
Mathematical
Inequalities

& Applications

Volume 22, Number 2 (2019), 463–486 doi:10.7153/mia-2019-22-33
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Abstract. Let Φ be a nondecreasing function from R+ = (0,∞) onto itself. Fix γ ∈ R =
(−∞,∞) and let LΦ,tγ (R+) be the set of all Lebesgue-measurable functions f from R+ to
R for which ∫

R+
Φ(k| f (t)|) tγdt < ∞

for some k > 0 . Define the gauge ρΦ,tγ at f ∈ LΦ,tγ (R+) by

ρΦ,tγ ( f ) = inf

{
λ > 0 :

∫
R+

Φ
( | f (t)|

λ

)
tγ

λ
dt � 1

}
.

Our principal goal in this paper is to find conditions on the nondecreasing functions Φ1
and Φ2 , γ ∈ R and an operator T so that the assertions

ρΦ1 ,tγ (T f ) � CρΦ2 ,tγ ( f ) (G)

and ∫
R+

Φ1 (|(T f )(t)|)tγdt � K
∫

R+
Φ2 (K| f (s)|) sγds, (M)

concerning f ∈ S(R+) , the class of simple functions supported in R+ , are equivalent and to
then find necessary and sufficient conditions in order that (M) holds.

In addition, we investigate the connection between (G) and the assertion that

T : L̊Φ2,tγ (R+) → LΦ1 ,tγ (R+),

where L̊Φ2 ,tγ (R+) is the closure of S(R+) in LΦ2,tγ (R+) .
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