athematical
nequalities
& Papplications

Volume 22, Number 2 (2019), 577-599 doi:10.7153/mia-2019-22-41

BOUNDEDNESS OF GENERALIZED RIESZ
POTENTIALS OF FUNCTIONS IN MORREY SPACES
L1:9%)(G) OVER NON-DOUBLING MEASURE SPACES

YOSHIHIRO SAWANO AND TETSU SHIMOMURA

(Communicated by J. Soria)

Abstract. Our aim in this paper is to deal with the boundedness of generalized Riesz potentials
Ip .z f of functions in Morrey spaces L1-9%)(G) over non-doubling measure spaces, as an
extension of [4, 6,9, 12, 19]. The local integrability is assumed to be minimal, so that the results
can not be obtained by the Hardy-Littlewood maximal operator. What is new in this paper is that
¢ depends on x € X and that the underlying measure u is not doubling.

1. Introduction

The space introduced by Morrey [11] in 1938 has become a useful tool of the
study for the existence and regularity of solutions of partial differential equations. In
this paper, we aim to show the boundedness of generalized Riesz potentials from Mor-
rey spaces LU"9¥)(G) over non-doubling measure spaces (X,d, ) to Orlicz-Morrey
spaces, to generalized Holder spaces, or, to generalized Campanato spaces, and conse-
quently establish Sobolev embeddings for generalized Riesz potentials, as an extension
of Trudinger [24], Serrin [22], Nakai [12], Garcia-Gatto [4] and the authors [6, 8, 9, 19].

Let X be a separable metric space equipped with a non-negative Radon measure
u. By B(x,r) we denote the open ball centered at x of radius r > 0. We write d(x,y)
for the distance of the points x and y in X. We assume that

u({x}) =0 (D

and that
0 < u(B(x,r)) < oo (2)

for x € X and r > 0 for simplicity. In the present paper, we do not postulate on  the
“so called” doubling condition. Recall that a Radon measure u is said to be doubling,
if there exists a constant C > 0 such that

1(B(x,2r)) < Cu(B(x,r)) 3)
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integral, non-doubling measure.
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for all x € supp(it)(= X) and r > 0. Otherwise u is said to be non-doubling. In con-
nection with the 5r-covering lemma, the doubling condition had been a key condition
in harmonic analysis. See [15] and [26].

Let p be a function from (0,e0) to itself and satisfy the Dini condition

/V&dt<+oo 4)
0 t

for all sufficiently small » > 0. Note that in the classical case of Euclidean space
(4) is equivalent for I, (x) < e for almost everywhere, where y denotes the indicator
function of the unit ball. We do not postulate the doubling condition on p. See Example
1 for an example which fails the doubling condition. We define the generalized Riesz
potential I,y ¢ f of f by

- p(d(x,y))
Ip,p,rf(x)—/cmf@dﬂ()’),

where f € L'(G). If p(r) =r*, 0 < & < n and X is the Euclidean space R" with the
usual distance and the Lebesgue measure, then I, ;; ¢ f is the usual Riesz potential Iy f

of order o defined by
f)
laf ()= [ g

Let G be a bounded open set in X . Our aim in this paper is to show that 1,  ,
which generalizes I, is bounded from Morrey spaces L(l"P‘K)(G) to Morrey spaces
L(LV2%)(G) (Theorem 1), to Orlicz-Morrey space L(®¥25)(G) (Theorem 2) or, to
generalized Holder space .Z(1V%%)(G) (Theorem 3) in the non-doubling setting, as
an extension of [4, 8, 9, 19, 22, 24] (see Section 2 for the definitons). Here k is an
auxiliary modified parameter, which arises naturally in the setting of the general metric
measure spaces. Here as it turns out, @ generalizes the parameter which corresponds to
the local integrability and ¢ generalizes the parameter which corresponds to the global
integrability. In this paper, we do not assume the doubling condition on ¢ as well as
in [23]. What is new in this paper is that ¢ depends on x € X and that the underlying
measure U is not doubling. See Example 2 of such ¢.

We also show that the modified fractional integral operator I, ; is bounded
from the generalized Morrey space L(1#¥) (X; ) to the generalized Campanato space
(LK) (X;u) (Theorem 4) in the non-doubling setting, as an extension of [4, 6, 12]
(see Section 2 for the definitions of I, ; r and Z(L¥%) (X p)).

Throughout this paper, let C denote various constants independent of the variables
in question and C(a,b,...) be a constant that depends on a,b,.... The symbol g ~ h
means that C~'% < g < Ch for some constant C > 0.

2. Notation and terminologies

Let ¢ be the set of all almost decreasing functions with respect to the order by
ball inclusion from X x (0,e) to (0,e0), that is, ¢ € ¢ if and only if there exists a
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constant ¢y > 0 such that
P(x,1) = co(y:9) (5)
whenever B(x,r) C B(y,s). When we are placing ourselves in the setting of Euclidean

space, (5) is natural in that this condition entails many other important assumptions
on ¢; see [I, Section 2]. As is pointed out by Sihwaningrum, Gunawan and Nakai

Al
[23], @(x,r) = u(B(x,xr)) 7 did not fall under the scope of the existing results. See
Example 2. In this paper, we do not assume the doubling condition on ¢: we do not
suppose there exists a constant ¢ > 1 such that

P(x,7)
o(x,s)

Let G be a bounded open setin X. For ¢ € 4 and x > 1, we define the general-
ized modified Morrey space L{1:9%)(G) as follows:

1 r
- < -<2. 6
7S5 (6)

1 .
- < <c for xeX,rs>0 with
c

L199(G) = { f € Lo (G) 110w ) <

with the norm

1 1
x (e = Su . x)|dp(x
£l = __sup . el

26G,0<r<dg (2, Kr) W(B(z,Kr))

(see [23]). Then a routine argument shows that L(1:#¥)(G) is a Banach space. One of
the thrusts to consider ¢ = ¢(z,¢) depending on z € X is that ¢ depends on z € X in
the case of variable exponent and that this definition unifies some examples in [10, 17]
together with some model cases [7, 25]. Here and below a tacit understanding is that
any function f € L}, (G) is defined to be zero outside of G.

We deal with the following class of Young functions: Let us consider the family
% of all continuous, increasing, convex and bijective functions from [0,0) to itself.

For ® € %, the Orlicz space L*(G) is defined by

L2(G) = {1 € Lixl(6): I/ o6) < =}

1l zinf{a ~0: [ (%) du(x) < 1}.

If @, @, € & are equivalent in the sense that there exists a constant C > 1 with

where

@ (C71r) < Dy(r) < Dy(Cr)
for all » > 0, then we see easily that
L®(G) = L*(G)
with equivalent norms. If

DO(r) =exp(r’)—1, exp(exp(r’)) —e
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for r >0, or
rP(log(3+r)*, 1P (log(3+7))!(log(3+ (log(3+r)))*
for r > 0 such that |logr| is large, then L®(G) will be denoted by
exp(LP)(G), expexp(L”)(G), LP(logL)* (G) or L (log L) (loglog L)* (G),

respectively.
For ® ¢ %, ¢ € 4 and k > 1, the generalized modified Orlicz-Morrey space
L(®9%)(G) (of the first kind) is defined by

LO4(G) = {1 € Lyo(G) : £ 000 ) <
where

||fHL(<D~<p:’<)(G)

= i L S ()]
N zeG,SOu<IigdGmf{A =0 w(B(z,kr)) /B(“)q)< 7 ) du(x) < o(z, Kr)}

(cf. [23]). Note that this definition is of the first kind in terms of [3]. See also [13].
Then, again it is routine to prove that || - ||, @.p:x) () is anorm and that L®99)(G) is a

Banach space. Note that the classical Orlicz-space L®(G) is a special case of Orlicz-
Morrey spaces when du = dx and @(z, xr)u(B(z,xr)) = 1.

For ¢ € % and k > 1, let the generalized Campanato space .29 (X; 1) be the
set of all functions f € L\ .(X; 1) such that

1
0K (x.y) = SU inf / X) —cpzp|dU(x) < oo.
Il ztmmicn = S e o wnu(BGe. ) S )~ o400

We consider the modified fractional integral operator of generalized order p with
modification parameter T by:

et ()= |

. K(x,y)f(y)du(y) = /X K(x,y)f(y)du(y), (7

where a ball B = B(xo, 1) with the basepoint xp € X is fixed and the integral kernel is
given by:

b)) p(dxow)
Ke) = B0 wd () (B0, td(r0.y

)))XX\]B(Y) (x,y €X).

3. Main results

In this section, we state our main theorems, whose proofs are given in Section 5.
Let us begin with the following result, which is the one of Gunawan type [5] and
extends [19, Theorem 2], [9, Theorem 3.1] and [12, Theorem 3.2].
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THEOREM 1. Let Kk > 1, 0 <kj <kp <oo and T>4max(K,kp). Let p: (0,00) —
(0,00) be a measurable function satisfying

kor
swp p(9) <G [ PDas (r>0) ®)

r/2<s<r kyr s
for some Cp > 0. Let ¢ €%, and define
2k Vkyr Akyd
l//(x,r)E(/ p() dt) xr+/1 pOWX1) 4 ©)
0 kyr

for 0 < r<dg. Then there exists a constant C > 0O such that

1
TR S e 0] 400 < CY 200 0y (10

forz€ G, 0<r<dgand f € L(l"P;K)(G), where C > 0 is a constant depending only
on Cp, co, ki and k;.

We note that (8) goes back to [16]. By defining v by (9), we can describe a
boundedness property of 1, for an arbitrary measurable function p satisfying (8). We
present an example of p and then two examples of ¢.

EXAMPLE 1. If p is increasing, then p satisfies (8) with k; =1 and kp =2. If
o > 0 such that
r* (0<r<l)
p(r)= {eW) (r>1),

then p satisfies (8) with k; = 1/4 and k, = 1/2. See also [14, Lemma 2.5], [16, 18, 23]
and [20, Remark 2.2].
A—
EXAMPLE 2. (i) Let @(x,r) = u(B(x, 1<r))Tl
(ii) Let

and A < 1. Then ¢ € 9.

P (0<r<1/e)
7 r<l/e
ox,r) = B
P (r>1/e),
where sup,cx B(x) <0 and B, < 0. If B(-) satisfies the local log-Holder condition,
that is, there exists a constant C > 0 such that

C

\ﬁ(x)—ﬁ(y)\ém

(d(x,y) < 1/e),

then ¢ € ¢. See [23].

We now state a result for Orlicz-Morrey spaces, which is an extension of [19,
Theorem 5] and [9, Theorem 3.2].
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THEOREM 2. Let k > 1, 0 < k) < kp < oo and T > 4max(K, k). Let also p,p :
(0,00) — (0,00) be measurable functions satisfying (8) and

kor A
swp p) <G [ P95 (r0).
r/2<s<r kyr s
Let ¢ €. Assume
1
/Mdt:w (x€G) (11)
0

and that the function t € (0,dx] — p(t)/p(t) is continuous and decreasing.
We abbreviate:

)= [0 200, (12)
2k r t
5(4k
O(x,r) = % (13)
y(x,r) = ( /O - @do o(x,r)+ 2:?(16 Mdt (14)

and
1

m /B(Z,(2K)*lr) y(x,r)du(x)

forxe Gand O <r<dg. If ® € ¥ satisfies

X x,) (s
Co :sup{(wl( ’(2(1’(3)) )(5)) 1x€G, Ox,dg) <s<oo} <eo,  (15)

Y(x,r) = y(x,r)+

then there exists a constant A > 0 such that

! puef ()]
w(B(z,2K7)) Q| e |d <W¥(z,2 16
“(B(Z,zl('r))/B(z,r) (Af”L(L(p;K)(G)) u(x) < W(z,2xr) (16)

forz€ G, 0 <r<dg and f € L'b9%)(G)\ {0}, where A > 0 is a constant depending
only on Cp,Cs,cp,k1,kz and Cg.

REMARK 1. Let x € G be fixed. Then O(x,-) is a bijection from (0,d¢] to
[O©(x,dg),) by the assumptions in the theorem. Indeed, by the definition of © above,
O is a decreasing function. In addition, lif51®(x,r) = oo by (11) and the decreasing

r

property of g, showing that O(x,-) : (0,dg] — [O(x,dg),) is bijective.

We shall show a result of Gunawan type on continuity of I, ; r, which is an ex-
tension of [19, Theorem 7] and [9, Theorem 3.4].
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THEOREM 3. Let 0< 0 <1, k> 1, 0<k; <ky <o and T>2max(K,ky). Let
p : (0,00) — (0,00) be a measurable function satisfying (8). Let ¢ € . Assume the
following condition on p : There exists CI’) > 0 such that

pey)  pld(y) (A2 pld(xy))
H(B(x. td(x.))) u(B(md(z,y)))’“P (d(w)) HBl ey

whenever d(x,z) < d(x,y)/2. Assume in addition the Dini condition:

1
/Mdmw (x€G). (18)
0
Abbreviate
3]{2}’ l 7t 4k2dG l 7t
Yixr) = /O P)e(x1) )‘f(" Lar + 1 3 PWox1) t)fﬂ(ex i (19)
1r

for xe G and 0 <r <dg. Then
puef () = Ip .o f ()| < C(w(x,2d(x,2)) + w(2,2d(x, 2))) | 1] L0000 )

for x,z€ G and f € LL9¥)(G).

Concerning the assumption (18) and 7 p.u,zf » two helpful remarks may be in order.

REMARK 2. Based on Theorem 1, we investigate the well-definedness of the op-
erators.

1. The integral defining I, ;, - f(x) converges absolutely for i -almostall x € G. To
prove this, we set

s/ 0= [ K@)/l 0)

and prove I, ¢ f(x) for p-almost every x € B(xo, j) for each j € N. In fact,
since @(x,-) is almost decreasing, we have

1
1(B(z,2xr))

according to Theorem 1. Here y is given by (23) below. It follows from (8) that

[ Touelte 00 dute) < Cie.26) om0

Lo ulx@myefl(x) <o
for p-almost all x € X. Indeed, similar to (20), we have

1

w(B(z,2xr)) /B ) o e[ Xajmpf1(x)|dpa (x)
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1
s W/B(m p e [2am\Bf1 ()| di (x)

p(d(x0,y))
s 7B 27y T 4H )

p(d(xo,y))
<YL+ [ o B0

If)ldu(y)

t
<OV i+ 0 el [0 dn)

C 4jk2 p (s
< Cy(2.260) | o) )+ Wi)ﬂ'))/kl gd&/@ﬂﬂ%)\ﬁ F ) du(y)

< oo,

Let y € (4jB)°. Then d(x,y)/2 > j > d(x,xp). Thus, by (17), we have

p . elXamyefl(0)] < j oI5 .2l (),

where p(1) = t‘ep(t)x(l’,x,). Note that

2 Lyr 4krd,
(x,r) = (/0 ’ p( ) +/ e pt)e1) dtgl//(x,r). (21)

Uerr

Here v is defined by (23) below. Thus, by Theorem 1 once again and by (21) we
see that

m /B(“) Ip uelXajmyef1(x) dp(x)

C .0

< - = -\

< L BE2e) /B(U)J I el xajm)e S (x) dp(x)
< Cje ‘T/(Z»ZK’")||JCHL(1~,<P:K)(G)

< Cje V/(Z:ZK")”fHL(L(p;K)(G)v
as was to be shown.

2. Note that, if (18) holds and 0 < 6 < 1, then

€ (0,dg] i—>r6/4k2dGMd 1 €[0,00)

2Uyr l1+9

is bounded for each fixed x € G, since

o [454 2ORN) 4, [4 PO
2

oy t1+6 2Uyr t
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The linear operator ip,u’f acts on the generalized Morrey space L{1:¢:¥) (Xsu).

We will give the boundedness of I, ; r from LI9%) (X; 1) to Z1V9%) (X3 ), as
an extension of [4, Theorem 5.2], [6, Theorem 1] and [12, Theorem 3.3]. Unlike other
theorems in this paper, we can work on the whole space X .

THEOREM 4. Let 0 < k) < kp < oo. Let € >0, T > max(4,2k,2k;) and k¥ > 1.
Let p satisfy (8) and @ € 4. Assume that there exists a constant C > 0 such that

l plzy) _ pldxy) l <c (d(xm))g p(d(z.y)) 22)
u(B(z,td(z,y)))  u(B(x,7d(x.y))) d(y,2) ) u(B(z,1d(z,)))
Sforall x,y,z € X with 2d(x,z) < d(y,z). Abbreviate
2k Yy -
_ p() e p(1)o(x.1)
l//(x, r) = <‘/0 le) (p(x,r) +r ‘/8’(71]{”/9 le
4krdg p(t)q)(xj) max(1,2K’1k2r) p(t)
+,/Kflklr 7I dt /l lmdt (P(xyr)
max(14kadG) p (1) (x,1)
+ max(LK*lkl,«) le ()C S X,r > 0) (23)
Assume that y(x,r) < e forall x € X and r > 0 and that
1
0

forall xe X.
Then I, i ¢ is bounded from L% (X;p) to £ (WV9%) (X5 ).

REMARK 3. Condition (24), which guarantees that, Ip. ) (x) < e for y-almost
all x € X, is natural in view of the classical case. In fact, in the classical case @(x,7) =
t~7 and p(r) = t%, this assumption reads o > n/p, while condition “y(x,r) < e”
reads oo <n/p+e.

4. Preliminary lemmas

LEMMA 1. Let k 2 1, k>0, 0 <k <ky <o and T > 2max(K,ky). Let
also p : (0,00) — (0,00) be a measurable function satisfying (8). Let ¢ € 4 and
f e LLOX)(G). Then

pldixy)
‘/B(XJ) w(B(x,7d(x,y))) lf)|du(y)

2kor
<C (/O 2 mdt) ”fHL(l*‘P?")(G) (xeG,r<dg) (25)
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and

p(d(x,y))
st FBTE 2t IR O) )

Shrd
<C</2 %dl)“le(px (G) (XEG7r<dG)7

klr

where C > 0 is a constant depending only on Cp, cg, ky,ky and k.

Proof. We will first prove two auxiliary estimates (27) and (28). If y € B(x,2/r)\
B(x,2/~'r) and j € 7Z, then a geometric observation shows

p(d(x,3) I
HB0 ey )y < ABEI )@ TR, 2P, P

so that

p(d(x,y)) Cp 2kar p(s)
G G T S RBEAT T O gy s 4 @D

Meanwhile using, 7 > 2max(k,k;), we obtain
/ pd(x.y))
B(x,2ir)\B(x.2i-1r) L(B(x,7d(x,y)))d(x,)
G Yhr p(s) 1
< — ,
Sk /2/‘1<1r s dsx w(B(x,2/-11r)) /B(x,zfr) FO)du)

(P(x72jmaX(K’k2)r) /2jk2r&ds
(27-1r)k 2k S

) dp(y)

<G

1
X - -
(P(x, 2J maX(K,kz)r),u(B(x,ZJ maX(K7k2)r)) /B(X,ijax(l,kz/)()r)

< ¢ 0.2/ max(i,ka)r) /2”‘2’&
=P (27 1r)k )

If)ldu(y)

ds x :
S § ||fHL(1‘<p,r<)(G)

Set d = [1+1log,(ka/k1)], the integer part of 1+1log,(ka/k;). Since @(x,-) is assumed
to be almost decreasing uniformly over x € X, we have

N

o (x,2/ max(x,k)r) /2szrp(s) dee ot /2’+ “ro(xs)p(s)
(27— 1p)k 2k S c(p(Z’r) 2ikyr s

N

/Mv 0 9p(s)
2

j+l—lklr Ky

1
2d+1k kz/zﬁk” X, ) -&ds

=1 ( J+dk1r) s

& P g(x,5)p(s)
< PN
B Cl 1:21/214171](” sl+k ds7
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so that

2 g (x,5)p (s)
mEvaaat

ds < Cy

. . S’
-/klr N 2-/](1}"

0 (x,27 max(ic,ky)r) /2’kzrp<s>
(2771 2
where Cy > 0 is a constant depending only on ¢y, k, ki and k.

Based on (27) and (28), we prove (25) and (26).
Using (1), we decompose

bl
/B(&r) w(B(x,7d(x,y))) lfO)du(y)

S p(d(x,))

- %A(xazm\mx,zﬂr) H(Bld(xy)) MO

Due to (27) and (28) with k£ = 0, we obtain

__PUky)
/B(w) 1(B(x, 7d(x,y))) FO)ldu(y)

oo 2= j+dk1r
P(x,5)p(s)
< E C,C ——-d K
i—0 P l/Z*J'klr s s X Hf”L(W* )(G)

ko1
<dCp(Cy (/0 ’ Md’) Hf”L(L(P:K)(G):

t

which proves (25).

587

(28)

We move on to the proof of (26). We choose jy € Z so that dg < 2Jor < 2dg and

we decompose

/ p(d(x,y))

B(xdg)\B(x) H(B(x,td(x,y)))d(x,y)

< Jo
j=1

)
~/B(x72jr)\B(x,2f’1r) W(B(x,td(x,y)))d(x,y)
If we use (27) and (28), we have

pd(x,y))
/(XdG N(er) H(B (x Td(x W)y WIAR)

2J+dk1r )
< GG Z/
Jj=

ds %
2/k1r 1+k ||fHL1(PK) (G)

4kydg p()o(x,t
< dCpCy (/2 %d1> ||fHL(1~,<P:K)(G)

kll’

Thus, (26) follows. [

This lemma is needed for the L(1:¢%) (G)-L(:¥:2K) (G) estimate.
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LEMMA 2. Let k> 1. Let 0 <k <ky <eoand T>4. Let p: (0,00) — (0,0) be
a measurable function satisfying (8). Then, for all f € L'b%%)(G), z€ X and r > 0,

! p(d(x,)) x
BT e </B<z.,r> HB0x,wd(xy) )d“(y)) anx)
2kor
< coteonn) (22 at) Ul omor

Proof. By Fubini’s theorem and the dyadic decomposition of the ball, we have

L., (/ZM 1wy ))du(x)
_/Zr ) /B x’L’d(yx))y)))d”(x)> du(y)

(x,))
([, T s du(s) ) au()

(
7o
( SUPy-r<s<a—i+1, P (8)

o)l v2 HUNBG2-ir)  W(B(x,277Tr)) du(x)) au()
Sup2 Jr<s<2— J+1rp( )
)l y2 ) (B2 1tr)) du(x)) dp(y),

where we used 7 > 4 for the penultimate line. Since p satisfies (8) and 7 > 4, we have

p(d(x.y)) )
e </B<z,r> 1B, wd(r,y))) O (y’> apx)

o 27 kr 5
I &d1> an(y)
072 g r N

<G [ 10 (z
<o ([ PMa) [ rlduo)

2k2r
< oot ([P at) 1w o

as required. [

LEMMA 3. Let k > 1, 0 <k < kp <o and T > 4max(K,kz). Let p : (0,00) —
(0,00) be a measurable function satisfying (8). Let ¢ € 4 and f € Lb9¥)(G). Then

1 p(d(x,y)) .
TR e </B<x.,dc>\3<x.,r> 1B, d(r,y))) O 9K (y)) au)
< CV/(27 ZKr) ”fHL(L(p;K) (G)

forall z€ X and r > 0, where C > 0 is a constant depending only on Cp, cg, ki,k2
and k.
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Proof. Set d = [1+1log,(ka/k1)], the integer part of 1+ log,(k2/k1). We choose
Jjo € Z so that dg < 2/0r < 2dg. We claim

p(d(x,y)) Cp /2szr p(s)
< . L4
'LL(B(X’ Td(x’y))) h ,LL(B(X72/_ITI")) 2ikyr S ds 29
and
. 2kyr 20ty
¢(z,(2/ + l)max(K,kz)r)/‘ ’ &ds <C [ : Mds, (30)
2l kyr N 2ikyr s

forx,z€ X, j€Z and r > 0.
If y € B(x,2/r) \ B(x,2/~'r), then a geometric observation shows

p(d(x,y)) I
HB0td(xy) S BT 5 P, P

If we combine this with (8), then we have (29).
Note that using 7 > 4max(x,k;), we learn

B(z, (2 + 1) max(x,k2)r) C B(x,2/" max(i,k2)r) € B(x,2/ "' 2r)
for x € B(z,r). Hence, we obtain for x € B(z,r)

/ _pUxy))
B(x2ir)\B(x2/~1r) L(B(x,7d(x,y)))
Yar p(s) 1

2k S dsx Ww(B(x,2/-11r)) /B(x,zjr) FO)duG)

: Yar p(s)
< Gl (2 + Dmax(i ko)) [ B as
2-/](17' N
1

X 0@ (2 Dmax(x, k) (B (27 + 1) max(,k2)r)

: If)ldu(y)

< Co(z, (27 4+ 1) max(x,ka)r) /2-fk2r P(s)

2/k1r N

lf)ldu(y)

<G

<),
B(z,(274+1) max(1,ky /x)r
ds % Hf”L(L(P:K)(G)-

Since ¢(x,-) is assumed almost decreasing uniformly over x € X and
(2 + 1) max (K, ko) r > 27kyr > s,

we have and hence @(z, (2/ + 1)max(k,k)r) < é(p(as)

N

) 2kyr 1 (2kr
o(z, (2~’+1)max(1<,k2)r)/. ’ &ds < —/ ’ Md
20kyr S Co J2/kr N



590 Y. SAWANO AND T. SHIMOMURA

oL P eGsp(s)

Cop 2ikyr N

d 1 20t (p(Z7S)p(S)d

=1 Co J2iH =1y r N

2itdp r
09)p(s) |

2jk1r N

N

N

:Cl

)

1
where C; = —, which proves (30).
Co
We decompose

)
/B(X=dc)\3(x7r) w(B(x,td(x,y))) lf)ldu(y)

3 pd(x,y))
> /B(x72./'r)\B(x72j71r) mV(y)\du(y).

J=1

<

If we use (29) and (30), we have

o)
/(xdc)\er u(B (x Td(x y)))‘ f)ldu(y)

2/+dk1r )
gcpclzfzjk ds XHf”Ll(PK (G)
Jj= r
< deCI (/2k %‘h> ||fHL(1‘<p;r<)(G)~
1r

Thus, Lemma 3 is proved. [
5. Proofs of the theorems

We are now ready to prove our theorems.

5.1. Proof of Theorem 1

Let z € G and r € (0,dg]. By the positivity of the kernel, we may assume that
f = 0. We decompose
1

1(B(z,2xr)) /B(“) Ip pof (x)dp(x)

o p(d(x.y)) )
‘uw@amnl£ﬂ(ﬁwauwuwanw»ﬂ”d“”>d“)

1 pd(x.y)) .

*uw@@m»A%»(ﬁ@%wmﬂuw@namw»ﬂ”d“”>d“)'
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If d(x,z) < r, then B(x,r) C B(z,2r). Thus,

1
1(B(z.2xr)) /B(m) Ip pef (x)dp(x)

| p(d(x,y) )
< BRI e (/BW B0, td(x0)) (”"’“(”) an)
1 pd(x.y)) .
+ BT e </B<x,d6>\3<x,r> B zd(xy))” W (”) an(x)

=hL+Db

for z€ G and 0 < r < dg. By Lemma 2 with r replaced by 2r, we have

4k2}" t
1< i) ([P ) 0 < W20 o B

Meanwhile, by Lemma 3 we have

L <Gy (z,2x7)| fll 1.0 G)- (32)
Hence it follows from (31) and (32) that

1
W/B(z ) o pof (x)du(x) = I+ L < CyY(z,267) | £ 01.00) )

where C > 0 depends only on Cp,cg,k; and k. [

5.2. Proof of Theorem 2
By Theorem 1, we have

1
W /B(z 9 ’Iﬁ,u,‘rf(x)’ du(x) <C ‘I/(Z»ZK”)||JCHL(1~,¢:K)(G) (33)

forzeGand 0 <r<dg.

Let g = [f]/[|f]l 0% (G- For x € G and 0 < & < dg, since p/p is decreasing,
we have by (26) with k=0

x6) H(B(x, 7d(x,)))
/ p(d(x,y))
B(xdg)\B(x.8) H(B(x,7d(x,y)))
(8) p(d(x,y))
(8) /
(9)

g(y)du(y)

42d (1) (1)
Bl et e G [,

'Obz'o

I5 prg( )+C2W1(x 5)

bz
—~
(%]
=
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4Ky &
S %Iﬁ,u,rg(x) + Gy (x,8).

Hence, in view of the definition of ®, we have

yi(x,6)
Ip%rg(x) < m]ﬁ7ﬂ’1g()€) +C2l//1 (x,5). (34)
Now let
52 [ (©0) (s usg)  when Iy cg(x) > O(x,do),
dg when I ;, :¢(x) < O(x,dg).
Observe that
w8 =V (6, (©(x,) " (Ip ug(x)))  when I5 4 rg(x) > O(x,dg),
’ vi(x,dg) when I5 ; 1g(x) < ©(x,dg),
by definition.
We claim that
vi(x,6) w1 (x,(O(x,) " (I5, uc8(x)))  when I5 y rg(x) > O(x,dg),
= lhu 8(x) <
O(x,86) " v (x,dg) when I5 , 8(x) < O(x,dg).

(35)
Indeed, when 15 , g(x) < ©(x,dg), we have § = dg . Hence,

(41 ()C, 6) 1
0(x.5) I5 u28(x) = w1 (x,dg) x mlﬁ,y,rg(x) <y (x,dg).

When I, :g(x) = O(x,dg), we have § = (O(x,-)) ! (I5 4 zg(x)). Hence,

vi(x, 6) Vi (x, (O(x, ) (I u.08(%)))
O(x,5) Iﬁ:li,fg(x) = 1,37,4,7:8()6[)) )

= y1(x, (0(x,)) ! (I . r8(x)))-

Consequently our claim (35) is justified.
It follows from (34) and (35) that

Iﬁ,u,fg(x)

Ip peg(x) < (14 Co)max {1 (x, (©(x, )~ (Ip w08 (x))), Wi (x,dg) } . (36)
By (15), we obtain
Vi ()C, (@(.X, '))71 (S)) < CG¢71(S) for xe G7 G(xadG> <5 < oo, 37)

Hence, taking A = C5(Cy + 1)(1+ C;) and using (36) and (37), we obtain

’Ip,y,rf(x)’ < Ip,u,rg(x)
AHf”L(L(P:K)(G) h A
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max {1 (x, (0(x,-)) " (I u.rg(x))), ¥ (x,dc) }
CG(Cl + 1)
max {y1 (x, (0(x,)) " (5 4,28 (), ¥1 (x, (O(x,)) "1 (B(x,di))) }
CG(C1 + 1)
max { @~ (I5 u rg(x)), @~ (O(x,d5)) }
Ci+1 ’

N

(38)

N

Since p/p is decreasing and 2 (312230) v (x,dg) = O(x,dg), we see that

4krdg A
ll/(.x72Kr) 2 / 206 Mdl
2k dg 1

e p ()plar)
2kydg 4

t

(39)

for all 0 < r < dg. If we use (38) and the convexity of @, we have

1 ppef ()]
S Y A
R B e <A||fLW)(G>> A

1 1
S T R Jyey ™ s, O(de)} du)

Hence, with the aid of (33) and (39), we have

S - Ao @]
w(B(z,2xr)) /B(z,r)q) <A|| fLuA,q,;K)(G)) dp(x)
1
S G+ DRBE2R) /Bw) max {4 <¢(x), ©(x,dg) } i (x)

1
S € Du(BG 2x0) /B(ZJ) Iy 28(x) du(x)
1
T UBG2xn) B(m@(x,dc)du(x)
G |

< 2KT) 4
1O B ) Jutes
which proves (16). U

l//(x 2kr)du(x) < ¥(z,2kr),

5.3. Proof of Theorem 3
Write

Lo cf(x) = Ip u2f(2)
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p(d(x,y)) p(d(z,))

pdery)  pldy)
+wawwm<uw&ﬂﬂ%wh HBG ) ) T MO

By (19) and (25), we have

/ p(d(x,y))
B(x,2d(x,2)) .LL(B(X7 Td(xh)})))

and

‘f()’)|d”(y) <G W(x»Zd(x7z))||fHL(l~,¢:K)(G)

[ plden
B(x2d(x2)) L(B(z,7d(z,Y)))

p(d(z,y))
S /B(z,Sd(x,z)) m

< i W(Za 2d(x,z)) Hf”L(L(P:K) (G)

for x,z € G. On the other hand, we have by (17) and (26)

F)ldu(y)
F)ldu(y)

pldxy) pldy
Ammwu«@M@W)u(@wzy‘f'””
p(d(x.y))
GL B(x,2d(x,2)) )C Td(x y)))d( )6\f(y)|du(y)

4k1d x.2)
< Gy (x,2d( 71))||fHL (Leix) (G)*

Now from (40), (41) and (42), we establish

dhyd

0 p( )

< Gd(x,2) ( t1+g >||fL1q>K)
X

ppaf (¥) = Ip .o f ()] < C(w(x,2d(x,2)) + 9 (2, 2d (x, 2) | f [l o) ()

for x,z € G, as required. [

5.4. Proof of Theorem 4
Let ze X, r>0,and f e L®%)(X; 1) be fixed. We have to show that

1 -
BT Sy o () = enldB () < CY IR s

for some constant cg = cp(; ) -
To this end, we let fi = xp( 45 f and f2 = f— fi. Define

1= _/ p(d(xo,y))
1= B(z,4r).u(B(x0’Td(x0’y)))

2\ () du(y),

Sy T80t OO s T w1y OO

(40)

(41)

(42)

(43)
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CB2 = ip,u7‘L’f2 (z) and cp = cp1+cppo.
We claim that cp does the job by proving that
1 -
—_ I — < ., 0K (X115 44
B o o100 =€ () < CY R oy (49
and that
1
B Sy o 20) €2l i) < CY R oy 49

First we deal with f;. We have

1 -
LBz 9x9) /B(“) o p,of1(x) —cpa|du(x)

I p(d(x,y) )
< BRI e </B<z,4r> 1B, d(r,y))) O 9K (y)) au)

| p(d(x,y)) )
< BRI e (/B(Ls,) MEERZIERY) i (”) an(x)

from the triangle inequality for integrals and a geometric observation. Let us concen-

trate on the inner integral. We decompose the integration domain dyadically using (1)
and then estimate the kernel crudely to have

 plly)
Lo T8 o 70 due) o)
y))
/xgr mlf( y)ldu(y)
2/ 24-kp)\B(x,23~r) [.t(B(x,Td(x,y)))|f(y)‘d‘u(y)

- 1
< ) ————— du(y).
IZI (rdﬁ%&kdp( )> 1(B(x, 2> *1r)) /B<x,24*’<r) SOlare)

If we insert the above estimate into the integral above and then use the Fubini theorem
we have

L. (—u BT foen s, f(y)ldu(y)> au(x)
= (m/)@ 24—k ( )|f(y)dl.l(y)> du(x)
_/ (/ T e OO () ) du),

Note from 7 > 4 that if d(x,y) < 2**r, then B(x,23*7r) > B(y,2**r). Thus

/B(z,r) (W /B(er) |f()’)dl~t(y)) du(x)
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<[ (m/(mx e OLFO ) duy)

~ | (s o s o @O au() ) auty

4—k,.
/” ;;y}z) D)l d)-

Notice that y € B(z,97) in order that B(z,r) N B(y,2**r) # 0 for some k=1,2,....
Therefore,

/Bw) (W /B(W,k,) /Ol du (y)) dp(x)

<[ 1re)lduw). (47)
B(z,9r)
Thus, it follows from (8), (23), (46) and (47) that

RTTRT) o Tt = ol

& 1
<3 <,€[2asli§u,]”(”> e / o FOIHE)

o 2 p(s) 1
<C d / d
)y /H BT Joesn O4HO)

8kor s
<Co@oxn) [ P ds |l nmm e

< CIV(Z,9K7’)Hf||L(1,<p;,<)(X;ﬂ)-

In summary, we obtain (44).
We deal with f,. We shall consider

ip,u,rf2 (x) — CB2

) pld(y) s
X\B<z.,4r>(u(B(md(w))) u(B(md(z,y))))f O)pG)  (x<Br).

By the triangle inequality and (22), we have

p 2 f2(x) —cpal s
pdxy) pldzy
< /X\B(z,4r) w(B(x,td(x,y))) w(B(z,7d(z,y)) ’If )du(y)

( (
d(x.2)\*__p(d(z.)
<C/X\B(ZA,’) (d(y,z)) w(B(z,7d(z.y))) If (v )Id”(y)

By the dyadic decomposition, using (1) and (8), we obtain

d(x,2)\¢  p(d(zy))
/X\B<z,4r> (d(m)) 1(B(z1d(2,y))) [f)ldu(y)
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d(x,2)\*  p(d(zy))
/ (2.25727)\B(z,26+17) (d(y,z)> 1(B(z,7d(z,y))) lf)ldp(y)

1
su t d
e »EWHEHMPUA%ﬂHMﬂwu@)

-2
i

oo 2k+2k2r k+2
(2,2 max (K, k)r) ds
Y o, O
v ! /
¢ (2,22 max (6, k2 )r) L (B(2, 2571 77) ) JB(z 262 max(1.ks /1))

lf)ldu(y).

Since T > 2max(K,k;), we have

a2\ pld(y)
/X\B<z4r> (d(y,@) KB wd(zy)) MY

2ar (2,252 max(x, k) r) ds
<amthMLz/

pls)—. (49)

2420, ke s

Note that (23), together with the almost decreasingness of ¢, yields

p(s)

K+21, ke s

- /2k+2k2’ ¢(z,2 2 max(x,ky)r) ds
k=172

oo 2k+2k2r
0(z,5) ds
<O /2k+2k (se p(s)? < Cy(z,9xr).
k=1 1r

Thus if we insert the above estimate into (49), we have

d(x,2)\ ¢ d(z,
/X\B(Zm)( ( z)) “(P(' (z,)) £ du(y) < Cy(2,950) | £l Lt o)

d(y,z) B(z,7d(z,y)))
(50)
From (48) and (50), it follows that
pacfox) — ool < CYE RNl joom gy (EBER). (1)

If we integrate (51) over B(z,r), then we obtain (45). Combining (44) and (45), we
obtain (43). [
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