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Abstract. The present paper is devoted to the study of the Mehler-Fock transform with index as
the Legendre function of first kind. Continuity property of the Mehler-fock transform on the test
function spaces Ay and ¥, is given. Moreover pseudo-differential operator (p.d.o.) with sym-
bol o(x,7) € $” in terms of Mehler-Fock transform is defined and also its continuity property
from test function space ¥, into A is shown. The Mehler-Fock potential (MF-potential) 275
is defined on % (I) space and it is extended to the space of distribution. Also some properties
of MF-potential are discussed. At the end Sobolev type space V*7(I) is defined and it is shown
that MF-potential is an isometry of VS (I).

1. Introduction

The Mehler-Fock transform was first introduced by F. G. Mehler [13] and then
Mehler’s investigation was substantially completed by V. A. Fock [2] by giving its in-
version and some basic properties related to it. The generalization of the Mehler-Fock
transform in terms of hypergeometric function was constructed by M. N. Olevskii [17]
and N. Ya. Vilenkin [31]. Mehler-Fock transform belongs to a special class of integral
transform, known as index transform. The kernel of the index transform depends on
some of the parameter of special function involved in it. Mehler-Fock transform con-
tains special function P, 1 (x) as kernel known as cone function or Mehler function or

Legendre function of zero order. More details about the index transforms can be found
in [33].

The Mehler-Fock transform has some important applications in mathematical phy-
sics and for solving some integral equations etc., [18, 11, 30, 25]. Apart from the appli-
cations area, investigation about this integral transform in the arena of pure mathematics
was carried out by Lebedev [12, 11], Yakubovich and Luchko [34], Srivastava et al.[29]
and many more can be found. Distinct forms of the Mehler-Fock transform were also
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operator.
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introduced by various authors for instance see [0, 33, 4, 28]. In this paper, we consider

the Mehler-Fock transform defined as [28, 23]:

®)o(x)dx, 7>0. (1)

@o)(e)= [ Py

Its inversion is given by
o(x) :/ ttanh(z7)P, 1 (x)(Me)(7)dT, x>1, (2)
0

where P, (x) is cone function (Legendre function of first kind), represented in terms

[N

of Gaussian hypergeometric function ,Fj as
L () =P (x)=2F(1/24it,1/2—it;1;(1 —x)/2),

1IT—5

P

it—4
and it is an even function of the parameter 7, i.e.
P. 1 (x) = P—i‘r—% (x)

lT—j

The asymptotic representation of Legendre function P_ ] (x) is given as [15, p. 171-

173]
Pi%(x)wl asx — 1, 3)
21
Py~ 20 @)
2 T X

The cone function P, 1 (x) is an eigen function for the self adjoint operator A, as [4]

A= (2 —1)D?+2xD,, D,= e (5)
and
_ 2, 1
APy () = ()P4 7 )Py (0.
Moreover, for k € Ny, we have
k k(2 1)K
AP @)= (D (P4 7) Py @) ©)
The series representation of A, is given by
(7)

2k
Alp(x) = pi(x)Dig(x), k€N,
=1

where p;(x) is the polynomial of j”* degree and pa(x) = (x* — 1)*.
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The product formula of the Legendre function [5, p. 112 (Lemma 1.9.10)] is given
by

Py 0P 1) = [ Kxy2P_y (), ®)
where
1 22 . 2\-%
=(2 1—x"—y — 2 Ly,
K(ryg) = { g0 mimima s ee by,
0 otherwise,
and

1 1
Ly = (= [(@ = )O? = D2,y + [P = H(Z = 1)]2).
Throughout the paper we will consider the Lebesgue space LP(I), I = (1,00) as the
class of measurable functions ¢ on [ such that

U7 lo)lrdx)r, for 1< p<es,
el = ess.sup |@(x)), for p=oo
xel

The present paper is classified into five sections, Section 1 is as introductory in which
a brief introduction about the Mehler-Fock transform of zero order, Legendre function
and its asymptotic behaviour etc., are given. In Section 2, translation and convolution
operators in terms of Mehler-Fock transform is given and their some basic results are
obtained. Section 3 is concerned with basic definitions of the test function spaces Ay
and ¥,. Moreover continuity of the differential operator A, and Mehler-Fock trans-
form on these function spaces have been discussed. In Section 4, symbol class S™
and pseudo-differential operator (p.d.o.) associated with the Mehler-Fock transform
are defined and proved the continuity of p.d.o. from ¥, into A, . Further in section 5,
Mehler-Fock potential on ¥, (I) space is defined and extended on distribution space.
Also Sobolev type space V*P(I) is introduced and it is shown that MF-potential is an
isometry of V*P(I). Finally an L”(I) estimate of MF-potetinal is obtained.

2. The translation and convolution operator in classical framework of
Mehler-Fock transform

Using the inversion formula (2) and product formula (8), the integral representa-
tion of K(x,y,z), X, y, z € I, can be written as:

K(x,y,z) = /Omrtanh(nr) P 1(x)P,_1(y)P, 1(z)dr.

iT—5 iT—5 -3

The product formula of the kernel (8) leads to define the translation operator for func-
tion ¢ on some suitable function space associated to Mehler-Fock transform as [4, 23]:

(©9)0) = [ K(xn2) 0(0) dz.
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Consequently, the convolution operator is defined as

(0+¥)(0) = [ (T)IW0) dy
= / / K(x,y.2) ¢(2) w(y) dy dz. 9
11
From [23], we recall operational formula for the translation operator as:
(M(Te))(7) = By 1 () (M) (7).
and for the convolution operator as:
M@+ y))(1) = (M) (1) (My)(7). (10)

LEMMA 1. For n € Ny, we have the following inequality

d}’l

P )] <€) (P = D)7EP (), (1)
where
Tt +n+1/2)
=[N =
Also
T(n+1/2) 0
C@J)S{ v o Jort=0, (13)
T, for T — oo,

Proof. We recall from [16, 14.6.3], the following relation

-QPI@:M—W#"ML (14)

dx" iT—5 iT—5

[N

here PI”T 1 (x) denotes associated Legendre function of order n € No. Now from [1,
(14) p. 157], we have

i  T(it+1/24n) (7
P”_%(x) = ATt 12) /0 e+ (*—1)

Nl—

cost]”*% cos(nt)dr. (15)
For n =0, we see that

(x) =P

0
1
iT—5

1 /= 1 1
() = —/ e+ (2 — )3 cost] ™ 2,
T Jo
which readily yield
1 (%) (16)
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Now from (15) and (16), we have

L1 ()]

lT—j

(1) -
(n7)P

where C(n, 1) is defined as (12). Therefore from (14) and (17), we get the desired result
(11). Further, for large value of 7, we have

<C
<C (x), 7)

1
2

o= Mt
=|(it+1/2+n—1)(it+1/2+n-2)--- (it+1/2)]
_ T"|:<1—|- [1/2+T(’;_1>]2><1+ [I/ZJ’T(’;_Z)P) (1+4—i2)]2
<1 oas T—oo.

Hence we get (13). O

An estimate for the derivative of the Legendre function P__ 1 (x) with respect to 7
2
can be viewed from [&] as:

[DFP_y ()| <M [In(x+ (= 1)2]" P_y (), (18)

2

where M > 0 is a constant and m € Ny.

3. The test function spaces

We introduce the following function space Ay analogous to the function space
defined in [7]:

DEFINITION 1. The function space Ay, is the space of all infinitely differentiable
complex valued function ¢(x), such that

Yok (@) = sup A (X)ALQ(x)] < oo, (19)
xXe

where o > 0, k € Ny and A, (x) denotes the continuous function on 7, given by
_ 67%, x € (1,2],
Ao (1) = { (1,2 (20)
e X

and A, signifies the differential operator (5).

PROPOSITION 1. The differential operator A, is continuous linear mapping from
A into itself.
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Proof. Proof is simple and thus avoided. [J
REMARK 1. As the differential operator is self adjoint, thus we have

(Arp, ) = (9, Avy),

where @ € A, and v € A. Here A, denotes the dual space of A . Thus generalized
operator A, is continuous linear mapping from A/, into itself.

Moreover from (6), (15) and the asymptotic expressions (3), (4), for some 7 > 0
we have

Yok (Pp_1(x)) <oo.

1
2

Thus the kernel P,__ 1 (x) of the Mehler-Fock transform belongs to the function space
Aa .
Next we consider a new test function space defined as:

DEFINITION 2. The function space ¥, is the space of all infinitely differentiable
complex valued function ¢(x), such that

Coi(p) = sup A ()AL (x)] < oo, 1)
Xe

where o > 0, k € Ny and A (x) denotes the continuous function on 7, given by

+ _ 6% ’ X € (1,2},
xa (X) B {ea(XI)y X e [2700)7 (22)
and the differential operator A, is defined as (5).

Similar to Proposition 1, we remark that the differential operator A, is also a
continuous linear mapping from ¥, into itself.
Moreover for every ¢ € 4, , we have

Yok(9) = sup Ao (1) AL ()]
= sup| (A, (x))*Aq (x)ATo(x)],

xel

using (20) and Definition 2, we have
Ya,k((P) <C Fa,k(‘P) < oo,

Since P, _ ! (x) ¢ 9. Thus we can say that ¢, is proper subspace of A .

THEOREM 2. For o > 0, Mehler-Fock transform is continuous linear mapping
from 9y, into Ay,
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Proof. The linearity of the transformation is obvious, thus we prove now its conti-
nuity. Consider ¢ € %, then from (1) and the series representation of A% given as (7),
we get

Ak mq’ 2 pj . 7: ,7;,% (x)qo(x)dx'

Using the Definition 1, (18) and Definition 2, we have

“ 1 .P_l(x)
2”/ O Cuol) [ intet (2= 1)) pEan

Yok (M) < M sup (A

el

From (3) and (4) the asymptotic expressions of P_ 1 (x) and (22), we have

dx

ij ‘ 1HotO )[/1
/ \/_ 2 [In(x+( xa(x— }))j//;)}/ln( )d]

thus for or > 0 both integrals are convergent. Also using (20) for o > 0 the supremum
is bounded. Hence

Ya,k(m(p)

o
ex—1

2 in(x+ (x> —1)1/2)]
X1

Yok (M) < C T o(0),

where C > 0 is a constant. Hence the Theorem is proved. [

4. Pseudo-differential operators in terms of Mehler-Fock transform

The study of pseudo-differential operators (p.d.o.) began with the work of Kohn
[10], Nirenberg [14], Hormander [9] in terms of Fourier transform. These operators
are extension of partial differential operators and now became a field of independent
research. By using the theory of various integral transforms like Hankel transform,
Fourier-Jacobi transform, Kontorovich-Lebedev transform, Fourier transform etc., pseudo-
differential operators have been constructed and studied on several function and distri-
bution spaces [26, 20, 19, 21, 22, 24, 32].

In this correspondence, the p.d.o. in terms of Mehler-Fock transform of zero order
is defined as [23]:

DEFINITION 3. Let the complex valued function o(x,7) € C*(I xRy), Ry =
(0,00). Then the pseudo-differential operator Z; is defined as

(Po0)(x) = /O " ttanh(n7)P,_ 1 (x)0(x,7)(Me)(1)d. (23)

[N

We call complex valued function ¢ (x,T) belongs to symbol $™, m € R, as:
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DEFINITION 4. The function o(x,7) : C*(I x R) — C belongs to the symbol
class 8™ iff for a,b,l € Ny and m € R,3 a constant C = C,, ,; > 0, such that

1
1 7(m b)
(1+x)|DDlo(x,7)| < C (Z + 12> . (24)

THEOREM 3. For o > 0, the pseudo-differential operator P is a continuous
linear mapping from 9y into Ay .

Proof. Applying AX to (23) and using series representation (7), we get

2k
AN P50)(x) :/O Ttanh(rT Ep,

J=1

= /Omrtanh(n:f) gp, i (J) -1_% (x)D{ "o (x,7)

DJ[P,._1 (x)o(x,7)(Me)(r)dT

=0
( ¢)(7)dT.
_ zpj io@/o ttanh(T)DP,._1 (1)D] 0 (x,7)
x G +r2)_"(—1)"[— (% + 72)}"(932@(1)“ (25)

Invoking (6) and Remark 1, we have

- (}1 +72)] @tg) (1) = /1“’ [- (% +7)| P 0oy

Thus from (16) and Definition 2, we get

[-G+o)] @] <Tate) [ 755740

By using asymptotic expressions (3), (4) and (22) the above integral converges for
o > 0. Thus

[- G +7)] (M) (7)| < ' Tanlo), (26)

where C' > 0 is a constant. Invoking Definition 1, (25) and (26), we have

023 (1) [ oot g0

r=0

’)/OCJ{(@G(,D) < ran SUP

. 1
xD{""o(x,T) <Z + T2> dr. 27)
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Now using (11), (13) and (24), the integral (27) reduces to

2k
Ao (P_y () (1+2)7" 3 pi()

J=1

xZ() 5{%/0 T<%+72)'5(%+T2>—ndr

Yai(Po@) < CC,Fa,n(‘P)SUP

xel

the integral converges for r+m+2 < 0. Again using (3), (4) and (20) the supremum
is finite for & > 0. Thus

Yo (Po9) < C" Ton(e),

where C” > 0 is a constant. This proves the Theorem. [

Special cases

Case (i): If we consider the symbol &(x,7), which can be explicitly represented
as

o(x,7) = wi(x)w2(7),

such that wy(x) # 0 on I. Then from (23) and (2), we have
(Ps0)(x) = /Omrtanh(nr)PiTJ(x)wl(x)wz(r)(imtp)(r)dr
<@> (x) = 9 [wa (M) ()] (x)

[N

w1

[mt(‘@ "’)] (1) = wa(1)(M) (1).

w1

Further, if we consider w,(7) = C as a constant. Then
(P50) (x) = Cwi(x)9(x).
Thus from here we can conclude that under certain circumstances pseudo-differential

operator is just a product of two functions and independent of integral form.
Case (ii): If we consider the symbol o (x, )

o(x,7) / % 2)w(x,z)dz, (28)



770 A.PRASAD, U. K. MANDAL AND S. K. VERMA

where |w(x,z)| < K(x) and K(x) € L'(I). Then from (23), (28), (8) and (9), we have

(P50)(x) = /0 twanh(z1)B,_ () ( 1°°P”_% (z)w(x,z)dz) (Mp)(1)dt

— /lw/owrtanh(m)(/IMK(X,y,Z)I’”_%(Y)dY>

xw(x,z) (9N¢) (1)dTdz

_// (/ 1 (y)Ttanh(x7) (M) (7)d )

x K (x,y,z)w(x, z)dydz

—/ / K(x,y,2)0(y)w(x,z)dydz
= [pxw(x )](X)-

Thus we see that pseudo-differential operator &5 can be represented in terms of con-
volution of the two functions.

5. Mehler-Fock potential and Sobolev type space

The potential operators have been discussed earlier associated with various integral
transforms like Fourier transform, Jacobi transform, Hankel transform by the authors
Wong [32], Salem et al. [27] and Pathak et al. [20] respectively. In the similar manner
we defined potential operator associated with Mehler-Fock transform as:

For s € R and ¢ € 9, (I), using (23) the pseudo-differential operator & associ-

ated with the symbol (1) = <% + 1'2> e
‘ °° 1 -3
(259) () = [ vanh(ze)p_y (0(7+7) " (Me)(w)dr, (29)

which will be further known as Mehler-Fock potential (MF-potential) operator.

PROPOSITION 4. For o > 0, the MF-potential operator is a continuous linear
mapping from 9y, into Ag,.

Proof. The proof can be carried out similar to Theorem 3. [
PROPOSITION 5. Let G be a non-empty set of pseudo-differential operators de-
fined as (29). Then (G,o0) forms an abelian group, where “0” denotes composition of

two operators.

Proof. From (29), we see that for t € R

(@) =m[(1+02) “@o)]wea
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such that
(Z60260)(x) = (257 0)(x) = (P50 P50)(x).

Thus it satisfies the closure, associativity and commutativity properties.
Identity: From (29) and (2), it is clear that (22¢)(x) = @(x). Now, we have

(Z50269)(x) = (259)(x) = (P50 P59)(%).

Hence 229 € G behaves as the identity.
Inverse: If the pseudo-differential operator

(Zy)w) =m![(5+(7) o)) @) e 6.

then
(P50260)(x) = ¢(x) = (250 750)(x).
Thus 2% is the inverse element of &75. Hence (G, 0) is an abelian group. [J
DEFINITION 5. The MF-potential 275 is defined on Al, as
(Z5v.0) =(W.250), VEN,, 9 €Yy,
where (v, ) = [” y(x)p(x)dx.

REMARK 2. In view of the Definition 5 and Proposition 4, it is clear that MF-
potential &5 maps A}, into ¥,.

PROPOSITION 6. For y € A}, we have

(Zay)@ =o' [(3+0?) 0] w. (30)

Proof. Using Definition 5, proof can be obtained straightforward. [J

THEOREM 7. Let y € A}, then
(i) ProP oy = Py, st €R (31)
()  Zgy=y.

DEFINITION 6. (The Sobolev type space V*?(I)) For s € R and 2 < p < oo, the
space V*P(I) is the collection of elements y € A, such that 2%y is a function in
LP(I). The norm on V*P(I) is equipped with

1
, - ;
st‘pzt%-‘wmz[ / Wawv’dx} . 32)

In particular VO (I) = LP(I).
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THEOREM 8. Let s € R and 2 < p < eo. Then V*P(I) is a Banach space with
respect to the norm || - ||vs».

Proof. Tt will be sufficient if we could prove that V*?(I) is complete. Let y;, k €
N is a Cauchy sequence in V*?(I). Then by Definition 6, the sequence £y is
a Cauchy sequence in LP(I). Since LP(I) is complete, it implies that there exists a
function y € LP(I) such that

P — Y, as k— oo,

Let ¢ = 2%y thenby (31), we have &5 o = w. Hence ¢ € LP(I) which implies
that @ € V¥P(I). Then y; — @ in V*P(I) as k — . From above fact we can conclude
that V*?(I) is complete. Hence V*?(I) is Banach space. [

THEOREM 9. The MF-potential 2% is an isometry of VP (I) onto VT"P(I) and
we have

1ZeWlyssor = lWllver,

where s,t €R, 2 < p < oo,

Proof. Let w € V*P(I). Then by using (32) and (31), we have

|Z6Wllyser = |26 (PeW)lLr)
=25 ¥l
= v,

Now, let ¢ € V¥*P(). Then again using (32) and (31), we have

@llystir = 126" @l o)
=25 olvsr.

Thus for each @ € V*P(I), 3 25" ¢ € V¥P(I) such that ZL. P o = ¢. Hence PL
isonto. [l

REMARK 3. For /,s € R and 2 < p < oo, following consequences can be drawn
easily:

(i) @é" is an isometry of V*? onto V4P,

(ii) 25! is an isometry of V¥ onto V7,

(iii) ,@f{l is an isometry of VOP onto VS—LP,

Concluding from above Remarks, we have 225! 21 921=5 is an isometry of VP
onto V¥~ hr  that is ,@gl S VsP s vsThr g an isometry of V*? onto Vvs=br | The
mapping can be represented pictorially as:
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2!
VP ys—Lp

[—s s—1
Lo Py

>l

773

LEMMA 2. The function space 94 (I), o > 0, is contained in LP(I), 1 < p < co.

Proof. Let us consider ¢ € 4, (I). Then from (21) and (22), we have

ol = [ low)7ds

oo 1 :
< Taol(e) (/1 de>

_r 2 gt [T et
=Tguo(0) 1 e X+ A e ,

the integral converges. Therefore

==

[@llzry < CTao() <o,
where C > 0 is a constant. [J
THEOREM 10. Let 2 < p < o and s > 2. Then for y € L'(I), we have
1Zs¥llra <C" vl

where C" >0 is a constant.

Proof. Let us assume

(3+7) " =),

Thus by an application of inversion formula (2) and (16), we get

2

e 1 2 _%
o) <My ) [ “2(3+7) T

(33)
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the integral converges for s > 2. Thus
@l < CIP_y (D)lrgy < (34)

where C’' > 0 is a constant.
From (2), (10), (33) and (29), we have

= ((2+0?) ew0)]w=@ww. 6

Now using [23, Theorem 2.3], (34) and (35), we have
1Zs¥lley < C" Wy,

where C” > 0 is a constant. Hence proved. [J
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