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(Communicated by S. Varošanec)

Abstract. The generalization of the integral formula with three nodes is introduced, and some
sharp and the best possible inequalities for the functions whose higher order derivatives belong
to Lp spaces are given. We establish non-weighted version of the three point integral formula.
From the general non-weighted formula we shall get the famous Simpson, dual Simpson and
Maclaurin formulae. Some new errors of approximation in these integral formulae are obtained.

1. Introduction

The most elementary quadrature rules with three nodes are Simpson’s rule, based
on the Simpson’s formula [3]

∫ b

a
f (t)dt =

b−a
6

[
f (a)+4 f

(a+b
2

)
+ f (b)

]
− (b−a)5

2880
f (4)(η), (1)

where η ∈ [a,b] , the dual Simpson’s rule based on the following three-point formula
[3]

∫ b

a
f (t)dt =

b−a
3

[
2 f
(3a+b

4

)
− f

(a+b
2

)
+2 f

(a+3b
4

)]
+

7(b−a)5

23040
f (4)(ξ ),

(2)
where ξ ∈ [a,b], and Maclaurin’s rule based on the Maclaurin’s formula

∫ b

a
f (t)dt =

b−a
8

[
3 f
(5a+b

6

)
+2 f

(a+b
2

)
+3 f

(a+5b
6

)]
+

7(b−a)5

51840
f (4)(θ ),

(3)
where θ ∈ [a,b]. These formulae are valid for any function f with continuous forth
derivative f (4) on [a,b].

In this paper we will use the concept of the harmonic polynomials which was
considered by J. Pečarić and S. Varošanec [13]. Namely, let

σ = {a = x0 < x1 < · · · < xm = b}
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be a subdivision of the interval [a,b]. Set

Sn(t,σ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

P1n(t), t ∈ [a,x1]
P2n(t), t ∈ (x1,x2]
...
Pmn(t), t ∈ (xm−1,xm],

where {Pjn}n are the sequences of harmonic polynomials, i.e. P′
jk(t) = Pj,k−1(t) . By

succesive integration by parts they have proved whenever the integrals exist that

(−1)n
∫ b

a
Sn(t,σ)d f (n−1)(t) =

∫ b

a
f (t)dt+

n

∑
k=1

(−1)k
[
Pmk(b) f (k−1)(b)

+
m−1

∑
j=1

(Pjk(x j)−Pj+1,k(x j)) f (k−1)(x j)−P1k(a) f (k−1)(a)
]
.

(4)

Using formula (4) we will obtain the general quadrature formula with three nodes x ,
a+b
2 and a + b− x , for some x ∈ [a, a+b

2 ] . Such formulae will include the values of
the higher order derivatives of function f in nodes x, a+b

2 and a+ b− x . Further, we
observe functions f whose higher ordered derivatives belong to Lp spaces and estab-
lish sharp and the best possible constants for such inequalities. Finally, for appropriate
choices of x we will give the generalizations ot the well-known Simpson’s (1), dual
Simpson’s (2) and Maclaurin’s formula (3). Also, the Legendre-Gauss quadrature for-
mula with two nodes∫ b

a
f (t)dt =

b−a
2

(
f
(a+b

2
− b−a

2
√

3

)
+ f

(a+b
2

+
b−a

2
√

3

))
+

(b−a)5

4320
f (4)(η) (5)

will appear as special case, since its exactness is the same as the exactness of the above
mentioned three-point Newton-Cotes formulae.

For c0 ∈ [a,b] set slD(c0) which stands for the class of all continuous functions
f : [a,b] → R differentiable on 〈a,c0〉⋃〈c0,b〉 such that

Ml := sup
t∈〈a,c0〉

| f ′(t)| < ∞ and Mr := sup
t∈〈c0,b〉

| f ′(t)| < ∞.

If c0 = a we set Ml = 0 and if c0 = b we set Mr = 0.
In [5] the generalization of the M. Niezgoda result ([12]) is obtained for the

weighted integral formula.

DEFINITION 1. Let w : [a,b] → [0,∞) be an integrable weight function and wk :
[a,b]→ R are differentiable functions for k ∈ N . We say that {wk}k∈N is w-harmonic
sequence of functions if for k � 2, w′

k(t) = wk−1(t) and w′
1(t) = w(t) , for t ∈ [a,b].

Given a subdivision σ = {a = x0 < x1 < .. . < xm−1 < xm = b} of the interval
[a,b] , let us consider different w-harmonic sequences of functions {wjk}k∈N on each
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interval [x j−1,x j], j ∈ {1,2, . . . ,m} . Define

Wn,w(t,σ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

w1n(t), t ∈ [a,x1]
w2n(t), t ∈ (x1,x2]
...
wmn(t), t ∈ (xm−1,b].

(6)

Then for every function f : [a,b]→R, such that f (n) is piecewise continuous on [a,b] ,
it is proved in [6] that

∫ b

a
w(t) f (t)dt =

n

∑
k=1

(−1)k−1
[
wmk(b) f (k−1)(b) (7)

+
m−1

∑
j=1

[
wjk(x j)−wj+1,k(x j)

]
f (k−1)(x j)−w1k(a) f (k−1)(a)

]

+(−1)n
∫ b

a
Wn,w(t,σ) f (n)(t)dt.

The identity (7) is called weighted integral identity.
Here and hereafter the symbol Lp

[a,b] (p � 1) denotes the space of p -power inte-

grable functions on the interval [a,b] equipped with the norm

‖ f‖p =
(∫ b

a
| f (t)|p dt

) 1
p

and L∞
[a,b] denotes the space of essentially bounded functions on [a,b] with the norm

‖ f‖∞ = ess sup
t∈[a,b]

| f (t)| .

Let us denote

T f (x0,x1,x2, . . . ,xm) :=
∫ b

a
w(t) f (t)dt−

n

∑
k=1

(−1)k−1
[
wmk(b) f (k−1)(b)

+
m−1

∑
j=1

[
wjk(x j)−wj+1,k(x j)

]
f (k−1)(x j)−w1k(a) f (k−1)(a)

]
.

The following three theorems have been established in [5] . For the reader convience
we give a proof of the first theorem here :

THEOREM 1. Let f : [a,b]→ R be a function such that f (n−1) ∈ D(c0), for some
n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n)(t)
∣∣∣< ∞.
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Then the following inequality holds:

|T f (x0,x1,x2, . . . ,xm)| �
⎧⎨
⎩
[
Mp

l (c0−a)+Mp
r (b− c0)

]1/p · ‖Wn,w(·,σ)‖q, 1 � p < ∞

max{Ml,Mr} · ‖Wn,w(·,σ)‖1, p = ∞.

Proof. From the identity (7) we have

T f (x0,x2, . . . ,xm) = (−1)n
∫ b

a
Wn,w(t,σ) f (n)(t)dt

= (−1)n
∫ c0

a
Wn,w(t,σ) f (n)(t)dt +(−1)n

∫ b

c0

Wn,w(t,σ) f (n)(t)dt.

By taking the absolute value and applying Hölder inequality we get

|T f (x0,x1, . . . ,xm)|
�
∣∣∣∣
∫ c0

a
Wn,w(t,σ) f (n)(t)dt

∣∣∣∣+
∣∣∣∣
∫ b

c0

Wn,w(t,σ) f (n)(t)dt

∣∣∣∣
� ‖Wn,w(·,σ)‖q,[a,c0] · ‖ f (n)‖p,[a,c0] +‖Wn,w(·,σ)‖q,[c0,b] · ‖ f (n)‖p,[c0,b]

� Ml · (c0−a)1/p · ‖Wn,w(·,σ)‖q,[a,c0] +Mr · (b− c0)1/p · ‖Wn,w(·,σ)‖q,[c0,b].

For 1 � p < ∞ we apply discrete Hölder inequality and get

|T f (x0,x1, . . . ,xm)| � [
Mp

l (c0−a)+Mp
r (b− c0)

]1/p · ‖Wn,w(·,σ)‖q,

while for p = ∞ we have

|T f (x0,x1, . . . ,xm)| � max{Ml,Mr} · ‖Wn,w(·,σ)‖1

so the proof is complete. �
In [5] following lemma is given:

LEMMA 1. Let 1 � p � ∞ and f : [a,b]→R be a function such that f (n) ∈D(c0),
for some n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞.

Then the following inequalities holds:

‖ f (n)(·)− f (n)(c0)‖p
p,[a,c0]

� Mp
l (c0 −a)p+1

p+1
, 1 � p < ∞

‖ f (n)(·)− f (n)(c0)‖∞,[a,c0] � Ml(c0 −a), p = ∞

‖ f (n)(·)− f (n)(c0)‖p
p,[c0,b] �

Mp
r (b− c0)p+1

p+1
, 1 � p < ∞

‖ f (n)(·)− f (n)(c0)‖∞,[c0,b] � Mr(b− c0), p = ∞.
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THEOREM 2. Let f : [a,b] → R be a function such that f (n) ∈ D(c0), for some
n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞.

Assume 1 � p,q � ∞ are conjugate exponents ( 1
p + 1

q = 1) and Wn,w(·,σ) defined by
(6). Then the following inequality holds:

∣∣∣∣∣T f (x0,x1,x2, . . . ,xm)− (−1)n f (n−1)(b)− f (n−1)(a)
b−a

∫ b

a
Wn,w(t,σ)dt

∣∣∣∣∣
�

⎧⎪⎨
⎪⎩

1
(p+1)1/p

[
Mp

l (c0 −a)p+1 +Mp
r (b− c0)p+1

]1/p · ‖Wn,w(·,σ)−η‖q,[a,b], 1 � p < ∞

max{Ml(c0 −a),Mr(b− c0)} · ‖Wn,w(·,σ)−η‖1,[a,b], p = ∞, q = 1,

where η = 1
b−a

∫ b
a Wn,w(t,σ)dt.

THEOREM 3. Let f : [a,b] → R be a function such that f (n) ∈ D(c0), for some
n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞.

Assume 1 � p,q � ∞ are conjugate exponents ( 1
p + 1

q = 1 ) and Wn,w(·,σ) defined by
(6). Then the following inequality holds:

∣∣∣∣T f (x0,x1,x2, . . . ,xm)− (−1)n f (n)(c0) ·
∫ b

a
Wn,w(t,σ)dt

∣∣∣∣
�

⎧⎪⎨
⎪⎩

1
(p+1)1/p

[
Mp

l (c0 −a)p+1 +Mp
r (b− c0)p+1

]1/p · ‖Wn,w(·,σ)‖q,[a,b], 1 � p < ∞

max{Ml(c0 −a),Mr(b− c0)} · ‖Wn,w(·,σ)‖1,[a,b], p = ∞, q = 1.

The aim of this paper is to derive the analogues error bound for the three-point
version of integral formula with w(t) = 1

b−a obtained with some special cases for x ∈
[a, a+b

2 ] .
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2. The general three-point quadrature formula

For x ∈ [a, a+b
2 ) let us consider the following subdivision of the segment [a,b] :

σ := {x0 < x1 < x2 < x3 < x4},

where x0 = a, x1 = x, x2 = a+b
2 , x3 = a+b−x and x4 = b. Let Qn(t) be some monic

polynomial of degree n , for some n ∈ N . Set

Sn(t,x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P1n(t) = (t−a)n

n! , t ∈ [a,x]

P2n(t) = Qn(t)
n! , t ∈ (x, a+b

2 ]

P3n(t) = (−1)n Qn(a+b−t)
n! , t ∈ ( a+b

2 ,a+b− x]

P4n(t) = (t−b)n

n! , t ∈ (a+b− x,b].

(8)

Further, for k = 0,1, . . . ,n−1 we define

P1k(t) =
(t −a)k

k!
, P2k(t) =

Q(n−k)
n (t)

n!

P3k(t) =
(−1)kQ(n−k)

n (a+b− t)
n!

, P4k(t) =
(t−b)k

k!
.

REMARK 1. The sequences of the polynomials {Pjk}k=0,1,...,n are harmonic, for
j = 1,2,3,4, i.e. P′

jk(t) = Pj,k−1(t), for k = 1, . . . ,n and Pj0(t) = 1, for j = 1,2,3,4.

REMARK 2. If we put

Qk(t) :=
k!Q(n−k)

n (t)
n!

, k = 0,1, . . . ,n−1,

then we have

P2k(t) =
Qk(t)

k!
, and P3k(t) =

(−1)kQk(a+b− t)
k!

.

Further, polynomials Qk satisfy Q′
k(t) = Qk−1(t).

REMARK 3. The following symmetry conditions are valid:

P1k(t) = (−1)kP4k(a+b− t),∀t ∈ [a,x]

and

P2k(t) = (−1)kP3k(a+b− t),∀t ∈
(
x,

a+b
2

)
.
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Now we can state the general three point formula:

THEOREM 4. Let f : [a,b] → R be a function with a piecewise continuous n-
th derivative, for some n ∈ N and x ∈ [a, a+b

2 ) . Further, let Qn(t) be some monic
polynomial of degree n and Sn(t,x) be defined by relation (8). Then the following
formula holds

∫ b

a
f (t)dt =

n

∑
k=1

Ak(x)
(

f (k−1)(x)+ (−1)k−1 f (k−1)(a+b− x)
)

(9)

+
n

∑
k=1
odd

Bk(x) f (k−1)
(a+b

2

)
+(−1)n

∫ b

a
Sn(t,x) f (n)(t)dt,

where

Ak(x) =
(−1)k−1

k!

(
(x−a)k−Qk(x)

)
, k � 1,

Bk(x) =
2Qk( a+b

2 )
k!

, for odd k � 1

and

Bk(x) = P2k(x)−P3k(x) = 0, for even k � 1.

Proof. We consider subdivision x0 = a , x1 = x , x2 = a+b
2 , x3 = a + b− x and

x4 = b of the interval [a,b] and apply formula (4) with m = 4.We have

P1k(a) = P4k(b) = 0, ∀k = 1, . . . ,n.

Further, imposing polynomials (8) in (4) we get the coefficient by f (k−1)(x) and
(−1)k−1 f (k−1)(a+b− x) equals to

Ak(x) = (−1)k−1 [P1k(x)−P2k(x)] =
(−1)k−1

k!

(
(x−a)k−Qk(x)

)

and coefficient by f (k−1)( a+b
2 ) for odd k equals to

Bk(x) = (−1)k−1
[
P2k

(a+b
2

)
−P3k

(a+b
2

)]
=

2Qk( a+b
2 )

k!
. �

REMARK 4. Analogue results for the general two-point formula with nodes x and
a+b− x were considered in [4] and [9].

Now we will state Lp inequalities for the general three point integral formula.
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THEOREM 5. Let f : [a,b] → R be a function with a piecewise continuous n-th
derivative and f (n) ∈ Lp[a,b] for some n ∈ N and some 1 � p � ∞. Then we have the
following inequality∣∣∣∫ b

a
f (t)dt −

n

∑
k=1

Ak(x)
(

f (k−1)(x)+ (−1)k−1 f (k−1)(a+b− x)
)

−
n

∑
k=1
odd

Bk(x) f (k−1)
(a+b

2

)∣∣∣
� C(n, p,x) · ‖ f (n)‖p, (10)

where

C(n, p,x) =

⎧⎪⎪⎨
⎪⎪⎩

21/q

n!

[
(x−a)nq+1

nq+1 +
∫ a+b

2
x |Qn(t)|q dt

] 1
q
, 1

p + 1
q = 1, 1 < p � ∞

1
n! max

{
(x−a)n,supt∈[x, a+b

2 ] |Qn(t)|
}

, p = 1.

(11)

The inequality is sharp for 1 < p � ∞ and the best possible for p = 1 . Equality is
attained for the function f∗ : [a,b] → R defined by

f∗(t) =
1

(n−1)!

∫ t

a
(t− s)n−1 |Sn(s,x)|

1
p−1 sgnSn(s,x)ds (12)

for 1 < p < ∞ , while for p = ∞

f∗(t) =
1

(n−1)!

∫ t

a
(t− s)n−1sgnSn(s,x)ds (13)

Proof. The first part of the theorem follows from the Hölder inequality to the
identity (9). For 1 � q < ∞ we have

‖Sn(·,x)‖q =
2

1
q

n!
·
[ (x−a)nq+1

nq+1
+
∫ a+b

2

x
|Qn(t)|qdt

] 1
q
,

and

‖Sn(·,x)‖∞ =
1
n!

max

⎧⎨
⎩(x−a)n, sup

t∈[x, a+b
2 ]

|Qn(t)|
⎫⎬
⎭ .

For the proof of the sharpness, we need to find function f such that∣∣∣∫ b

a
Sn(t,x) f (n)(t)dt

∣∣∣= ‖ f (n)‖p · ‖Sn(·,x)‖q,

for 1 < p � ∞ and 1 � q < ∞ such that 1
p + 1

q = 1. The function f∗ defined by (12)
and (13) is n−1 times continuously differentiable and it has a piecewise existing n -th
derivative. Further, f∗ is a solution of the differentiable equation

Sn(t,x) f (n)(t) = |Sn(t,x)|q,
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so the assertion follows.
For p = 1 we shall prove that

∣∣∣∫ b

a
Sn(t,x) f (n)(t)dt

∣∣∣� max
t∈[a, a+b

2 ]
|Sn(t,x)| ·

∫ b

a
| f (n)(t)|dt (14)

is the best possible inequality. Suppose that |Sn(t,x)| attains its maximum at point

t0 ∈ [a,b] . First, let us assume that Sn(t0,x) > 0. For ε small enough define f (n−1)
ε (t)

by

f (n−1)
ε (t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, t � t0

t−t0
ε , t ∈ [t0,t0 + ε]

1, t � t0 + ε,

if t0 = x and maxt∈[a, a+b
2 ] |Sn(t,x)| = Qn(x). Then, for ε small enough,

∣∣∣∫ b

a
Sn(t,x) f (n)

ε (t)dt
∣∣∣= ∣∣∣∫ t0+ε

t0
Sn(t,x)

1
ε
dt
∣∣∣= 1

ε

∫ t0+ε

t0
Qn(t)dt.

Now, relation (14) implies

1
ε

∫ t0+ε

t0
Qn(t)dt � 1

ε
Qn(t0)

∫ t0+ε

t0
dt = Qn(t0).

Since

lim
ε→0

1
ε

∫ t0+ε

t0
Qn(t)dt = Qn(t0),

the statement follows. On the other hand, if maxt∈[a, a+b
2 ] |Sn(t,x)| �= |Qn(x)|, we define

f (n−1)
ε (t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, t � t0− ε

t0−t
ε , t ∈ [t0 − ε,t0]

0, t � t0.

Then, for ε small enough,

∣∣∣∫ b

a
Sn(t,x) f (n)

ε (t)dt
∣∣∣= ∣∣∣∫ t0

t0−ε
Sn(t,x)

1
ε
dt
∣∣∣= 1

ε

∫ t0

t0−ε
Sn(t,x)dt.

Now, relation (14) implies

1
ε

∫ t0

t0−ε
Sn(t,x)dt � 1

ε
Sn(t0,x)

∫ t0

t0−ε
dt = Sn(t0,x).
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Since

lim
ε→0

1
ε

∫ t0

t0−ε
Sn(t,x)dt = Sn(t0,x),

the statement follows.
For the case Sn(t0,x) < 0, the proof is similar. �

Let us apply upper results to the following example of monic polynomial Qn :

Qn,x(t) := (t − x)n +n(x−a− (b−a)3

6(2x−a−b)2 )(t− x)n−1

+
(

n
2

)
(x−a)2(t − x)n−2 +

(
n
3

)
(x−a)3(t− x)n−3

+
(

n
4

)
(x−a)4(t − x)n−4, t ∈

[
x,

a+b
2

]
. (15)

After some calculation from Theorem 4 we get

A1(x) =
(b−a)3

6(2x−a−b)2 , B1(x) = b−a− (b−a)3

3(2x−a−b)2 ,

A2(x) = A3(x) = A4(x) = B3(x) = 0.

Now we have

COROLLARY 1. Let f : [a,b]→R be a function with a piecewise continuous n-th
derivative, for some n ∈ N and x ∈ [a, a+b

2 ) . Further, let Qn,x(t) be defined by relation
(15) and Sn(t,x) be defined by relation (8). Then the following formula holds

∫ b

a
f (t)dt = D( f ,x)+Tn( f ,x)+ (−1)n

∫ b

a
Sn(t,x) f (n)dt, (16)

where

D( f ,x) =
(b−a)3

6(2x−a−b)2 ( f (x)+ f (a+b− x))+
(

b−a− (b−a)3

3(2x−a−b)2

)
f
(a+b

2

)
,

(17)
and

Tn( f ,x) =
n

∑
k=5

Ak(x)
(

f (k−1)(x)+ (−1)k−1 f (k−1)(a+b− x)
)

+
n

∑
k=5
odd

Bk(x) f (k−1)
(a+b

2

)
. (18)

Proof. The proof follows from the Theorem 4 for the polynomial Qn,x(t) defined
by relation (15). �
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LEMMA 2. For x ∈ [ 5a+b
6 , a+b

2 ) we have Qn,x(t) > 0, for t ∈ (x, a+b
2 ) , when n �

3 . Further, we have Qn,a(t) � 0, for t ∈ (a, a+b
2 ), when n � 3.

Proof. We use mathematical induction by n . For n = 3 we have

Q3,x(t) = (t−a)3− (b−a)3

2(2x−a−b)2 (t− x)2.

The zeros are t1 = a+b
2 ,

t2,3 =
a+b

2
+

b−a
4(2x−a−b)2 · [(b−a)2−3(2x−a−b)2

±
√
−3(2x−a−b)4−8(b−a)(2x−a−b)3−6(b−a)2(2x−a−b)2 +(b−a)4].

By some calculation, we check that t2 < x , and for x ∈ [ 5a+b
6 , a+b

2 ) , t3 > a+b
2 , i.e.

t1,2,3 /∈ (x, a+b
2 ). So, Q3,x(t) > 0, for t ∈ (x, a+b

2 ) , since Q3,x(x) > 0. For n = 4 we
have Q4,x(x) > 0. Since Q3(t,x) > 0 on (x, a+b

2 ) and by remark 2 we conclude that
Q4,x(t) is monotone increasing on (x, a+b

2 ), for x ∈ [ 5a+b
6 , a+b

2 ) so Q4,x(t) > 0. For
n > 5 we know from the definition of the Qn,x that Qn,x(x) = 0. Now, let us assume
that Qn,x(t) > 0 for some n > 3. Relation Q′

n+1,x(t) = (n+1)Qn,x(t) > 0 implies that

Qn+1,x is monotone increasing on ((x, a+b
2 ) . So, since Qn+1,x(x) = 0, we conclude

Qn+1,x(t) > 0, for t ∈ (x, a+b
2 ), when x ∈ [ 5a+b

6 , a+b
2 ).

For the case x = a we have

Qn,a(t) = (t −a)n− n(b−a)
6

(t −a)n−1 = (t −a)n−1
[
t−a− n(b−a)

6

]
,

so obviously for n � 3 we have Qn,a(t) � 0, when t ∈ (a, a+b
2 ) . �

THEOREM 6. For x ∈ {a}∪ [ 5a+b
6 , a+b

2 ) and f (2n) continuous function on [a,b]
for some n � 2 , we have∫ b

a
f (t)dt = D( f ,x)+T2n( f ,x)+ f (2n)(η) ·C(2n,∞,x), for some η ∈ (a,b),

where D( f ,x), T2n( f ,x) and C(2n,∞,x) are defined by relations (17), (18) and (11)
respectively.

Proof. The proof follows from the integral mean value theorem. �
Specially, for n = 2 we have

∫ b

a
f (t)dt = D( f ,x)+

(b−a)3

384

[
(b−a)2

5
− (a+b−2x)2

3

]
f (4)(η),

so for x = a, 5a+b
6 , 3a+b

4 , a+b
2 − b−a

2
√

3
we get the Simpson’s, Maclaurin’s, dual Simpson’s

nad Gauss-Legendre’s two-point quadrature formula, respectively.
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3. Ostrowski type inequalities for threepoint formula

Let us denote

T f (a,x,a+b− x,b) =
1

b−a

(∫ b

a
f (t)dt −D( f ,x)−Tn( f ,x)

)
.

At first,we shall give the upper bound for T f (a,x,a + b− x,b) for functions f such
that f (n−1) ∈ D(c0).

COROLLARY 2. Let f : [a,b] → R be a function such that f (n−1) ∈ D(c0), for
some n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n)(t)
∣∣∣< ∞.

Then the following inequality holds:

|T f (a,x,a+b− x,b)| (19)

�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
Mp

l (c0 −a)+Mp
r (b− c0)

]1/p · 21/q

n!

[
(x−a)nq+1

nq+1 +
∫ a+b

2
x |Qn,x(t)|q dt

] 1
q
,

1
p + 1

q = 1, 1 < p < ∞.

max{Ml,Mr} · 2
n!

[
(x−a)n+1

n+1 +
∫ a+b

2
x |Qn,x(t)|dt

]
,

p = ∞, q = 1.

[Ml(c0 −a)+Mr(b− c0)] · 1
n! max

{
(x−a)n,supt∈[x, a+b

2 ] |Qn,x(t)|
}

p = 1, q = ∞.

Proof. The proof follows from Theorem 1 and Theorem 5. �

Now we shall give the upper bound for

T f (a,x,a+b− x,b)− (−1)n

b−a

∫ b

a
Sn(t,x)dt ·

∫ b

a
f (n)(t)dt. (20)

Let η denote mean

η =
1

b−a

∫ b

a
Sn(t,x)dt =

2
n!(b−a)

(
(x−a)n+1

n+1
+
∫ a+b

2

x
Qn,x(t)dt

)
.

COROLLARY 3. Let f : [a,b]→ R be a function such that f (n) ∈D(c0), for some
n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞.
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Assume 1 � p,q � ∞ are conjugate exponents ( 1
p + 1

q = 1 ) and Sn(·,x) defined by (8).
Then the following inequality holds:∣∣∣∣∣T f (a,x,a+b− x,b)− (−1)n f (n−1)(b)− f (n−1)(a)

b−a

∫ b

a
Sn(t,x)dt

∣∣∣∣∣
�

⎧⎪⎨
⎪⎩

1
(p+1)1/p

[
Mp

l (c0 −a)p+1 +Mp
r (b− c0)p+1

]1/p · ‖Sn(·,x)−η‖q,[a,b], 1 � p < ∞

max{Ml(c0 −a),Mr(b− c0)} · ‖Sn(·,x)−η‖1,[a,b], p = ∞, q = 1.

Proof. The proof follows from Theorem 2 ,Theorem 5 and Lema 1. �

Now, we shall consider the upper bound for

T f (a,x,a+b− x,b)− (−1)n f (n)(c0)
∫ b

a
Sn(t,x)dt. (21)

COROLLARY 4. Let f : [a,b]→ R be a function such that f (n) ∈D(c0), for some
n ∈ N and

Ml = sup
t∈〈a,c0〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞ and Mr = sup

t∈〈c0,b〉

∣∣∣ f (n+1)(t)
∣∣∣< ∞.

Assume 1 � p,q � ∞ are conjugate exponents ( 1
p + 1

q = 1 ) and Sn(·,x) defined by (8).
Then the following inequality holds:∣∣∣∣T f (a,x,a+b− x,b)− (−1)n f (n)(c0)

∫ b

a
Sn(t,x)dt

∣∣∣∣ (22)

�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(p+1)1/p

[
Mp

l (c0−a)p+1+Mp
r (b−c0)p+1

]1/p · 21/q

n!

[
(x−a)nq+1

nq+1 +
∫ a+b

2
x |Qn,x(t)|q dt

]
,

1 < p < ∞.
1
2

[
Ml(c0 −a)2 +Mr(b− c0)2

] · 1
n! max

{
(x−a)n,supt∈[x, a+b

2 ] |Qn,x(t)|
}

,

p = 1,q = ∞.

max{Ml(c0 −a),Mr(b− c0)} · 2
n!

[
(x−a)n+1

n+1 +
∫ a+b

2
x |Qn,x(t)|dt

]
,

p = ∞,q = 1.

Proof. The proof follows from Theorem 3 and Theorem 5. �

Now let us see some special cases:

Case 1. x = a , n = 1

For this case we get

Q1,a(t) = t −a− b−a
6
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and

21/q

[∫ a+b
2

a
|Q1,a(t)|q dt

]1/q

=
b−a
6

[
(b−a)
3(q+1)

(
2q+1−(−1)q+1

)]1/q

.

By Corollary 2, we get∣∣∣∣∣∣
1

b−a

⎡
⎣ b∫

a

f (t)dt− b−a
6

( f (a)+ f (b))− 2
3

(b−a) f

(
a+b

2

)⎤⎦
∣∣∣∣∣∣

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
Mp

l (c0 −a)+Mp
r (b− c0)

]1/p · b−a
6

[
(b−a)
3(q+1)

(
2q+1− (−1)q+1

)]1/q

,
1
p + 1

q = 1, 1 < p < ∞.
(b−a)2

12 max{Ml,Mr}, p = ∞, q = 1.
b−a
6 · [Ml(c0−a)+Mr(b− c0)] , p = 1, q = ∞

where
Ml = sup

t∈〈a,c0〉

∣∣ f ′(t)∣∣< ∞ and Mr = sup
t∈〈c0,b〉

∣∣ f ′(t)∣∣< ∞

and f ∈ D(c0).

Case 2. x = 3a+b
4 , n = 1

For this case we get

Q1, 3a+b
4

(t) = t−a− 2(b−a)
3

and

21/q

[
(x−a)q+1

q+1
+
∫ a+b

2

3a+b
4

∣∣∣Q1, 3a+b
4

(t)
∣∣∣q dt

] 1
q

=
b−a

2

[
(b−a)
(q+1)

(
1

2q+1 +
5q+1

6q+1 −
1

3q+1

)]1/q

.

By Corollary 2, we get∣∣∣∣∣∣
1

b−a

⎡
⎣ b∫

a

f (t)dt− 2(b−a)
3

(
f

(
3a+b

4

)
+ f

(
a+3b

4

))
− b−a

3
f

(
a+b

2

)⎤⎦
∣∣∣∣∣∣

�

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[
Mp

l (c0−a)+Mp
r (b− c0)

]1/p · b−a
2

[
(b−a)
(q+1)

(
1

2q+1 + 5q+1

6q+1 − 1
3q+1

)]1/q

,
1
p + 1

q = 1, 1 < p < ∞
5(b−a)2

24 max{Ml,Mr}, p = ∞, q = 1.
5(b−a)

12 · [Ml(c0 −a)+Mr(b− c0)] , p = 1, q = ∞

where
Ml = sup

t∈〈a,c0〉

∣∣ f ′(t)∣∣< ∞ and Mr = sup
t∈〈c0,b〉

∣∣ f ′(t)∣∣< ∞

and f ∈ D(c0).
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Case 3. x = 5a+b
6 , n = 1

For this case we get

Q1, 5a+b
6

(t) = t−a− 2(b−a)
3

and

21/q

[
(x−a)q+1

q+1
+
∫ a+b

2

5a+b
6

∣∣∣Q1, 5a+b
6

(t)
∣∣∣q dt

] 1
q

=
b−a
2

[
(b−a)
(q+1)

(
1

3q+1 +
5q+1

12q+1 +
1

8q+1

)]1/q

.

By Corollary 2, we get∣∣∣∣∣∣
1

b−a

⎡
⎣ b∫

a

f (t)dt−3(b−a)
8

(
f

(
5a+b

6

)
+ f

(
a+5b

6

))
−b−a

4
f

(
a+b
2

)⎤⎦
∣∣∣∣∣∣

�

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[
Mp

l (c0 −a)+Mp
r (b− c0)

]1/p · b−a
2

[
(b−a)
(q+1)

(
1

3q+1 + 5q+1

12q+1 + 1
8q+1

)]1/q

,
1
p + 1

q = 1, 1 < p < ∞.
25(b−a)2

288 max{Ml,Mr}, p = ∞, q = 1.
5(b−a)

24 · [Ml(c0−a)+Mr(b− c0)] , p = 1, q = ∞

where
Ml = sup

t∈〈a,c0〉

∣∣ f ′(t)∣∣< ∞ and Mr = sup
t∈〈c0,b〉

∣∣ f ′(t)∣∣< ∞

and f ∈ D(c0).

4. Some examples of the three-point integral formula

In this section we will apply results from the previous chapter to some special
cases of x ∈ [a, a+b

2 ] .

4.1. x = a

For this case we get the generalization of the famous Simpson’s formula. Using

Theorem 4 we get A1(a) = b−a
6 and Ak(a) = 0 for k > 1, Bk(a) = (b−a)k

2k−1(k−1)!

[
1
k − 1

3

]
for odd k and B2k(a) = 0, so the generalization of the Simpson’s formula states∫ b

a
f (t)dt =

b−a
6

(
f (a)+4 f

(a+b
2

)
+ f (b)

)
(23)

+
n

∑
k=5
odd

Bk(a) f (k−1)
(a+b

2

)
+(−1)n

∫ b

a
Sn(t,a) f (n)(t)dt.

For f : [a,b] → R such that f (4) is continuous, we get the well-known Simpson rule
(1).
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REMARK 5. This formula and related inequalities were obtained in [10] and [13].

4.2. x = 3a+b
4

For this case we get the generalization of the dual Simpson’s formula. Function
Sn(t, 3a+b

4 ) is determined by (8) and polynomial

Qn, 3a+b
4

(t) :=
(
t− 3a+b

4

)n− 5n(b−a)
12

(
t− 3a+b

4

)n−1

+
(

n
2

)
(b−a)2

42

(
t− 3a+b

4

)n−2
+
(

n
3

)
(b−a)3

43

(
t− 3a+b

4

)n−3

+
(

n
4

)
(b−a)4

44

(
t− 3a+b

4

)n−4
, t ∈

[3a+b
4

,
a+b

2

]
. (24)

Further, from Theorem 4 we have A1( 3a+b
4 ) = 2(b−a)

3 , Ak( 3a+b
4 ) = 0, for k = 2,3,4 and

Ak( 3a+b
4 ) = (−1)k−1(b−a)k

4kk!
, for k � 5. B1( 5a+b

6 ) = b−a
4 , Bk( 5a+b

6 ) = 0, for k = 2,3,4

Bk( 3a+b
4 ) = (b−a)k

22k−1k!

[
1− 5k

3 +(k
2)+

(
k
3

)
+
(
k
4

)]
, for odd k � 5, and B2k( 3a+b

4 ) = 0. For
f : [a,b] → R with a piecewise continuous n -th derivative we have by Corollary 1

∫ b

a
f (t)dt = D

(
f ,

3a+b
4

)
+Tn

(
f ,

3a+b
4

)
+(−1)n

∫ b

a
Sn

(
t,

3a+b
4

)
f (n)(t)dt (25)

where

D
(

f ,
3a+b

4

)
=

b−a
3

(
2 f
(3a+b

4

)
− f

(a+b
2

)
+2 f

(a+3b
4

))
.

Further, if f (n) ∈ Lp[a,b] , then the following inequality holds:

∣∣∣∫ b

a
f (t)dt−D

(
f ,

3a+b
4

)
−Tn

(
f ,

3a+b
4

)∣∣∣� C
(
n, p,

3a+b
4

)
· ‖ f (n)‖p.

Specially,

C
(
1,∞,

3a+b
4

)
=

5(b−a)2

24
, C

(
1,1,

3a+b
4

)
=

5(b−a)
12

C
(
2,∞,

3a+b
4

)
=

5(b−a)3

324
, C

(
2,1,

3a+b
4

)
=

(b−a)2

24

C
(
3,∞,

3a+b
4

)
=

(b−a)4

576
, C

(
3,1,

3a+b
4

)
=

5(b−a)3

1296

C
(
4,∞,

3a+b
4

)
=

7(b−a)5

23040
, C

(
4,1,

3a+b
4

)
=

(b−a)4

1152
.

REMARK 6. The same constants were obtained in [1].
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If f : [a,b] → R is such that f (2n) is continuous for some n ∈ N, then we have∫ b
a f (t)dt = D( f , 3a+b

4 )+T2n( f , 3a+b
4 )+C(2n,∞, 3a+b

4 ) f (2n)(η) , for some

η ∈ (a,b). (26)

Specially, for n = 2 we get (2).

4.3. x = 5a+b
6

For this case we get the generalization of the Maclaurin formula. Function Sn(t, 5a+b
6 )

is determined by (8) and polynomial

Qn

(
t,

5a+b
6

)
:=

(
t− 5a+b

6

)n − 5n(b−a)
24

(
t− 5a+b

6

)n−1

+
(

n
2

)
(b−a)2

62

(
t − 5a+b

6

)n−2
+
(

n
3

)
(b−a)3

63

(
t− 5a+b

6

)n−3

+
(

n
4

)
(b−a)4

64

(
t − 5a+b

6

)n−4
, t ∈ [

5a+b
6

,
a+b

2
]. (27)

Further, from Theorem 4 we have A1( 5a+b
6 ) = 3(b−a)

8 , Ak( 5a+b
6 ) = 0, for k = 2,3,4

and Ak( 5a+b
6 ) = (−1)k−1(b−a)k

6kk!
, for k � 5. Further,

Bk

(5a+b
6

)
=

2(b−a)k

3kk!

[
1− 5k

8
+

k(k−1)
8

+
k(k−1)(k−2)

48
+

k(k−1)(k−2)(k−3)
384

]
,

for odd k , and B2k( 5a+b
6 ) = 0. For f : [a,b] → R with a piecewise continuous n -th

derivative we have by Corollary 1

∫ b

a
f (t)dt = D

(
f ,

5a+b
6

)
+Tn

(
f ,

5a+b
6

)
+(−1)n

∫ b

a
Sn

(
t,

5a+b
6

)
f (n)(t)dt, (28)

where

D
(

f ,
5a+b

6

)
=

(b−a)
8

(
3 f
(5a+b

6

)
+2 f

(a+b
2

)
+3 f

(a+5b
6

))
.

Further, if f (n) ∈ Lp[a,b] , then the following inequality holds:

∣∣∣∫ b

a
f (t)dt−D

(
f ,

5a+b
6

)
−Tn

(
f ,

5a+b
6

)∣∣∣� C
(
n, p,

5a+b
6

)
· ‖ f (n)‖p.

Specially,

C
(
1,∞,

5a+b
6

)
=

25(b−a)2

288
, C

(
1,1,

5a+b
6

)
=

5(b−a)
24

C
(
2,∞,

5a+b
6

)
=

(b−a)3

192
, C

(
2,1,

5a+b
6

)
=

(b−a)2

72
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C
(
3,∞,

5a+b
6

)
=

(b−a)4

1728
, C

(
3,1,

5a+b
6

)
=

(b−a)3

768

C
(
4,∞,

5a+b
6

)
=

7(b−a)5

51840
, C

(
4,1,

5a+b
6

)
=

(b−a)4

3456
.

REMARK 7. The same constants are also obtained in [2].

If f : [a,b] → R is such that f (2n) is continuous for some n ∈ N, then we have∫ b
a f (t)dt = D

(
f , 5a+6

b

)
+T2n

(
f , 5a+b

6

)
+C

(
2n,∞, 5a+b

6

)
f (2n)(η), for some

η ∈ (a,b). (29)

Specially, for n = 2 we get (3).

4.4. Legendre-Gauss two-point formula

We consider case where the term f ( a+b
2 ) doesn’t appear. If we put in relation

(9) condition B1(x) = 0, then we get A1(xG) = b−a
2 and xG = a+b

2 − b−a
2
√

3
. Function

Sn(t,xG) is determined by (8) and polynomial

Qn,xG(t) := (t− xG)n− n(b−a)
2
√

3
(t− xG)n−1 (30)

+
(

n
2

)
(b−a)2(2−√

3)
6

(t − xG)n−2

+
(

n
3

)
(
(b−a)
2
√

3
)3(6

√
3−10)(t− xG)n−3

+
(

n
4

)
(
(b−a)
2
√

3
)4(28−16

√
3)(t− xG)n−4, t ∈ [xG,

a+b
2

].

Further, from Theorem 4 we have Ak(xG) = 0, for k = 2,3,4 and Ak(xG) = (b−a)k

2kk!
(1−

1√
3
)k, for k � 5. Further,

Bk(xG) =
2(b−a)k

(2
√

3)kk!

[
1− k+

(
k
2

)
(4−2

√
3)+

(
k
3

)
(6
√

3−10)+
(

k
4

)
(28−16

√
3)
]
,

for odd k � 5, and Bk(xG) = 0 otherwise. For f : [a,b] → R with a piecewise contin-
uous n -th derivative, we have by Corollary 1 the following formula

∫ b

a
f (t)dt = D( f ,xG)+Tn( f ,xG)+ (−1)n

∫ b

a
Sn(t,xG) f (n)(t)dt, (31)

where

D( f ,xG) =
b−a

2
( f (xG)+ f (a+b− xG)) .
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Further, if f (n) ∈ Lp[a,b] , then the following inequality holds:

∣∣∣∫ b

a
f (t)dt −D( f ,xG)−Tn( f ,xG)

∣∣∣� C(n, p,xG2) · ‖ f (n)‖p.

Specially,

C(1,∞,xG) =
(5−2

√
3)(b−a)2

12
, C(1,1,xG) =

(3−√
3)(b−a)
6

C(2,∞,xG) =

√
26

√
3−45(b−a)3

18
, C(2,1,xG) =

(2−√
3)(b−a)2

12

C(3,∞,xG) =
(9−4

√
3)(b−a)4

1728
, C(3,1,xG) =

(2−√
3)
√

2
√

3−3(b−a)3

72

C(4,∞,xG) =
(b−a)5

4320
, C(4,1,xG) =

(9−4
√

3)(b−a)4

3456
.

If f : [a,b]→ R is such that f (2n) is continuous for some n ∈ N, then we have

∫ b

a
f (t)dt = D( f ,xG)+T2n( f ,xG)+C(2n,∞,xG) f (2n)(η), for some η ∈ (a,b).

(32)
Specially, for n = 2 we get (5).
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RUDN University

Miklukho-Maklaya str. 6, 117 198 Moscow, Russia
e-mail: pecaric@hazu.hr

Sanja Tipurić-Spužević
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