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BILINEAR FOURIER MULTIPLIER
OPERATORS ON VARIABLE TRIEBEL SPACES

YIN L1U AND JIMAN ZHAO

(Communicated by P. Tradacete Perez)

Abstract. In this paper, we prove the boundedness of bilinear Fourier multiplier operators on
variable exponent Triebel-Lizorkin spaces.

1. Introduction

The Triebel-Lizorkin space Fj ,(R") and the Besov space Bj, ,(R") were intro-
duced and studied accompanying with the development of the theory of function spaces
between 1960°s and 1970’s, see [43]. These spaces form a very general unifying scale of
many well-known classical concrete function spaces such as Lebesgue spaces, Bessel-
potential spaces, Sobolev spaces, Holder-Zygmund spaces, Hardy spaces and BMO,
which have their own history. A comprehensive treatment of these function spaces and
their history can be founded in Triebel’s monographs, see [43], etc..

On the other hand, function spaces with variable exponents have received more and
more attention in recent years, and have been extensively studied in harmonic analysis,
fluid dynamics, image processing, partial differential equations and variational calculus,
see [11, [2], [4], [5], [6], [15], [16], [17], [20], [29], [33], [37], [40],[42], [45], [49], etc.,
and the references therein. Variable exponent Lebesgue spaces are a generalization of
the classical LP(R") spaces, via replacing the constant exponent p with an exponent
function p(-): R" — (0,c0), that is, they consist of all measurable functions f such
that

| @ dx < .
Rn

These spaces were introduced by Birnbaum-Orlicz [11] (see also Luxemburg [34] and
Nakano [38], [39]) and then systematically developed in [15], [16].
In [30] and [31], when Leopold and Schrohe studied pseudo-differential operators,

they introduced related Besov spaces with variable smoothness, B;,(,';(R"), which were
further generalized to the case that g # p, including F,;(q) (R™) and B;,(g (R™), by Besov,
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see [9] and [10]. Along a different line of study, Xu studied Triebel-Lizorkin spaces
F;(,) q(R") and Besov spaces B}, , . (R™) with variable exponent p(-) but fixed ¢ and
s in [46] and [47]. In 2009, Diening, Hdsto and Roudenko [17] defined and investi-

gated Triebel-Lizorkin spaces with variable smoothness and integrability Fp8 _q(_)(R”)

with s(-) > 0. Later, Almeida and Hésto introduced and studied the Besov spaces
B;(('?) ()(Rn) in [5]. Additional results, including the Sobolev embedding, have sub-
sequently been studied by Vybiral and Kempka [25], [26], [27], [28], [44], and others
[18], [19], [21], [24], etc., and the references therein. Recently, Noi [41] also gave a
research about Triebel-Lizorkin spaces and Besov spaces with variable exponents.

Within the framework of Calder6n-Zygmund theory, the study of multilinear op-
erators is not just motivated by a quest to generalize the theory of linear operators
but rather by their natural appearance in analysis. The study of such operators using
Littlewood-Paley theory and related decomposition techniques, which is originated in
the works of Coifman and Meyer [13], [14] and has been extensively researched since
then with applications to harmonic analysis and partial differential equations [3], [7],
[8], [12], [35], [48], etc., and the references therein. In [23], Grafakos and Torres ob-
tained some conclusions about the bilinear operators for Hardy spaces, Sobolev spaces,
and other Triebel-Lizorkin spaces. In [36], on the scales of inhomogeneous Triebel-
Lizorkin and Besov spaces of positive smoothness, Naibo investigated the boundedness
of pseudodifferential operators with symbols belonging to certain bilinear Hérmander
classes. In 2017, Zhao et al. [32] studied the boundedness of bilinear Fourier mul-
tiplier operators on Triebel-Lizorkin and Besov spaces. In this paper, we consider
the boundedness of bilinear Fourier multiplier operators on variable Triebel-Lizorkin
spaces F;((&q(_)(R”).

For the purpose of this article, the Fourier transform of f € .%/(R") will be de-
noted by .7 (f) or f; in particular, we use the formula

F(&) = [ fx)e ™Cdxif f e S (RY).

Rr

The inverse Fourier transform will be denoted by .Z ! or f. Given a real number
r > 0, the homogeneous derivative of order r, D", acts as

Df(E)=EI'f(§), e
For a function &, we denote #(D) as the multiplier operator given by h( )f=h f

for f € .7'(R").
If m € L*(R?"), the bilinear Fourier multiplier operator 7, is defined by

Tu(f.0)) = [, m(&mFE)@me™E Magan,

for f,g € S (R").
For a measurable function p(-) : R” — (0,c0) and a measurable set E of R", let

po(E) =esssup p(x),  p_(E) = essinf p(x).
x€E xeE
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When E =R", we write simply p; := p.(R") and p_ := p_(R"). Denote by Z(R")
the collection of all measurable functions p(-) : R" — (0,0) satisfying 0 < p_ < p4+ <

For a measurable function f, let

()
e zinf{x 20 [ () e 1}.

For a measurable function p, if there exists a positive constant Clog( p) such that,
for all x,y € R",
Clog (p )

x) — < —oe
lp(x) =PI S log(e+ﬁ)

we call p(-) satisfies the locally log-Hélder continuous condition, denoted by p(-) €
log rmyn
Cpos(R™).
If p(-) € C°%(R") and there exist a positive constant C.. and p.. € R such that,
forall x € R",

C..
¥) = pu| $ ——=
lp(x) —p INlog(eHxD

we call p(-) satisfies the globally log-Hélder continuous condition, denoted by p(-) €
Clog (Rn) .

Let 2'°¢(R") be the set of all measurable function p(-) € Z(R") satisfying
o0 € CE(RY).

Our main result is as follows.

THEOREM 1. Let p(-),p1(-),p2(+),q(-) € Z(R") be such that p%() + p%() =
1

ok Assume that s(-) € Cllgf NL”, and given an arbitrary sq, such that 0 < sp <

s_. Let N,R € Ny be even numbers with N > R > Z—fu and N > m +
max(6Ciog(s),6) +n. Let m(&,n) be a C* function on R" x R" —{(0,0)} such that
|8g8,l73m(’g',n)| < CupllE]+ In)~1=1Bl for all multi-indices o and B with |o| +
|B| < N. Then

|Tn(fs )l sy SAser gllzo g0 Mgl 0 )
TSR a0 For)40) Foar o100 Foptrat)’

Sorevery f,g € L (R"). In particular,

1T (fs0) sty Sl s Mgl e 2)
H 45 P Flta0 - Fotrat)

forevery f,g € S (R").

REMARK 1. Similar to Remark 1.3 of [32], using Theorem 2.11 of [22], it is
enough to prove (1), since (2) can be obtained by (1).
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2. Preliminaries

First, we introduce some definitions and notations, see [36], [41], [43], and the
references therein.

Let p(-) and g(-) be variable exponents. Let {f;}7_ be a sequence of measurable
functions on R”. The quasi-norm |- ||, . (¢a0)) 1 deﬁned by

1
. > 3 90
oo = (2 1501)
=0

r() .
Now, we give a definition [36] which will be used in the sequel.

DEFINITION 1. [Littlewood-Paley Partitions of Unity] {yg}ren, C 7 (R") is
a Littlewood-Paley partition of unity in R" if supp(yp) C {& € R": |§] < 2} and
w(&)=1in {EeR":|E| <1} and for k € N,

w(§) =v(27¢), &eRr,
where W(&) 1= yp(&) — wo(2&) for every & € R™.
From the definition we know that

supp(yi) C {& e R": 247! <[§[ <2} forkeNand Y wi=1.
keNy

Set Yo := Wo+ y1 and W := W1 + Wi + Wiy for k € N, then we have that
Wi Wi = i for k € Ny and

supp(Pi) € {&€ € R™: 252 < &) < 2K72) fork > 2,

supp(Yi) C {&€ € R": [&] <2872} fork =0, 1.

Let us recall the definition of Triebel-Lizorkin spaces with variable exponents [41].

DEFINITION 2. Let {y;}en, beaLittlewood-Paley partition of unity, p(-),q(-) €

P1e(R), and s(-) € Cllgcg (R™). The Triebel-Lizorkin space F;E;q()(R”) with variable

exponents is defined as

Fyt) o ®) = {f €L ®): |l <},

p().a()

where

Aty = M) b = | S 2 meors)

r()
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The proof of the main result use the following contents of Triebel-Lizorkin spaces.

DEFINITION 3. Let k € Ny and a > 0, the maximal function defined as follows:

];ka(x) -— su |(Wk(D)f)(x_y)‘ x e R

, 3
N A T ©)

LEMMA 1. ([40, Theorem 4.21] and [41, Remark 2]) Suppose that p(-),q(-) €

PR and s(-) € Cllgf(R”) Ifa> chﬁ’ﬁl(]()pmlz(p) 4 thenforall fe F;E;

H{zks }kGNOHLP )(pat) NHfH

LEMMA 2. ([41, Lemma 1]) Let f; and h; be measurable functions on R". If
p(-),q(-) € P5(R"), then

1) P—.q—1) —q—>1
I md ol it < Ao+ I ol s,

Define %,,.)(R") as the collection of sequences of functions v := { vy }sen, With
v € LPO(R™) . (R™) and supp(Vy) C {n € R™: |n| < 251} for every k € Ny.

Using a similar argument with Theorem 8.1 of [5], we can have the following
conclusion.

Let p(-),q(-) € 2P4R") and s(-) € CE(R") N L=, with s > 0, then

FEF) ) (R") if and only if there exists U = {V}icry, € %p()(R") such that

lim v, = f in &' (R"),

koo

and

Hf”v o = ||DO||LP(') + H{zks(.)(f_ Uk)}keNoHLp(-)(m(-)) < oo
p ).4(-)

Furthermore, we define that
inf || £V = 1£1 .0
v IR Fotat)

where the infimum is taken over all the sequences of functions v as above.

In the end of this section, we give a notation. The symbol A < B means that there
exists a positive constant C such that A < CB.
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3. Proof of Theorem 1
First, we introduce some notations.
Let f,g € . (R") and {y}}ken, be a partition of unity in R” as in Detinition 1.
Then
Tl f.)() = / m(E.mF(E)gme™ € Nagan
> [ mEmwE) ) FEgme™ € Nagan
J,keNy
S [ (LA emensas ) w@wmi@amenE Nazan
7 kENO
=T (x) + Ta(x),

where 7! (-,-) denotes the Fourier transform of m(-,-) with respect to the first variable

and we denote
-3/ (/ ﬁl(c,mem“dc)
,f7k€N0 RZn Rn

J<k

~

X Y&y () F(©)gm)e*™ & Wdgan,

;%\ro/ o (/ (§.m)e™ 4d§>

J>k

and

~

X (&) wy()f(§)g(m)e™ M agan.

Because the estimate for 7, is similiar with the one for 77, so we only deal with
T, . By Definition 2.1, we have

= 2 z ij‘k.[(f’g)(x)

eNy j,keNy
Jj<k

with symbols denoted by

mj,k,O(g;n) llfk( /n <Z le ) C n) 2mi- gdC

mise (G = v ) [ v (O G memetag, o1,

where j < k.
From [32], we have the following two lemmas.
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LEMMA 3. Let N,R € No, with R even and N > R. Assume that o.,3 € Njj are
multi-indices which satisfy |ot|+|B| < N. Let m(&,mn) be a C* function on R" x R" —

{(0,0)} such that |8g8#m(’g',n)| <Cop(|E|+ ()18 for all multi-indices o and
B with |a|+|B| < N. Then

|0Z afmjre(E.m) S 2R

Jorall E,n e R", j k.l €Ny, j<k, and in which the implicit constant depends only
on N,R and n.

‘We set
Gixe,2) = (Famjpe(-,-),2)  »zeR", 4)

where F5,m; i (-,-) represents the Fourier transform in R*" of m;  ((-,").

LEMMA 4. Let a> 0 and N,R € Ny be even numbers with N > R and N > a+n.
Assume that the symbol m is the same as Lemma 3.1. Then

/Rzn G e D) (1+ 24| +2/]2])*dydz S 27K (5)

Jor j,k,t € Ny with j < k, and in which the implicit constant depends only on N,R,a
and n.

Now, we prove the following two lemmas which will be used later.

LEMMA 5. Let H;, = ZIJ‘-ZO |Tm_,.>kj (f,8)|. Given an arbitrary sy, such that 0 <
so < s, then

1
H 2 HkHLp(,) < H( 2 (2]“(')]-[]()‘1(')) a0)
kENO

keNy p()
Proof. Since ¢(-) < g+, it is enough to prove
IS il < 1208
keNy ()
If g+ <1, then
q+ q+
( Z Hk> < ( Z 2]‘5(')Hk) < Z 2ks(')q*H,?+.
keEN, keN keNg
Thus,
IS el < 1208 |
keNy r()
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If g+ > 1, then

2, H

keNy

Z 2/<S(')Hk2—ks(')
keNy

1/q+ , /4,
<| (3 @omy) (3 20)
keNy keNy
1 1/q', S0 0" 1/q+
S|\ ——— *H,
(1 _2—s0q+> (kz ( k) )

€Ny
<20
r()

L) L)

()

()

where ¢/, is the conjugate exponent of g, . This completes the proof. [J

LEMMA 6. Assume that s(-) > 0,q_ > 0, then

L

(-1 :
(2 2kS+f1(~)> ) < 2%”‘”’,

k=0

Proof. Ttis easy to see that

=1 ﬁ 2lsq(x) _ ﬁ 2lsiqy i [T
Z st+q(x) _ < <25+ O
k=0 25+4) — 1 244-—1) ™

THEOREM 2. Let p(-),p1(+),p2(+),q(-) € 2(R") be such that () + pzl() =
%). Assume that s(-) € Cllgcg and the symbol m is the same as Lemma 3.1. Let N,R €

Pl
Ny be even numbers with N > R. If N > m +max(6Ciog(5),6) + n, then

k
H{zks Z mij . (f.8 |}/<EN0HLP ) (¢4l )52_5R||fHFS(.() HgHF,(,)Z(.)J’

=0 p1()a()

forevery f,g € S (R").

Proof. Let {Wi}ren, and {Wi}ken, be functions in R” as defined in Definition
1. Set fi == Yr(D)f and g; := [;(D)g for j,k € Ny, j < k. Then

m (&) F(E)EM) = mj (&) F(E)gM)W(E)W;(n)
= mjxo(E,0) ()G (M),

and

Ty £.0)) = [ i (MR EIE M) E agan.
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Using (4), (5) and the definition of the maximal functions in (3), for @ > 0 and
N > a+ n, we obtain that

[ miseEmAEG M€ nagan)
= /Rzn Gjxe(—y, —2) fi(x —y)gj(x — z)dydz|

; |fi(x—y)llg(x —2)|
< Giro(—y,—2)|(1+ 25y +27)2)) I dydz
Jo G =+ 2 4 2 e B
_ *a/2 *a/2
S2RE (085 (x).
Thus, for all x € R", we get that
_ *a/2 *a/2
Ty (£28) ()] S 271 ()85 ().
If a> m + max(6C10g(s),6) , then
ks( a/2 . a/2
s >k
{050 3 670}
j=0 keNg I1LP0) (£a())
< {2k5 *u/2 g;u/2(x)}
JEN() keNg 1LP0) (ea())
e
. ks( *a/2 *a)2 q() a)
(5 @ 3 g w))
keNy JGNO LI’(')
1
) * 2 )\ 90 *a/2
- ( (250 £ (x ))q()) > & w)
keNy jeNy L)
.
s *a/2 a() *a /2
<|(z eogw) £ ()
keNy 101 jeN, 1720
*a/2 *a/2
- {2 /<>} {67}
keNg L1 0) (pa() ’ keNp IlLP20)(¢1)
Sl st HgHFo
1)1) ()
Therefore,
ks( £ (R
”{25 Z mj ke (f.g |}k€N0HLP ) (¢a() )<2_ Hf” HgHFO .o
j=0 m a0

THEOREM 3. Let p(-),pi1(-),p2(-),q(-) € Z"¢(R") be such that () + pzl() -

ﬁ. Assume that s(-) € C%NL>, and given an arbitrary sy, such that 0 <o < s_.

loc
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Let N,R € Ngy be even numbers with N > R > Z—fs+. Assume that the symbol m is the

same as Lemma 3.1. If N > m +max(6Ciog(5),6) + n, then

2 Tm,:,k,z, (f.8)

J,k€Ny
j<k

q+ g
<2l R 0 gl
FPl(‘)JI(') FI’Z(‘)‘I

s(+)
Fol)at)

Sforall t € Ny and f,g € .7 (R").

Proof. For each fixed ¢ € Ny, denote

h[ = Z ijﬁk,é (fvg)

J:k€Ng
Jj<k

Now we will estimate \h(||;i for a proper sequence of functions v,. Define the
P

sequence Uy := { Vg s }ken, as follows

; '_{ 0, ifk<l—1,
SR DYA'S )Py IS GRS =92

Using a similar argument to the proof of Lemma 3.3 of [32], we get that

v € LPO (R 0.7 (R") and lim v = hy in .7 (R").

Using Lemma 5 and Theorem 2, we have

L)

Z Tm_/,u (f7 g)

JkeNy
j<k

hell o) =

(6)

L)

3 5
S H( > (20 Y T a0 (f,g)|)q(')) a0)
keNy 4

Jj=0

S27RNA o gl
Foinat) - Fra0

Observe that vy =0 if £ €N, vo g = T, (f,g) and (6) implies that || T, , o (f, )l 00)

SNl el - Thus,
Py ?

g+

—L
1ol oy S27FNf sty llgllpo
p1()a() ()1

forall / € Ny.
Now we estimate ||{250)[h, — vy o[ }ren, HL,,(_)W(_)) by breaking the sum in k into
k<{—1and k> {. Since vy =0 if k <{— 1, about the first part, using Lemma 6,
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we obtain

M |

-1 1/4(:)
H ( 2(21@(')|h€|)q(~)>

Sks()g() 1/4(-)
s ) 1Rl o)
1

k=0 L) <k 0
/-1 L ol
<(zzwﬂ) el
k=0
(‘ii
$2 Hfll lgllpo
)‘,@ P2)1

in which the last inequality is due to (6).
For the second part (when k > /), we get

oo k—l+V
h/«'_ka_ 2 ZT/vzf’ 2 2 /k2+véf’ )s
v=1l j=0

k—(+1 j=0

and then using Lemma 2 and Theorem 2, it follows that

687

min(p—,q-,1)
’ {250y — vl by
L) (pa))
L oo k—{+V oo min(p_,q—.1)
< Hz i Z Z |ij5ké+vx(f»g)|}
v=1 j=0 k=L 1lLr0) (pa())
oo ’ ] iy k—l+v eo min(p_,q—,1)
— ‘{ 2 2 (L=v)s(-) g (k=L+V)s(-) 2 |ij‘k[+vj(f,g)|}
v=1 j=0 k=0 1LpC) (pa))
s ) . k—l+v =3 min(p_,qg—,1)
< 2 2(k*V)S+mln(p,7q,7l) {Z(keJFV)S(.) 2 |ijk[+v[(fag)|}
v=1 Jj=0 S k=t llZrC) (at))
> min(p—_.q—.1)
ST (22 sl el )
v=1 m )
( min(p—,q—,1)
S (W0 el )
( Fl’l(')ﬁq(') FI’Z(‘)~1
Therefore,
Il suwdmuwumM—%mmm
p().al: LP0)(pa())

—R)(
Sale Hfll gllpo
)‘,@ 208

This ends our proof. [

Finally, we are ready to prove Theorem 1.
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Proof of Theorem 1. From Remark 1, it suffices to prove (1). Because the estimate
for T, is similiar with the one for 77, so we only deal with 7;. Since

T (x) = 2 Z ij,kﬁzj(fag)(x)v
ZENOijEI;IO
J<

if we choose R > Z—+s+ , then Theorem 3 implies

ITull o) S s Ngllzo -
Fot)a0) Fpat) T
Interchanging the roles of j and k, f and g, & and 7, we obtain that
12l 50 S se) llgllgo
Fot)a) Fpat) T ra0”

and (1) is proved.
This completes the proof of Theorem 1. [J
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