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WEIGHTED COMPOSITION OPERATORS FROM
WEIGHTED BERGMAN SPACES TO STEVIC-TYPE SPACES

XIANGLING ZHU AND JUNTAO DU

(Communicated by S. Stevic)

Abstract. The boundedness, compactness and essential norm of weighted composition operators
from weighted Bergman spaces with a double weight to Stevi¢-type spaces on the unit disk are
investigated in this paper.

1. Introduction

Let D be the open unit disk in the complex plane, and H(D) the class of all
functions analytic on . Assume that u is a weight, that is, ¢ is a radial, positive and
continuous function on D. If n € NU {0}, the Stevié-type space on I, which he called

the n-th weighted space, denoted by Wp(ln), consists of all f € H(ID) such that

n—1
£y = 2 1F90) +supp(2) /™ (2)] < e.
H k=0 z€eD

The space ngn) was introduced by S. Stevi¢ in [28]. It is a Banach space with the

norm || - HW;E”) . When n=0, WLE") becomes the weighted-type space H;;. When n= 1

and n=2, WLE") becomes the Bloch-type space %, and the Zygmund-type space Z};,
respectively. For some results on the spaces H;;, %y, 2, with various weights 1, and
operators acting from or to them, see, e.g., [, 2, 3,4, 6,7,9, 13, 14, 15, 16, 17, 18, 19,
29, 30, 32, 34, 42, 44, 45], and the related references therein.

The little Stevié-type space, denoted by Wétg, consists of all f € WLE") such that

lim u(2)| /" (2)| = 0.

|2]—1

It is shown in a standard way that Wén()) is a closed subspace of WLE") .
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Suppose ® is an integrable weight on (0,1). We say that o is regular, and write
itas @ € Z, if there is a constant C > 0 determined by @, such that

1 1 1
— < ds <C, whenO 1.
C<(l—r)a)(r)/rw(s)s< , when0 < r<

We say that o is rapidly increasing, and write it as @ € .%, if

. 1 !

Let vy g(r) = (1—r)% (log ﬁ)ﬁ (such weights can be found in [29, 30]). By a calcula-
tion, we have the following typical examples of regular and rapidly increasing weights,
see [24], for example.

(i) When oo > —1 and B € R, Vop EX;
(i) When a=—1and B <—1, vy € .# and |sin (log {)|vep(r)+1€ 7.

Suppose ® is an integrable weight on (0, 1). If there is a constant C > 0 such that
1 1
/ o(s)ds < C/H o(s)ds, when 0 <r <1,
r L

we say that @ is a double weight, and write it as @ € 9. From [24, 25], we see that
FIUZR C . See [24, 25] for more details about .#,%Z and 9.

Let 0 < p<ocoand € &. The weighted Bergman space Af is the space of
f € H(D) for which

171 = [ I o@dAR) <.

where dA(z) = %dxdy is the normalized Lebesgue area measure on ). When p > 1,
Al is a Banach space. When @(7) = (1 —1)% (o > —1), the space AL, becomes the
classical weighted Bergman space A%,. In [24, 25] there are plenty of results which
show that the Bergman space A}, induced by a rapidly increasing weight lie “closer” to
the Hardy space H” than any AL .

Let ¢ be an analytic self-map of D and u € H(ID). The weighted composition

operator, denoted by uCy, is defined on H (D)) by

UCof)(z) =u(z)f(@(z), feH(D).

Itis important to give function theoretic descriptions of when « and ¢ induce a bounded
or compact weighted composition operator on various function spaces. Recently, there
has been a great interest in studying weighted composition operators on analytic func-
tion spaces on the unit disk, see, e.g., [1, 2, 3,4, 5,6, 7, 8, 10, 11, 12, 13, 14, 15, 20,
21,22,27,31, 33, 35, 36, 37, 38, 40, 41, 43, 44, 45].



ESSENTIAL NORM OF WEIGHTED COMPOSITION OPERATORS 363

In [28], Stevi¢ studied the boundedness and compactness of the composition oper-

ator from A%, to WLE") on D. In [35], Stevi¢ studied the boundedness and compactness
of the weighted differentiation composition operators from H® and the Bloch space
to W;EH) on D. In [41], Zhang and Zeng generalized the results in [28] to the case of
weighted differentiation composition operators. For some very general results on the
essential norm of generalized composition operators between Stevic-type spaces see
[37].

Motivated by [28], we study the boundedness and compactness of uC, from

weighted Bergman spaces A% to ngn) and W in this paper. Moreover, we give

uw,0
some estimates of the essential norm of uC, from AL to WLE") and WLE"()).
Let X and Y be Banach spaces. Recall that the essential norm of linear operator
T :X — Y is defined by

IT||ex—y =inf{||T — K||x—y : K is compact from X to Y'}.

Obviously 7 : X — Y is compact if and only if ||T||.x—y = 0.

Throughout this paper, the letter C will denote constants and may differ from one
occurrence to the other. The notation A < B means that there is a positive constant C
such that A < CB. The notation A ~ B means A < B and B SA.

2. Auxiliary results

LEMMA 1. Assume that ® € 9, r € [0,1] and .(r) = [ so(s) log 2ds. Then
the following statements hold.

(i) ©. €% and 0.(r)=(1—7r) [l w(r)dt;

(ii) There are 0 < a <b < 4o and 6 € [0,1), such that

(1) is decreasing on [8,1) and lim o.(r) _ o:
(1—r) ro1 (1—r)a
(f)*_(gb is increasing on [8,1) and lim (io*_(;;b = co;

(iii) . (r) is decreasing on [0,1) and lim w.(r) = 0.

r—

Proof. By [26, Lemmas A and 9], (i) holds. By (1.19) in [24], (ii) holds. From (if)
and the fact that . (r) = (?j(rr))a (1 —r)“, we see that (iii) holds. [

REMARK 1. Without loss of generality, we can assume & related to @, in Lemma
1 is 0. We assume that @, is radial, that is, @, (z) = . (|z|) forall z € D.

Let 1 > 0 be one of the admissible constants in [24, Lemma 2.3]. It follows by
Lemma 1, [23, Lemma 3.1] and [24, Lemma 2.4] we have the following result.
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LEMMA 2. Let o € 9, p>0 and k € NU{0}. Ser

k+7
1— |a|2> 1
g,k(z>=( a . zeD.
¢ 1—az wj/p(a)
Then
||ga,kHA§) ~ 1, when a €D,
and

lim sup |g,x(z)| =0, when re (0,1).

la|=1|7<r
For f e HD) and 0 < r < 1, set

T 1/
() = (55 [ reenrar) L o< p <

2r

and

M (1, f) = sup |f(2)]-

|z|=r
Then we have the following lemma.

LEMMA 3. Suppose ® € 9, 0 < p < oo and N € NU{0}. Then there exists
C=C(p,w,N) such that

(1= D! /?(2) | FY ()| < CIlf | ap, (1)

forall f€e HD) and k=0,1,--- N+ 1.

Proof. Let si(r) =1— 2— Then 1+S‘( ) = = sgr1(r). By well-known estimates,
there is a C; = C(p) < o, such that

(1+rvf) / P(%Jc)
(rf)<C1( RO and Mp(r,f)SClil_r
Hence,
M (Sl(r)7f(k)) k(k+1) M (Sk l(r>7f)
(k) p PN T 5~ k1P kN5 )
Mo(r,fY) < C (l—r)l/l’ <2 C (l—r)k+1/1’ .
Then

Pph(k+1)
T2

1
M a0 [ 2wl
t+1(r)

k+1
e,

pk(k+1)
2
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By Lemma 1, there exist C; = C(®w) >0 and b > 0, such that i (’)),, is increasing on
[0,1) and

Ci2(1 —t)/[1 o(s)ds < w.(1) <C(1 —z)/t1 o (s)ds, 1 € [0,1].

Hence,
0.0 _ o) 25 e, (s ()
(1=r)> = (1 =sps1(r))? (I=r)
Therefore,
ph(k+1)

k1
257 +1Cp( - )Cz(l —Sk+1(r))Hf||£g)

(1 =)k o, (s (r))

[)A(A+l) k+1)
=7 +(b— 1)(k+1)+1C17( + C Hf”

(1.
So, there exists C = C(p, w,N) such that (1) always holds. The proof is complete. [

ME(r, £ ) <

AP
<

The next two lemmas can be found in [35].

LEMMA 4. [35] Fix n€ NU{0},a > 0. Let matrix D41 (a) = (Bij(a))i j=12,-n+1
where

1, i=1,
.. = i1
B0 =\ Tlarks j-2,1=230 1.
k=1
Then
1, l’l:O,
det(Dpy1(a)) = l'nI k!, neN.
k=1

Here det(Dy+(a)) is the determinant of Dy (a).

LEMMA 5. [35] Suppose n € NU{0},u € H(D), and ¢ is an analytic self-map
of D. Forall f € H(D), we have

(uCof)" zf ZCZ "D(@)Bi(9'(2),9" (), 0" V(). @

where

: kj
. I LloW()\"

B / 7 " e (I—k+1) _ , 3

14(9'(2),0"(@), (2)) kl;}q k1!k2!~~~k1!~,1;[1 . 3)

Jj!
and the sum in (3) is over all non-negative integers ky,kz,-- -, k; satisfying
ki+ko+---+k=kandki+2ky+---+ 1k =1.
For brief, we will write By (¢’ (2), 9" (z), -, 1 (z)) as B;1(¢(z)), that is
Bix(9(2) = Bia('(2), 9" (@), 0" (2)).

To study the compactness, we need the following well known lemma.
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LEMMA 6. [39, Lemma 2.10] Suppose p > 1, o € 9 and W is a weight.

If T:A) — WIS")(W‘YB) is linear and bounded, then T is compact if and only if

whenever {fi} is bounded in ALy and fi — O uniformly on compact subsets of D,
I ([T fillyon =
—oo i

3. Main results and proofs

THEOREM 1. Assume that p > 1, n€ NU{0}, u € H(D), ¢ is an analytic self-

map of D, @ € 2, and u is a weight. Then uCy (AL — WL(l ")

if

is bounded if and only

1@ | 2 Gu N @)Bia(9(2)
sup —

€D (1—\(p(z)\)"wi/p(¢(2))

<oo, k=01, ,m. )

Proof. Suppose that (4) holds. For any f € AL, from Lemmas 3 and 5, there exists
C =C(w,p,n), such that

ZCZ (=) (2)Bri(9(2))

u(z) ) ”Cq)f ) =

, 1) 3 D @)Bik(0()

<C 4 = '
< ||fHAwk§6 (1—|o(2))kol (p(2)

For j=0,1,---,n— 1, the following inequality holds obviously,

(o) (0)] = | 37 (010) 3, 0)814(010)

S Cluli = (0)B1x(0(0))

U ‘
< C||fHAg’,k§6 (1- ‘(p(o)\)kwi/p(ﬁo(o)) .

So uCy : Al — W‘En) is bounded.
Conversely, suppose that uCyp cAD — Wﬁ")
(017627 e 7Cn+l)T’ set

is bounded. For a € D and ¢ =

n+1
2a(2) = Y, ¢j8aj(2), (5)
=1

where g, ; are defined in Lemma 2. We get

@)+ )G+ 30+ 1)+ 20+ = 1) (1= a0

0 () —
a8 = (T—agp o
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So,

@w%_WXfH@U+%+UmU+%+FJ)
(1-laPy ol'?(a)

(@),80h(@), -+ (@), g (@)) o,

RN

; t t+1 t+n—1 t+n

(1-laPyol/"(a)

i=1 i=2 i=n i=n+1
Fix k=0,1,---,n, we will choose ¢, such that
(a) _
— =k
g (a) = { (o @ (©6)
0, t#kand0 <t < n.

That is to say,

1 1 1 1
To+1 Yo+2 e Y +n Y+n+1
(+D0+2) (0+2)(w+3) - +n)(w+r+1) (o+n+D)0+2) [2_ 4

b

(o +n+i)
1

(w+i+1l) - T(w+n+i-1)
n n :

n
1 1 1=

71(Yo+i)

or
Dn+1 (YO + 1)6 = Aa
where A is a column vector, in which the k£ + 1-st element is 1 and the others are

0. By Lemma 4, ¢ exists and depends on }y,k and n. By Lemma 2, there exists
C =C(w,p,k,n), such that ||gq|[4» < C, forall a € D.

When |¢(z)| > 1, by Lemma 5 and (6), we get

S I @Ble@)|
=k

(1- ool (pR) ok
< 2uCpll 00 8001 lag- @)

u(z)

TR EI0C0) " @)

So, for k=0,1,---,n, there exists C = C(®, p,n) such that

u(z) ic,iu“—”(z)Bz,k«p(z))\
sup [=k

ozt (1=]o@)FelP(p(2)

k
<2 C”uc‘p”Aé’ﬁW;ﬂ") < oo,
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When |@(z)| < 1, let k=0,1,---,n. Define the test function /(z) = Z*, then
1]]?) < 0(D). Here o(D) = [ ®(z)dA(z). Obviously, we have

AI’N

(n=)( (2)Bio(0(z))

=u(z )‘(qu)ho)( (z )’ Hqu;hoH

< JuCol

1
APHW n) ||h0||AP HMC(PHA%HWAH)CO /P(D)

So, when k = 0, we have

ECI =D (2)B1 i (9(2))

< wl/”(ID)HqullAgHWl@

Suppose k > 1. Then we have

ul"=0( (2)Bri(0(2))

—1(2) | (uCphi)"” zh zcl "(2)BLi((2))

<,u()‘(uC(phk ‘ 2—|2€1 "(2)Byi((2))

SluColl .y, o IIthAP+E (=D (2)B1i(9(2))| -
So, we have

(n=)( (2)Bri(9(2))

n

ZCiu("_l)(Z)BlJ((P(Z)) .

I=i

1 . k—1
<— /p D C " -
k'm ( )“u (pHAg_}WIE)—’_l:ZO(k )'”(Z)

Using the last inequality k = 1,2,---,n repeatedly, we can find a C > 0, such that

Ec’ "(@)BL(9(2))| < CoVP(D)[uCollp i

Since sup
0<r<}

m<‘x’ for k= 0,1, --,n, we get

(| & Gl @Bl )
su —

1
wolt (1= lp@Dkei " ((2))
Therefore (4) holds. The proofis complete. [

< oo,
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THEOREM 2. Assume that p > 1, n€ NU{0}, u € HD), @ is an analytic self-
map of D, w € 9, and u is a weight. If uCy (AD — Wén) is bounded, then

u(2) | S Cut ()B4 (9(2))

[uCo| W = Z limsup =k
Ao Epl—1 (11— o))l P (e(2))

Proof. The lower estimate of |uCopl| ., -
eAp—Wy

Suppose {wy,};_; C I such that Y,ILILQJ(P(W’”” =1and K : A, — W,E") is com-

pact. For a given k=0,1,---,n, let g4y, be defined as in (5) and satisty (6). By

Lemma 2, there exists C = C(®, p,n), such that [|ge(y,,)llaz < C and {gy(,,)} con-

verges to 0 uniformly on compact subsets of ID. By Lemma 6, lim [[Kgy(y,,) HW(") =0.
m-—oo u

Therefore,

lieCo = Kll g,y 2 timsup[|(uCo = K)ggtum g

2 lim sup (ucqog(p(wm (Wm) || ”Kg(p(Wm) Ag—’W;En)>

m-—oo

(Wm) zcl "= l)(Wm)Blk((P(Wm))
2 limsup

moe (L= |g(wm) k0! (9(wn))

Since k,K and {wj,} are arbitrary, we have

) <>zcl"”0mﬂ¢@ﬂ

|uCy || w 2 Y, limsup =k
PleAl—m, kzolw)m (1=le@D (@ (e(2))'/7

The upper estimate of ||uC¢,||e

Aﬁ,HW}EH) :
Suppose 3 <p < 1and 0 <r<1.Forall f €A}, let f,(z) = f(pz). Then

14Coof lyyn = lluCofpllyyem < luColl yp gy 1fp lar, < NeColl p _gyen £l

So, uCp¢ is bounded. By Lemma 6, (4), as well as the Cauchy estimate for the deriva-
tives of analytic functions on compacts, we see that uCp, is compact.
When |@(z)| <r<1and k=0,1,---,n, by Lemma 3 we have

Clfl Clfl
(o)) < b < 5 |
P S L Gl @D (ple@) ~ (- lo@PFo 7 (pe()

By Remark 1, we assume that o, (¢) is decreasing on [0,1). So

o.(p9(2) = w.((2)).
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Hence,
CHfHA{;

(1- ool (p()

Therefore, there exists C = C(w, p,n) such that

FRCICIENIES

19 (0(2)) - “(P(P( )|
<P (@@) — P o)+ (1= pHI M (o)
9@ kC(1=p)[fllaz,

fk+1( )
oz ’ (1-lo@) )l (o(z)

_ ( PO f1laz, kC(1—=p)|Ifllaz
= 1/p + ko l/P ’
(1=le@N* V. (e(z))  (1-e(z))fa. " ((z))
By Lemma 5,

Ju 1(2)|(UCp f — uCpof)™ (2)|
e(z)|<r

< swp 1@ IR @E) - W (p

lp(z)|<r k=0

ZCI =1 (2)By1(9(2))

U(z) Ekc,iu("_l)(z)Bz,k@P(Z))

(1-lo@) Nt (o)
Since uCy : Ay — Wp(l") is bounded, (4) holds. So,

C(l—P)Hf”Az’)i (11r+k)

k=0

lim sup sup p(2)|(uCpf —uCpyf)™(2)] = 0. (8)
P o@l<r Il <1

In a similar way, we have

lim sup ‘(MC(Pf_uCP(Pf)(k)(O”:O?k:O7177n_1 (9)
Pl <t

When r < |@(z)| < 1 and k=0,1,---,n, by Lemma 3 we have

Cl| £l 42
sup M () —p*rPom)I<2 sup [fY(n)< ORI
nl=lo()| Inl=lo()| (1-]e(@))fw. " (¢(z))
By Lemma 5,
sup sup  p(2)|(uCof —uCpp f)™ (2)|
r<lp(@)|<Llf] <1
0 u(z) EkCM"‘”(z)Bak((p(z))

QCZ sup
Sor<io@l<t (1= o)) o7 ()

(10)
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From (8), (9) and (10), we have

1| X Cu" D (2)Bii(9(2))
11msup||uC(p - uCp(pH TS 2 sup =k

J Ebrcloei<t  (1-|oE))ol (o(z)

(1)

Since uCp is compact, by letting » — 1, we have

§ Lt >Bz7k<<p<z>>\

u(z)
uCo | w < S limsup — 1=
A=W Slpi—1 (11— |p))rol P ()

The proof is complete. [

THEOREM 3. Assume that p > 1, n€ NU{0}, u € H(D), ¢ is an analytic self-
(n)

map of D, @ € 2, and u is a weight. Then uCy (AL — 00 18 bounded if and only
if uCy : Ay — Wﬁ(ln) is bounded and

lim 1(2) Y, Cut D ()BA(9()) =0, k=0,1,-n. (12)

Proof. Suppose that uC,, : AL, — W,E") is bounded and (12) holds. Let P(z) be a

polynomial. Then there is constant C = C(P) such that sup |P*)(z)] < C when k =
zeD
0,1,---,n. Therefore,

lim 1(2) («CoP) " 2 < fim (2) 3, P ch 1D (2)Bu((2))] = 0.

|z]—1 |z‘4>1

Thus uCyP € W( By [24, p. 16], the set of polynomials is dense in AL,. Then for
any f € Aj there is a sequence of polynomials p, such that lim ||f — p,|[4» = 0.
Therefore r

liLI:OuC¢pn =uCopf.

Since W(g is closed in W,S ), uCof €W, ) . So, uCy TAb [,(ln(% is bounded.
(n)

Lo is bounded. Obviously, uCy CAP
WLE") is bounded. Suppose h,(z) = z*(s € NU{0}). Then uCyh, € w! 3 , that is

Conversely, suppose that uCy :Aﬁ) —

lim 1(2)] (uCyhs) ™ (2)| = 0.

|2]—1

Let s=0,1,---,n in order. By Lemma 5 and triangle inequality, (12) holds. The proof
is complete. [l
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THEOREM 4. Assume p > 1, n € NU{0}, ue€ H(D), ¢ is an analytic self-map
of D, we 9, and u is a weight. If uCy (AD — Wp(ln(; is bounded, then

\ ()| S Ll (2)Bi(9(2))
p_w ~ Y limsup =k 77
AW Se@l-t (11— |o(2))ol P (e(2)
\ ()| CLu (2B (9(2))

~ ¥ lim [=k
& e )

[l

Proof. The lower estimate of ||uc(p”e7Afu—>Wﬁ'fg'
Let k =0,1,---,n. There is {z;} C D satisfying lim |z;| =1, lim|¢(z;)| =a
Jj—ee J—oo
and

w(@)| S a0 (2)Bi(9(2)) w(z) | £ D (z)B(o(z)))
lim sup I=k = lim I=k

-1 (I-le@Fel(0R) 7= (1—|eE)Dte! (e()

(13)
If a < 1, suppose |@(z;)| < 112 holds for all j. Then

u(z;) ékciu("*”(Zj)Bz7k(<P(Zj))

(1-|o(z) )0l " (¢(z;))

1 n—
<0;33“<(1—r)k(a)*(r))1/“’) ) ZCI YeBrulete ))‘.

By Theorem 3 and (13), we have

()| S CLut=D (2)Byi(9(2)) ()| S CLul=1(2)Bi(9(2))
0 = limsup =k v < limsup =k :
-t (=Dl (o) el (1-|ek))tol(e()

If a=1,by (13) and |@(z;)| — a, we have

()| S (B (p(2) 1| S CuD()B((2)
limsup =k < limsup =k .

=1 (I-]e@el (e@) a1 (1-|eE)) e (9()
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Since ”uC‘PHe?AZHW,E'})) > ””C"’He,AQﬁW‘E")’ by Theorem 2 we get
n
| @)
[uColl, o 2 21 lmsup L i
o0 =ole@l-1 - (1= |e(2)) e " (9(2)
n
0| A B

> limsup

S k-t (=le@) el (0(2)
The upper estimate of ||uCyl| ERTOR
eAw—W,

For 0 < p <0, let f,(z) = f(pz). Then uCpyf = uCyfy. Therefore uCpy is an

operator from A% to Wl% . By the proof of Theorem 2, uCp : Af) — w! 3 is compact.

Therefore, (11) holds. By Theorem 2 and

H”qu_ucpquApHWn) = [luCo —uCpoll,» W
we have
H”C<p||e7 A1) S llf;ljUP [uCy —uCpy|| pram
: 10| & @ Brelp(o)
< su =k )

Sorcol<t (11— o))l (o)

By letting r — 1, we have

1| & @ Bralp(o)

e N e o@D (9@
- ikc,iw"—”(z)BLk«p(z))\

< Y limsu I=
S e o)

[uCol|

The proof is complete. [
From Theorems 2 and 4, we can easily get the following two corollaries.
COROLLARY 5. Assume that p > 1, n € NU{0}, u € HD), ¢ is an analytic

self-map of D, @ € 9, and u is a weight. If uCy (AL — W‘E") is bounded, then uCy
is compact if and only if

()| S CLul=1(2)Bi(9(2))
limsup = ;
p@-1  (1—|p@))o! (p()

=0, for k=0,1,---,n.
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COROLLARY 6. Assume that p > 1, n € NU{0}, u € HD), ¢ is an analytic

self-map of D, w € 9, and u is a weight. If uCyp (AL — ‘5"8 is bounded, then the
following statements are equivalent.

(i) uCy AL — W("g is compact.

u,

(ii) Fork=0,1,--- n,

1) | 3 CLuD(2)Bya(o(2))
limsup = v =0.
-1 (1=leR))fe. " (o)
(iii) For k=0,1,---,n,
u@)icwMJMA&kw@»'
lim sup =k =0.
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