ) <G (1, ()C,t)—i—lz. ()C,t) ) 4.4)
xerr @200 o) 3 )l 500 @ < o (o (1)

where 9 > 0 will be chosen as shown below (we may take 1 < 1),

1 ds
HU(')(E(&S)) s’

Y
B t) = 10l anny [ 16150 0y 19
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_ ds
s 5) = 0l . I ey 1Ot e

and it is supposed that ¢ < 9. Now we choose any fixed y > 0 such that

1 £
sup 1 x50l o6y < 5, forall 0<t< 7,
x€Rn (Pl(xat)HwHLq(-)(E(x,;)) By @ 20y
where C and Cj are constants from (4.2) and (4.4), which is possible since f €
V.59 (Q). Then

sup CI 4, (x,1) < =, 0 <t <,

xeR?

N M

by (4.2).
The estimation of the second term now may be made already by the choice of ¢
sufficiently small thanks to the condition (4.1). We have

Pa(x
127;/0()6,1‘) < CYO ” ” ( 3 ”fHV//q )
L‘i

where Cy, is the constant from (4.1). Then, by (4.1) it suffices to choose r small enough
such that
0 (x,1) €

HwHLq(*)( B(x1)) 2CC’YOHf||V///] ( )7

which completes the proof of (4.3). [

THEOREM 2. Let Q C R" be an open unbounded set, 0 < o, < n, p € IPf,f,’g(Q),
P+ < g ﬁ = ﬁ — 5 © €A, 4)(Q) and the functions @) (x,t) and @a(x,t)

Sfulfill the conditions

— < (4.5)

. N 1nf<P1(x V)||CU||Lq (B(x.r)) ds
v ol a0) x5y s

for every vy, and

o ess inf @y (x,7) | @ || 40) (50
/ <1+1n5) s<ree L D45 < Con(n,i). (4.6)
t

||w||m(-)(§(x,s)) s
Then the operators [b,1%] is bounded from V//£(')’(pl (Q) 1o V///él,(')’w(g).

Proof. The norm inequalities follow from Theorem 10, so we only have to prove
that

1
lim sup e 4 PN
r—0 ern @1 (X, t)”w”m ) | XB( ”>HLZ()(Q)
1
fim sup b I gl a0 =0 4.7)
r=0 ek 92060)10l] ) (3. 16 P11 2500 159
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otherwise.

1
To show that xs;lﬂgl W‘Hb I“}fXth HLq < ¢ for small r, we
split the right-hand side of (3.8):

1
sup b, I% f x5, Yoy S Co (I y(x, 1) +hylx,r)), (4.8)
B Ty A8 i < e )

where y > 0 will be chosen as shown below (we may take y < 1),

Y _ ds

By 2= 18110050 ey | (1402) 1510 g0 190 ey o
] = _1 ds
Doy = W0l [, (1H0T) 110 e N2

and it is supposed that 1 < y. Now we choose any fixed y > 0 such that

1
sup 1S X ot —————, forall 0<t <y,
x€Rn (Pl(xat)“w“Lq(')(E(x7t)) Bl gy ZCC ||b||*

where C and Cy are constants from (4.6) and (4.8), which is possible since f &
V.2 (Q). Then

sup CI; y(x,1) <
xeRm

, O<t <y,

N M

by (4.6).
The estimation of the second term now may be made already by the choice of r
sufficiently small thanks to the condition (4.5). We have

x,t
b y(x,1) < C7||b||*w(p2#

11, a0 o0
| ||Lq(-)(§(x,;)) vty @)
where Cy is the constant from (4.5). Then, by (4.5) it suffices to choose r small enough
such that
0 (x,1) €

||w||m(-)( B(x,1)) ZCCVHbH Hf”v///] 2 (g )’

which completes the proof of (4.6). [
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