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OPTIMAL ESTIMATES FOR THE FRACTIONAL HARDY
OPERATOR ON VARIABLE EXPONENT LEBESGUE SPACES

YOSHIHIRO MIZUTA, ALES NEKVINDA AND TETSU SHIMOMURA

(Communicated by L. Pick)

Abstract. Let Aq f(x) = W Jp(0,x)) f () dt be the n-dimensional fractional Hardy op-

erator, where 0 < oo < n. We prove optimality results for the action of the operator A, on
variable exponent Lebesgue spaces LP0) and weighted variable exponent Lebesgue spaces, as
an extension of [13, 14, 17].

1. Introduction

Let R" denote the n-dimensional Euclidean space and € be an open subset of
R”". For an integrable function # on a measurable set E C R" of positive measure, we
define the integral mean over E by

jiu(x) dx = %/Eu(x) dx,

where |E| denotes the Lebesgue measure of E. We denote by B(x,r) the open ball with
center x and of radius r > 0, and by |B(x,r)| its Lebesgue measure, i.e. |B(x,r)| =
o,r", where 0, is the volume of the unit ball in R". For a locally integrable function
fon Q and 0 < o < n, we consider the fractional Hardy operator A, defined by

1
Aaf() = IB(0, |x[) |/ /B(o.,|x|>f(t) ar

the Hardy averaging operator A, defined by

AW = f rear
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and the centered Hardy-Littlewood maximal operator M, defined by

M f(x) = sup If ()l dy
r>0/B(x,r)
by setting f = 0 outside Q (for the fundamental properties of maximal functions, see
Stein [19]). In the case oo = n, Agf(x) =Af(x).
Let l<p<e,1/p+1/p'=1 and

/

. hp np
Cap'—n  ap—np+n’

Pa

We know that A, is bounded from L? to LP* provided n(l —1/p) < o < n. Clearly,
pazp>1.

In the previous paper [ 14], we improved the result of Nekvinda and Pick [17] in the
case when oo =n =1 and Q is a bounded interval, and that of the authors [13] within
the framework of generalized Banach function spaces. Let — denote a continuous
embedding and — denote a boundedness of an operator. Under the assumptions Ay, :
X —Y and M :Y — Y, we found the ‘source’ space Sy and the ‘target’ space Ty
such that

(1) the fractional Hardy averaging operator A, satisfies

Ag:Say — Ty;
(ii) this result improves the classical estimate
Ag: X —Y

in the sense that
X—=Sqy, Iy =Y,

(iii) this result cannot be improved any further, at least not within the environment
of generalized Banach function spaces in the sense that whenever Z is a generalized
Banach function space strictly larger than Sy,

AaZZ7L>TY

and, likewise, when Z is a generalized Banach function space strictly smaller than Ty,
then
Aa . Smy 7L> Z.

In this paper, we present applications of our results to variable exponent Lebesgue
spaces LP()(Q), as an extension of [13, 14, 17]. In Section 5, we prove optimality
results for the action of the operator A on LP{) spaces. In Section 6, we prove opti-
mality results for the action of the operator A, on weighted variable exponent Lebesgue
spaces.

In the last section, we show that the condition 7y =Y implies that the norm in ¥
is very similar to the norm in L., in connection with Lang and Nekvinda [11] and Lang,
Nekvinda and Rakosnik [12] .
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2. Preliminaries

Throughout this paper, let C denote various constants independent of the variables
in question, and C(a,b,---) a constant that depends on a,b, - - -.

Let ./ (Q) denote the space of measurable functions on an open set Q C R” with
values in [—eo,e0]. Denote by yr the characteristic function of E. Recall the frequently
used definition of Banach function spaces which can be found for instance in [1].

DEFINITION 2.1. We say that a normed linear space (X, |.||x) is a Banach func-
tion space (BFS for short) if the following conditions are satisfied:

I f]lx is defined for all f € .#(Q), and f € X if and only if || f||x < o=; (1)

If1lx = [ lf] ||x for every f € .4 (€Q); 2)
if0< f, / fae. inQ, then ||fullx /|| fllx; 3)
if £ C Q is a measurable set of finite measure, then yg € X; 4)
for every measurable set E C Q of finite measure, there exists (5

a positive constant Cg such that / |f(x)|dx < Cg|lf]lx-
E

Denote by B = B(R") the class of all BFSs defined on Q.

We will work with more general spaces where conditions (4) and (5) are omitted .

DEFINITION 2.2. We say that a normed linear space (X, ||.||x) is a generalized
Banach function space (shortly GBFS) if the following conditions are satisfied:

|lf|lx is defined for all f € .#(Q), and f € X if and only if || f||x < e; (6)

1Fllx = Il 1f1 llx for every f € .2 (Q); )

if0< f, /" fae. inR”, then || fullx | fllx; (8)

Denote by & = &(Q) the class of all GBFSs defined on R”.

Recall that condition (8) immediately yields the following property:

if0< f<g, then|f|x < |lg]x- ©)

To see this it suffices to set f; = f, f, = g for n > 2 in (8). It is well-known that each
BFS is complete and so, it is a Banach space (see [ 1, Theorem 1.6]). We know that each
GBFS is complete (see [13]).

Let X,Y be Banach spaces (not necessarily generalized Banach function spaces).
Say that X < Y if X C Y and there is C > 0 such that |||y < C||fl||x forall f€X.
Recall well-known theorems on Banach function spaces (see [1, Theorem 1.8]) which
assert the implication

(I fllx <oo=||flly <o) =X — Y.

In what follows we need a generalization of this remark as in [13].
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DEFINITION 2.3. Let (X, ||.]|x) be a GBFS. Say that a mapping 7 : (X, |.||x) —
(L) is a sublinear nondecreasing operator if the following conditions are satisfied
forall x € R, f,g € (X,||.|Ix):

@) T(af)=oT(f), T(f+g) <T(f)+T(g) almost everywhere;

(i) if 0 < f < g almost everywhere implies 0 < 7 f < Tg almost everywhere.

LEMMA 2.4. ([13, Lemma 2.7]) Let (X,||.|lx), (Y, ||-Ilv) be GBESs and T a sub-
linear nondecreasing operator on A (Q). Then the following two conditions are equiv-
alent:

D) [Ifllx <eo= TSy <oo;
(ii) there is C > 0 such that ||Tf|ly < C||f||x forall f€X.

Given a measurable function f on Q set

flx) = esssup |f(r)].

{reQulr|=[x}
If x is a Lebesgue point of f, then

f()] < f(x),

so that

|f(x)] < f(x) a.e. on Q. (10)

DEFINITION 2.5. Let Y be a GiBFS and let f be a measurable function on Q.
Set

£l = If Iy

and define the corresponding space
Ty={f:feY}.

Remark that 7y is a GBFS ([13, Lemma 3.2]).

DEFINITION 2.6. Let Y be a GBFS and let f be a measurable function on Q.
Say that f has an absolutely continuous norm if limg, | ||/ X, |ly =0 for measurable
sets E, C R".

Say that f has a continuous norm if lim, o, ||fXp(xr |ly =0 forevery x € Q and
limg—e. || fXQ\8r) [y = 0.

Denote by Y, the set of all functions with an absolutely continuous norm and by Y,
the set of all functions with a continuous norm. Say that ¥ has an absolutely continuous
normif Y =Y, and Y has a continuous norm if ¥ =Y,.

LEMMA 2.7. ([14, Lemma 3.2]) Let Y be a GBFS and Y # 0. Then the embed-
ding Ty — Y holds and Ty g Y holds provided Y has an absolutely continuous norm.
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Commonly with the definition of the space Ty a question appears when Ty =Y.
Clearly Ty =Y for Y = L... Remark that it is possible to adopt the proof of the previous
lemma under the assumption Y has a continuous norm if ¥ =Y,.. The property ¥ =Y,
is really weaker than ¥ = Y,. Indeed, in [11] there is a space ¥ such that {0} ;Cé Y, ;Cé
Y, ;Cé Y and in [12] there is even a Y with {0} =¥, g Y, =Y. Nevertheless, we show
in the last section that the condition 7y =Y implies that the norm in Y is very similar
to the norm in Le..

LEMMA 2.8. ([14, Lemma 3.4]) Let X,Y be GBFSs and suppose that
Ag:X =Y, M:Y Y. (11)
Then
Ag: X — Ty.
DEFINITION 2.9. Let ¥ € &(Q) and let f be a measurable function on Q. Set

1A 150y = lAal 1 7y

and the corresponding space

Sax ={f : Aalf| €Y},

Remark that Sy y is a GBFS. Indeed, we can prove the fact as in the proof of [13,
Lemma 3.6].

By Lemma 2.8 and [14, Lemma 3.6], we readily have the following result.

LEMMA 2.10. ([14, Lemma 3.7]) Let X,Y be GBFSsand Ao, : X — Y, M:Y —
Y. Then Ay : Soy — Ty and X — Sqy.

3. Boundedness of A,

We will frequently use the notation B for the unit ball B(0,1).
Let I < p<eoand 1< po < oo. In this section, we consider continuous exponents
p(-) on R” such that

(P1) 1< p~ =infyern p(x) < sup,epn p(x) = pt < oo
(P2) |p(x)—p| < C/log(e+1/]x]) whenever x € R";
(P3) |p(x) — peo| < C/log(e+|x|) whenever x € R”.

If p satisfies (P2), then p is said to satisfy the weak-Lipschitz condition at zero with
respect to p. Moreover, we say that p(-) is weak-Lipschitz or log-Holder if

(P4) |p(x)—p()| <C/log(e+1/|x—y|) whenever x € R” and y € R".
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DEFINITION 3.1. Let Q be an open subset of R". Let us consider the family
LP1)(Q) of all measurable functions f on Q satisfying

L

for some A > 0. We define the norm on this space by

T zinf{l ~o: [ |20

p()
dy<1,.
Remark that LP()(Q) is a BES ([4]).

In the next we will use a little more general concept of Banach function spaces
than in Definition 2.1. The last two axioms are weakened and so, we will call these
spaces by weak Banach function spaces.

()
dy < oo

DEFINITION 3.2. We say that a normed linear space (X,]|.||x) is called a weak
Banach function space (WBFES for short) if the following conditions are satisfied:

the norm || f||x is defined for all f € .Z(Q) and f € X if and only if (12)
[1f1lx < oo

171l = I 1£1 llx for every f € .(<); (13)
if0< f, /" fae. inQthen ||fullx /|| fllx: (14)
if E is a compact subset of Q, then yr € X; (15)
for every compact set E C €, there exists a positive constant Cg (16)

such that / |f(x)|dx < Cg||f]x-
E

Note that each WBFS is complete and consequently, it is a Banach space ([13,
Theorem 6.2]).

DEFINITION 3.3. Let Q be an open subset of R”. Let us consider the family
T,y (Q) of all measurable functions f on Q satisfying

p(x)
/ esssup dx < oo
QA {re:lr|>[x}

for some A > 0. We define the norm on this space by

£(0)
A

)
A

p(x)
) dx <1

If p(-) is a constant p, then we write 7,,(€2) and ||f|7,(q) for T,.)(€2) and Hf||Tp(_)(Q),
respectively.

£ 1z, @ = inf{ A > 0:/ esssup
' Q \ {reulr|>}}
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Note that T, (Q) = Ty for X = LP)(Q). Remark that any 7, (Q) is a WBFS ([13,
Lemma 7.2]).

THEOREM 3.4. ([13, Theorem 7.3 and Corollary 7.4]) Suppose that p(-) satisfies
(P1) and (P2). Then the norms in Ty,.(B) and T,(B) are equivalent. Moreover,

T,(B) — L") (B).

THEOREM 3.5. ([13, Theorem 7.5 and Corollary 7.6]) Suppose that p(-) satisfies
(P1) and (P3). Then the norms in T, (R"\B) and Ty (R"\B) are equivalent. More-
over,

T,.(R"\ B) — LP*)(R"\ B).
Here we consider the following condition:
(P1') 1<p” <pt <oo.

Remark that (P1’) and (P3) imply 1 < pe, < o.
We know the boundedness of maximal operators in LP()(R"), due to [3].

LEMMA 3.6. Suppose that p(-) satisfies (P1’), (P3) and (P4). Then there exists
a positive constant C such that

HMf“LP(-)(R”) < CHfHLP(-)(R")

for all measurable functions f € LP1)(R™).

Let
1/pa(x) =1/p(x) = (n—oa)/n.

For 0 < a¢ < n, we define the Riesz potential of order ¢ for a locally integrable
function f on R" by

af(@) = [ b=y f ) dy.
We define the fractional maximal operator for a locally integrable function f on

R" by

)

1
Mo f(x) = iggm /B(x ) |f(v)] dy.

We know the following due to [2].

LEMMA 3.7. Suppose that p(-) satisfies (P1"), (P3) and (P4). Then there exists
a positive constant C such that

Hlnfaf”Lpa(-)(Rn) < CHf”LI’(')(]R")

forall feLPO)(R").
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LEMMA 3.8. Suppose that p(-) satisfies (P1'), (P3) and (P4). Let n(1—1/p+) <
o < n. Then Ay : LPO(R") — L) (R™),

Proof. Since |Agf(x)| < CMy—o.f(x) < CL—qf(x), we obtain the lemma by Lemma
3.7. 0O

LEMMA 3.9. Suppose that p(-) satisfies (P1'), (P3) and (P4). Let n(1—1/py) <
o <n. Then Ay : LPO(R") — Tho () (R™).

Proof. This lemma follows immediately from Lemmas 3.6, 3.8 and 2.8. [

THEOREM 3.10. (cf. [13, Theorem 7.12]) Let 1 < p < 0. Suppose that p(-) sat-
isfies (P1') and (P2). Then Ag : L") (B) — T, (B).

Proof. By our assumption,
|p(x) — p| < C/log(e+1/|x]) whenever x € B.

We set d = inf,cp p(x) and

q(x) = max {d’p_ m} '

Then g(x) < p(x) for x € B and ¢(-) satisfies (P1’). Hence LP()(B) — LI0)(B) (see
e.g. [9]). Hence LP() — L40) (see e.g. [9]). Next, by [13, Lemmas 7.10 and 7.11], ¢

satisfies (P4). Thus, by Lemma 3.9, A, : L) (B) — T4, ((B) holds. Finally, in view
of Theorem 3.4, T, (.y(B) — T, (B). Altogether,

140 f |7, @) < CHAO!fHTqa(,)(B) SOl oy < CM Ao @) O

DEFINITION 3.11. Let us consider the family S ,(€2) of all measurable func-
tions f on  with the finite norm

. 1/p
Flsepior = ( f, (AalFI09) ") = el Il

for convenience set f = 0 outside Q.

Remark that Sy ,(€2) is a WBFS (cf. [13, Lemma 7.14]).
COROLLARY 3.12. Let 1 < p < . Suppose that p(-) satisfies (P1') and (P2).
Then
L7V (B) = Sap, (B).

Proof. This corollary is proved by Theorem 3.10. [
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THEOREM 3.13. Suppose that p(-) satisfies (P1') and (P3). Then A : LPC)(R™\
B) — (Pe)x (Rn \ B)

Proof. To show ||AafHT o ®\B) < CILfll o) (g ) » suppose that

/R - FOOPYdx < 1. (17

By our assumption,
|p(x) — peo| < C/log(e+|x|) whenever x € R"\ B.
Set d = infycgn\g p(x). Then by (P3)

C C -
q(x) == max{aﬂpm— w} < px) <Pw+w = g(x).

Hence g(x) < p(x) < g(x) for x € R"\ B and ¢(-) and g(-) satisfy (P1’) and (P3).

Since |V(1/log(e + |x]))| < 1/e, the functions ¢ and g are Lipschitz and so, both
satisfy (P4). Thus, by Lemma 3.9, Aq : LYV(R") — T, () (R") and Ag : LT(R") —
T5.() (R™). If we consider function with zero values on B, then we obtain

Ag La¢ (R"\B)—>T (R"\B)7 Ag Lac (R"\B)—>T~ (R"\B). (18)
Moreover, in view of Theorem 3.5 we have
Too () (R"A\B) = T ), (R*\B), - Tg, () (R*\B) = T, (R"\B).  (19)

Write
F=FXyroy=1y + X po<ro <y = Ji+ fa (20)
By (17) and (20) we obtain

/ |f1(x)|q(")dx+ |f2(x)|ti(x)
R"\B
< JenghO "”/ = [ rds< .

By (18) we have

o~ qo(x) o Go(x
/ Aafl(x)| dx<C, / A fo(x) dx < C.
R™\B R"\B
Finally, (19) yields
— | P=)a
/ Anf(x) 3 dx
R"\B
m )oc
<c/\ Aofi(x ,, dx+C/ Ach0)| " ax<c,
B

which finishes the proof with Lemma 2.4. [
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COROLLARY 3.14. (cf. [14, Corollary 7.20]) Let 1 < p < oo. Then

Ag :Sopy(R") — T, (R"), (by Lemma 2.10)

A:Supy(B) — Sep,(B) (by Lemma 2.10),

A i Sape(R"\B) =S¢ », (R"\B) (by Lemma 2.10),

Ag : T,(B) — Tp,,(B) (by Theorem 3.4 and Theorem 3.10)
and

Ag i Tp (R"\B) — T, ), (R"\B) (by Theorem 3.5 and Theorem 3.13).

Moreover suppose that r(-),s(-) satisfy (P1") and (P2) with a same p. Then
Ag : L'V (B) — °0)(B) (by Theorem 3.4 and Theorem 3.10).
Suppose that r(-),s(-) satisfy (P1') and (P3) with the same p. Then

Ag: L'O(R"\B) — L'V)(R"\ B) (by Theorem 3.5 and Theorem 3.13).

4. Optimal pairs

DEFINITION 4.1. Let & C &. Assume X,Y € &. Say that (X,Y) is an optimal
pair for A, with respect to G if

Ag: X —Y, (21)
ifZe GwithAy:Z—Y, thenZ — X, (22)
ifZe G withAy : X — Z, thenY — Z. (23)

LEMMA 4.2. ([14, Lemma 4.2]) Let X,Y € & and Ay, : X — Ty. Suppose
Ag[|x|*"h(x)] € Ty when h € Ty. (24)
Then (Sq.y,Ty) is an optimal pair for Ay with respect to &.
REMARK 4.3. We note that (24) holds if and only if the inequality

1Aallx*"gllly < Cliglly

holds for every radial symmetric non-increasing function g. Such inequalities as (24)
are investigated for many function spaces. See for example [6].

By Lemmas 2.8 and 4.2, we have the following lemma.

LEMMA 4.4. ([14,Lemma 4.3]) Let X,Y € ® and Ap,: X - Y, M:Y =Y. Sup-
pose (24) holds. Then (Sq.y,Ty) is an optimal pair for Ay with respect to .
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5. LP0) spaces and A

In this section we discuss optimal pairs A, with respect to & in Lemma 2.10.
Recall that
1/pa(x) =1/p(x) = (n—a)/n.

LEMMA 5.1. Suppose that q(-) satisfies (P1’), (P3) and (P4). Let n/q~ < o0 <
n. Assume h € L1)(R") and set f(y) = |y|* "|h(y)|. Then

HAafHLq(-)(Rn) < C||h||Lq(-)(Rn)~

Proof. Set f(y) = |y|*"|h(y)| for h € L10)(R"). By [14, Lemma 3.3], Lemma
3.6 and Lemma 6.2 below, we have

1At 000y < CIMAd) a0 g
|AafHLq' )(Rn)

| ‘x‘niaMfHLq(-)(Rn)
C| ‘y‘n_af”m(-)(w)
= C||h||Lq(-)(Rn)7

<cC
<cC
<C
<

as required. [

THEOREM 5.2. Suppose that p(-) satisfies (P1"), (P3) and (P4). Let n(1 —
1/pt) <a<n If X =LPO(R") and Y = LP«C)(R"), then (Sa.y,Ty) is an optimal
pair for Ag,.

Proof. First we see from Lemmas 2.8 and 3.8 that Ay : X — Ty . By Lemma 5.1
with ¢(-) = pa(+), (24) in Lemma 4.2 holds. Hence it follows from Lemma 4.2 that
(Sav,Ty) is an optimal pair for A,. O

6. Weighted Lebesgue spaces and A,

In this section, let p(-) and ¢(-) satisfy (P1”), (P3) and (P4). Let 3(-) be a con-
tinuous function on R” satisfying condition (P3), that is,

(B) |B(x) =Bl < C/log(e+|x]) forall x € R";

here we write 8 for B..

DEFINITION 6.1. Recall the definition of weighted Lebesgue spaces LI0) (R, |x|P()
as a set of all functions f with

1 g iy = {2 > 0 [ (1£00)/A P50 < 1} < oo
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(see [15]).
We know the following result (see [15, Theorem 1.1]).

LEMMA 6.2. Let —n/qe. < B <n(l—1/q~). Then
1Ml a0 n 80y < CUF Il a0) @ 80 -

Now we prove the boundedness of A, on weighted Lebesgue spaces.

LEMMA 6.3. Letn(l1—1/pt)<a<n.Let 1/pt—1/q~ > —1/qe and 1/p~ —
1/gt <1—1/q . Then

||AOCfH n( 1 7i) <C‘”JCH
Lq(*)( n

1
Ry el a7 L0 @y PO a0

1 1

Proof. Set X = L4V (A |x"G0 )} and ¥ = £9C)(RA, |x["at 7)) . Set B(-)
:n(ﬁ—q(,)). Since 1/pt —1/q~ > —1/go and 1/p~ —1/q" < l—l/q , B()
satisfies (B) and —n/q.. < B(-) <n(1—1/q). We have

a)__
[, Aaf )99 et~
Rn

1 q(x) n( ) —1)
f(0)|dt pa(x) d.
meomwmfmm'”') H !

1 1)) (n-00)
<
\c/'(mn/om|ﬂnwo "7 dx

1 q(x)
-C d Bxa(x) 4
/. Qﬂ,/om|<m|0 I ¥

<c [ (ar(olP) i ax

By Lemma 6.2, we obtain
[Aafly <Clfllx,

as required. [J

Setting ¢ = n in the previous lemma we obtain the next lemma.

REMARK 6.4. Let 1/p*—1/q~ > —1/ge and 1/p~ —1/q" <1—1/q" . Then

A <C .
| af”Lq(-)(Rn,|x|"(ﬁ')fﬁ-))) S Hf||L‘1(')(R”,|x|n(%7+)

As an immediate consequence of Lemmas 6.2, 6.3 and 2.8, we obtain the following
lemma.
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LEMMA 6.5. Let p~,q~ > 1 and n(1—1/p") <a <n. Let 1/pt—1/q >
—1/qe and 1/p~—1/q* <1—1/q". Then

e s (25)

140) @ " Pl a7, LIOR 2P0 a0)

LEMMA 6.6. Let n(1—1/pT) <o <n. Let 1/pt—1/q~ > —1/qe, 1/p~ —

l 1
1/g" <1—1/q" and Y = L1O)(R", |x| ))). Assume h € Ty and set f(x) =
|x|*"h(x). Then

HAOCfHTy < C”h”TY'

L,L
. Pr?o{ Let he Ty. Let X = LIO(R", |x/"70 7). By Lemma 6.5 with f(x) =
x|*"h(x), we have

1Aafll7, < Cllfllx < Clllz,

since

2ty ax) _
L a5 Vax = [ (e )5
®)
= [ InGo etV
Rll

~ (x)
< [ R e Vax, O
R’l

We discuss optimal pairs A, with respect to & in Lemma 2.10. By Lemmas 6.5,
6.6 and 4.2, we obtain the following theorem.

THEOREM 6.7. Let n(1 —1/p™) < a <n. Let 1/pT—1/q" > —l/qm and
1

_ 1 _ 1
Up —1/g" <1—1/g . If X = LR, " FTT0)) and ¥ = 190 (Rn, x| Fa0 ~a7)),
then (So.y,Ty) is an optimal pair for A .

Proof. Note from Lemma 6.5 that Ay, : X — Ty . Let h € Ty and f(x) = |x|* "h(x).
By Lemma 6.6, (24) in Lemma 4.2 holds. Hence, we see from Lemma 4.2 that (S¢y, Ty )
is an optimal pair for A,. [

7. Relation between 7y and Y

‘We deal here with relations 7y =Y and Ty ; Y. Let us fix a weak Banach function
space ¥ on B(O,R), 0 <R < oo.

DEFINITION 7.1. Define for € >0 and x € B(0,R)

ce(x) = inf{[|umlly; M C B(x,€),[M| > 0} (26)
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and

¢(x) = liminfcg (x). (27)

e—04

LEMMA 7.2. The function c(-) is lower semi-continuous.

Proof. Let x, — x and choose A > 0. There is a sequence &, > 0 tending to 0
with
ey (¥) — A < cx) < ce, (1) + 4

and we find ng such that x; € B(x,¢&,) for k > ng. From (27) there is a sequence 1; >0
with B(x, M) C B(x, &)

ey (5) = A < () < e, (6)
and by (26) we can find a set My C B(xy,ny) with
s lly < ey (o) + A < o) +24.
Since My C B(xx, M) C B(x,€&,) we obtain
c(x) g, () FA < |l xmlly + 4 < e(x) +34

which means
c(x) < liminfe(xg)

k—soco

and finishes the proof. [J

LEMMA 7.3. Assume that there is r > 0 such that
inf{c(x);|x] > r} =0. (28)

Then Ty S Y.

Proof. We know Ty € Y. To see our lemma we must construct f € ¥ such that
f ¢ Ty . From (28) there is a sequence x,, with |x,| > r and ¢(x,) — 0. By (27) there are
0 < &, < r/2 such that cg, (x,) < 1/(2r°) and by (26) we can find sets M,, C B(x,,&,)
with |M,| > 0 such that ||y, ||y < 1/n°. Set

oo

fx) = 3 nym, (v).

n=1
Then
- 1

1f1ly < ZonM,,Hy 2—2

n=1
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and so f € Y. Moreover, fix n. Then for |x| <r/2 we have

flx) =ess sup| f(y)| > ess sup| f()| > n.

[yl yEM,
Thus, f(x) = e on B(0,r/2) which gives ||f||y = andso, f ¢ Ty. [
Recall an easy fact L.. <— Y provided R < o. Actually, taking f we have
I f xR ly < xRy [|flle := D]l f][o- (29)
LEMMA 7.4. Let 0 < r; < R < oo and denote Q) = {x;r < |x| < R}. Assume

that there is 6 > 0 with ¢(x) > 0 for almost all x € Q. Then

1
IFxyle < 51 £ 0

holds for all f.

Proof. Let A C Q, be a set of full measure with ¢(x) > & for all x € A. Denote
d = | fxq, |l~. Choose an arbitrary 4 > 0. Then there exists a set M C Q;, [M| >0
and |f(z)| >d— A forall z&€ M. Let x € M be a Lebesgue point. By (27) there exists
a sequence &, — 0 such that ¢(x) < cg, (x) + 1. Set B, = MNB(x,¢&,). Then |P,| >0,
P, C B(x,&,) and so, cg,(x) < ||xp,|ly - Since P, C M, we finally obtain

1 1 1 1 1
< < < - — - — -,
8 <) o () += < lnlly+- < —Ifxnllv + = < I xa Iy +

S| =

Letting n — oo, we obtain

(I 2@ lle =2)8 = (d = 2)8 < |20 I¥-

Since A was chosen arbitrarily, the lemma follows. [J

PROPOSITION 7.5. Let Ty =Y and 0 < ry <ry <eoo, 1 < R. Denote Q) =
{x;r1 < |x| < r2}. Then there exist two positive constants cy,cy such that

cillfxas lle < I fxa,lly < 2l fxa, -

Proof. Since Q, is bounded we have ||fxq,|ly < D||fxa,|l~ by (29). Let us
prove the opposite inequality. By Lemma 7.3 there exists a 0 > 0 such that ¢(x) > § in
Q. By Lemma 7.4 we obtain || fxq, ||~ < 1/8|fxq,|ly » which proves the lemma. [J

The previous proposition claims that the norm in ¥ on sets {x;r; < |x| < 2}
behaves as L., norm provided 7Ty =Y.
In the next let us restrict ourselves to the case R < eo. Define a function on [0, R]
by
o(r) = ess inf{c(x);r < |x| < R}.
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Itis easy to see that §(-) is nondecreasing. We know in this case that B(0,R) is bounded
and the norm on sets {x;0 < r < |x| <R} is in fact L. norm provided Ty =Y. More-
over, if 0 :=1lim,_o, 6(r) >0 we have ¢(x) > 6 and by Lemma 7.3 and Lemma 7.4 we
know Y = L., with equivalent norms. In the next we will investigate a relation between
properties lim, o, 6(r) =0 and Ty =Y. We will find two examples of spaces Y. In
both spaces the property lim,_o, §(r) = 0 holds but the first one satisfies 7y =Y and
the second one satisfies Ty g Y.

EXAMPLE 7.6. There exists a space Y such that
(i) 6(r) >0 forall r >0,
(i) lim,_o, 6(r)=0,

(iii) Ty =Y.
Proof. Define

171 = [ ess suplrs)ldr = [ Fa)de =17y = 1/

[rl<ly[<1

set f =0 outside B for convenience. Then Y = Ty by definition, which proves (iii).
Let us estimate ¢(x) for x € B. By (27) and (26), we have

¢(x) = liminfee (x) < liminf / o) (0)
84>0+ 8—>0+ B ’

= liminfC(|x| 4 €)"dt = C|x|".
84>0+

Thus

lim 6(r) = lim ess inf{c(x);r < |x| <1} < lim Cr" =0,

r—04 r—04 r—04

which proves (i) and (ii). U
EXAMPLE 7.7. There exists a space Y such that
(i) 6(r) >0 forall r >0,
(i) lim,_o, 6(r) =0,
(iii) Ty &Y.

Proof. Consider the family of all measurable functions f such that

oo

1
1 lly = X 171~

n=1

)<t>°.

11
nt+l'n
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Set .
g 2+l7n2).
Then
=12 +l +1
f x(m 17) x(m I%H) X(12+3 12+2)
122 122 +22 + 422 +2?
x(zzlﬂ 22 ) x(221+2 221+1) X(22+3 221+2) X(ﬁ’ﬁ) x(ﬁ’ﬁ)
+3% 1 P e
(32+1 32) ()
Hence
- 1 1
—12. 12. 12.
17l T AR S VA P
1 1 1 1 1
22. 22. 22. 22. 22.
N E A ) Al ) A S ) A G Ry
TIEC R T N NS C
(32)2 (324+1)2 (42 -1)2
1
S (1) 422 (3222
(22_1)2 ( )+ (32_1)2 ( )+
1
2 22
- 12—
+n CESEEE (n+1)"—n")+
B i 2n+1
_n=1(”+2)2_ ’

which proves (iii).
Obviously, since ¢(x) = 1/n? when 1/(n+1) < x < 1/n, we have the following:

e §(r)>0for0<r<1;
e lim 6(r)=0. O
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