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ON STEVIC-SHARMA TYPE OPERATOR FROM THE
BESOV SPACES INTO THE WEIGHTED-TYPE SPACE H;

YONGMIN L1U AND YANYAN YU*

(Communicated by S. Stevic)

Abstract. We completely describe the boundedness and compactness of Stevi¢-Sharma type op-
erator Ty, y,,e from the Besov spaces B, (1 < p < o) into the weighted-type space H orthe
little weighted-type space H;io-

1. Introduction

Let D= {z€ C: ¢] < 1} denote the open unit disc in the complex plane C, H(D)
the space of all analytic functions on D and S(D) the set of all analytic self-maps on
D.

For w € H(D) and ¢ € S(ID), the multiplication, composition, differentiation, and
weighted composition operator on H(ID) are defined respectively as follows:

My f)(z) = w(2)f(2);

(Cof)(2) = (fo0)z) = flo(z));

Df(z) = f'(2);

Wy o f(2) = (WCp) S () = w(2)f(9(2)),

for z€D and f € H(D). The differentiation operator is a typical example of an un-
bounded linear operator on many spaces of functions. This is even true on the space
of differentiable functions with the max-norm of Cla;b], so no analyticity. Weighted
composition operators have been extensively studied recently. As a combination of
composition operators and multiplication operators, weighted composition operators
arise naturally. For example, surjective isometries on Hardy spaces H” and Bergman
spaces A, 1 < p < e, p #£2, are given by weighted composition operators.

Having studied above mentioned operators, some experts proposed studying their
products, nowadays called product-type operators. Attention of the experts seems has
been focused first on some product type-operators including the differentiation operator
(see,e.g.,[4,7,8,9,12,22,25,28, 29, 30, 34, 35, 37, 39]). For some later results, see,
e.g. [5, 14, 15, 47]. After these investigations, it was a natural question to generalize
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many of these product-type operators. For vy, y, € H(DD) and ¢ denotes an analytic
self-map of D, let

Tyof (@) = vi(9)f(9() +v2()f (9(z), feHD).

The operator Ty, y,.o Was studied by S. Stevic¢ and co-workers for the first time in [40].
The boundedness and compactness of Ty, y, ¢ have been extensively studied in many
spaces of analytic functions in the unit disc for example, in [16, 39, 44]. This opera-
tor is related to the various products of multiplication, composition, and differentiation
operators. For example, all the products of composition, multiplication, and differenti-
ation operator can be obtained from the operator Ty, v, o by some suitable choices of
functions Y, ¥, . More specifically we have

MyCyD =To,y.p: MyDCp =Tp y¢', 0> CoMyD = To,yop.9:
DMyCop =Ty yg,0:CoDMy = Tyropyp.0> DCoMy = Tyrope! (yop)g',p- (1)

Furthermore, by using this operator all possible difference operators of product-type
operators in (1) can also be obtained. For example

My, CoD — My;DCp = To,y,,—
CoMy, D = CoDMys = T_ytop,(ys—ys)o0.9-
DMy, Cy — DCoMy, =Ty,

V500>

—¢'W500,0' (Ya—y500),¢>

etc., where yu, s € H(D).
For a fixed positive continuous function p on D, the weighted-type space H/
(see, for example, [24]) consists of all f € H(DD) such that

1Al = sup{u(2)[f(2)] : z € D} <.

The little weighted-type space H7, is a subspace of H,; consisting of all f € H (D)
such that

lim p(z)[f(z)| = 0.

|z —1

Let A denote the area measure on D normalized by the condition dA(D) = 1 and
let 1 < p < eo. The analytic Besov space B, is the Banach space consisting of the
analytic functions f on I such that

(bp(£))" i=/D\f’(Z)\”(1—\le)”*sz(Z) < oo,

with Besov norm || f||s, = |f(0)| + b,(f). For p =2, B, is the classical Dirichlet
space Z. An equivalent norm, called the Dirichlet norm, is defined as

12
112 = (17OF + [ @Pasa)

The Besov spaces are Mobius invariant and the Dirichlet space is the unique Mobius
invariant Hilbert space that is continuously embedded in the Bloch space. It is well
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known (see, e.g., [41]) thatif 1 < p < g < oo, then B, C B, CVMOA C BMOA C #,
where 4 is the Bloch space defined as the set of analytic functions f on ID such that

171 = 1£(0)] +Sg£(l ~2P)If (2)] < eo.

The Bloch space is widely regarded as the limit of B, as p — oo, since for 1 < p < eo,
an analytic function f belongs to B, if and only if the function z— (1 —|z|?)|f'(z)] is
in LP(dA), where dA is the conformally invariant area measure

dA(z)
(1—[z)*

Moreover, B), is continuously embedded in B, and BMOA is continuously embedded
in the Bloch space %. The Besov spaces B, are contained in the Hardy space H?.
Another noteworthy property of the Besov spaces is that the polynomials are dense in
B),. We recommend to the interested reader [49] for an in-depth study on the spaces
BMOA, VMOA, and the analytic Besov spaces B),.

Product-type operators on some spaces of analytic functions on the unit disk or the
unit ball have become a subject of increasing interest in the last fifteen years (see, e.g.,
the following representative papers:[6, 10, 13, 17, 18, 19, 23,26, 27,31, 32, 36, 38, 42,
45, 46], and the related references therein).

Our work is motivated by the above work. We investigate the boundedness and
compactness of the operator Ty, y, o from the Besov spaces B, (1 < p < o) into the
weighted-type space H|; or the little weighted-type space H7y. The paper is partially
motivated by paper [2] where the weighted composition operators are studied between
the related spaces. The paper is also partially motivated by paper [1 1] where the integral
operators are studied between the Besov space and the Bloch-type space. Throughout
the paper, constants are often given without computing their exact values, and the value
of a constant C may change from one occurrence to the next.

dA(z) =

2. Background

In this section we introduce some notation and recall some well-known results that
will be used throughout the paper. Note that by Theorem 9 in [49], the functions in B),
satisfy the following Lipschitz-type condition.

LEMMA 1. There is a constant C > 0 only dependent on p such that for all f €
By,
£ =) = FOn) < ClIf18, (p(z,w))'~/7 for z, w € D,

where p(z,w) denotes the hyperbolic distance between z and w. In particular,

L 1\
76~ FO <l (310815 ) forzeD,

By Proposition 4.3.8 in [48] it is easy to get that the following lemma.
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LEMMA 2. There is a constant C > 0 only dependent on p such that for all f ¢
By,
/ C
|f (7)| < 1——‘Z|2”fHBp7 for z € D.

The following lemma can be proved by using Lemma 4.2.2 in [48].

LEMMA 3. (1) For 1/2<|w| <1, put

2\ 2
fulz) = (log 1—7|w|2> (log 1——WZ> ,z€D,

then f,, € B, moreover there is a positive constant C such that

sup [fulln, <C.
1/2<|w|<1

(2) For we D, put

(1 [w*)*z
1 —wz

then g, € By, moreover there is a positive constant C such that

gw(z) = +w\w\27z€D7

sup [|gwlls, < C.
wel

(3) For we D, put
(1—‘W|2)2Z
hy(z) = ——— D
W(Z> (l—WZ)Z aZE 9

then hy, € By, moreover there is a positive constant C such that

sup [|hw|[5, < C.
weD

Proof. The test function f,, in (1) comes from [11]. We only prove that (2) holds.
The proof of (3) is very similar to that of (2). Since for w e D, g/ (z) = ((llil#));, we
have by using Lemma 4.2.2in [48] fort =p—2,c=p

/D|g£v(2)|17(1 —|z2)P2dA(z) = /]D) %(1 —2]A)P2dA(z)
_ (1—[z*)P 1
—u—wﬁ”éﬁﬁz%@ﬂm@<cu—wm%atmm;<c

Thus g, € B,
sup [|gyllz, <1+CYP. O
weD
The following criterion for the compactness follows by standard arguments (see,
e.g., the proofs of the corresponding lemmas in [41, Lemma 2.10]). The details will not
be pursued here.
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LEMMA 4. Suppose yi1,y, € H(D) and ¢ € S(D). Then Ty, y,,p : By — Hy is
compact if and only if Ty, y, ¢ : Bp — H' is bounded and for any bounded sequence
{fn} in B, which converges to zero uniformly on compact subsets of D as n — oo, we
have || Ty, ys,0fullHy — 0 as n— oo.

The following lemma can be proved similar to Lemma 1 in [20] (see, also [21]).
The details are omitted.

LEMMA 5. A closed set K in H7 is compact if and only if it is bounded and
satisfies

lim sup 1 (z)|f(z)| =

lz|—=1 rek

3. The boundedness of the operator Ty, y, o : B, — Hy (or Hy)
First we consider the boundedness of the operator Ty, y,.¢ : By — Hj;.

THEOREM 1. Suppose w1,y € H(D) and ¢ € S(D). Then the following state-
ments are equivalent:

(a) Ty, y9 : Bp — Hy is bounded;

(b) v €Hy,
1 1+ww0“w _
jggu( )|y (2)] <2log1_|¢(z)| < oo, 2)
and
L@)ya(2)|
———= < oo, 3
e Erae @

Proof. (b) = (a). First assume that y; € Hy, (2), and (3) hold. Then for every
z€D, f€ By, by Lemmas 1 and 2 we have

(@) | Ty v .0 f (2 |— @)v1(2)f(9(2) + w2 (2)f (¢(2))]
1@ @I (@) + 1 @211 ()]
+le
—lo

|
@I\ Cu@y )|
éthw@Wm@(l% e e

< Clfls,- “)

On the other hand, by Lemmas | and 2 we have
|(Ty1.y.01) (0)] = [w1(0)f(9(0)) + w2(0) ' ((0))]
1-1/p
c(wl(o)| <%10g1+|<p(0)|) L v (0)] )IIpr- )

_|_

[9(0)] —le(0))
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Applying conditions (4) and (5), we deduce that the operator Ty, y,.¢ : By — Hj is
bounded.

(a) = (b). Now assume that Ty, y, ¢ : By — Hy; is bounded. That means that
there exists a constant C such that

Ty .0z < ClIflB,,

forall f € B,. For f(z) =1 € By, we have

Ky :=supu(z)[yi(2)] <ee, (6)
zeD

thatis, y; € Hy;. For f(z) =z € B),, we have

Sgﬂgu(Z)lwl (2)9(z) + ya(2)] < oe. (7

From (6), the triangle inequality, and the boundedness of the function ¢(z), we have

Ky :=sup ()| ya(2)| <ee. ®)
z€eD

By taking the function f,, defined in Lemma 3, we get

) “p =
fu(@) = (10g1—7|w|2> l——Wz’ZED'
For a € D such that 1/2 < |@(a)|, we have
2 1-1/p
fo (@) = (log W) -

Hence we obtain that

2 1-1/p
sup  11(a)|va(a) (log—)
1/2<|9(a)| : 1—|p(a)?
2 P %)
1
+"’2(“)<°g1—<p<a>2) A
< sup HTllllﬂl/zJPf(p(u) ”Hfj’ < C <o, )
1/2<|¢(a)|
and
2 1-1/p
sup  p(a)|yi(a) (logi)
p(@)|<1/2 ! 1= [p(a)?

2 —I/P
*vla) (“’g - |<p<a>|2> ol
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g\ ! ~1/p 4u(a a
< s (log}) @@+ sup SOV gogayr
lp(a)l<1/2 lp(a)|<1/2

s\!"r 4k
< <1og§) Ki +Tz(10g2)1/p < oo, (10)

We use the triangle inequality, and the fact that ||| < 1 to get

2 1-1/p
Zgg”(a) ‘WI(a” (10g 1— (P(Cl)2)

2 P ()
< Ctsup u(a)ya(a) <1°g - |<p<a>|2> T lp(@P
u(a)y,(a)
S S e@r| b

Take the functions g, 4, defined in Lemma 3, j,,(z) = gw(z) —hw(z) € Bp, then

Sup HjW”Bp < C < o,

weD
and
— hwl?)2 N L VR
j(2) = (A=) =P+ 20— wP)we
(1-wz)? (1-wz)? (1—wz)?
$0 .
; ; —2|w
Ju(w) =0, j,(w)= gV €D
Thus by Lemma 3
2u(a)|ya(a)||(a)l? '
<|T - < C < oo, o
b 1—lg(a)P 1Ty vo.0p(alay <C < (12)
From (8) and (12), we have
t(a)|yr(a)|
sup —————= <C<°o7
P T (@)

that is (3) holds.
By (3) and (11) we obtain

2 1-1/p
log— = < C <o
zgﬂgu(a)lwl(a)l <0g - |(p(a)|2>

Since log }f—m = log ﬁ as |w| approaches 1, for r € (0, 1) large enough we have

1 1+<p<a>>1‘””
su a a —log ——=
s pala) (2 T



1044 Y.LIUAND Y. YU

2 1-1/p
<C su a a)l | log——— < C < oo, (13)
r<‘q)I()a)‘”( )‘Wl( )( gl—(P(Cl)2)
and
1 1+—¢w>>11”
sup U(a a)ll zlog ———=
S u o (31oe 1= %0
1 1 1*1/17
<C sup u(a)|lyi(a)l (—log +r) < CKj < eo. (14)
(@) <r 2 "l-r

It from (13) and (14) follows that (2) holds. That ends the proof of Theorem 1. [
The following corollary follows by setting y(z) = w(z) and yr(z) = 0 in the
Theorem 1 at once.

COROLLARY 1. ([2, Theorem 3],[3, Theorem 4.5]) Suppose w € H(D) and
¢© € S(D). Then the weighted composition operator Wy o : B, — H7 is a bounded
operator if and only if W € Hy and

I L+W@H>l””
su Z Z —log ———=— < oo,
supu (@) (3log 1 2
The following corollary follows by setting y;(z) = ¥'(z) and y»(z) = w(2)0(z)
in the Theorem 1 at once.

COROLLARY 2. Suppose y € H(D) and ¢ € S(D). Then the weighted composi-
tion followed by differentiation DWy, o : B, — H[{ is a bounded operator if and only if
v EHT,

NS I TR T E A
gymwwm(;%Tqam) <o,
and
1@y e)]
T er T

The following corollary follows by setting y(z) =0 and y»(z) = y(z) in the
Theorem 1 at once.

COROLLARY 3. Suppose v € H(D) and ¢ denotes an analytic self-map of D.
Then the weighted composition followed by differentiation Wy oD : B, — H}i is a
bounded operator if and only if

u(z) |y (z)|
e SETET

The following theorem characterizes the boundedness of the operator Ty, y, ¢ :
B, —HJ .
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THEOREM 2. Suppose Y1,y € H(D) and ¢ € S(D). Then Ty, y,. : Bp — Hy
is bounded if and only if Ty, .y, . : By — Hyj is bounded, W,y € H7 o

Proof. = Suppose first that Ty, y, ¢ : B — H,/ is bounded. Then Ty, y, ¢ :
B, — Hy is bounded and for f € B),, Ty, yyof € Hy . Taking f(z) =1 € B, we
have
lim 1(2)[y1 ()] =0,

lz[—1
thatis, yy € Hy . Taking f(z) =z € Bp, we get
l;‘imlu(Z)lwl (@)e(2) + va(z)| =0. (15)

=3

By yi € Hy7, the triangle inequality, and |||l < 1 we have

lim p1(z)[y2(2)| =0,

|z —1

that is, y», € HEO.
<: Suppose now that Ty, y, ¢ : By — H|’ is bounded, yi,y» € H;/,. Since for
each polynomial L, one has

1(@) Ty unoL(2)| = nE@IVIERL(OE) + y2 ()L (9(2)]
1@ L@ () + 1) v2 Q)L (9(2)]
1@ @IIL]l+ p @2 @I ]|l — 0 as 2] — 1,

NN

from which it follows that Ty, y, oL € H; . Since the set of all polynomials is dense
in B, ([1]), thus for each f € B,, there is a sequence of polynomials {L; }cn, such
that

lim 124 fll5, = 0. (16)

Since the operator Ty, y,,¢ : By — H}; is bounded, we have

1Ty ve0Li = Tyy o f i < 1Ty yo0llllLe — fllB, — 0 as k — e,

Since H is the closed subset of H;, we see that Ty, y, o f € H}, and consequently
Ty, ,y,0(Bp) € Hy7 - The boundedness of the operator Ty, .y, ¢ : By — H; implies that

Ty, .9 : Bp = Hyj; is bounded. This ends the proof of Theorem 2. [J
According to Theorem 2 we immediately get the following.

COROLLARY 4. Suppose y € H(D) and ¢ € S(D). Then the weighted composi-
tion operator Wy o : B — H:f_o is bounded if and only if Wy, : By — H[j' is bounded
and y € H .

COROLLARY 5. Suppose y € H(D) and ¢ € S(D). Then the weighted composi-
tion followed by differentiation DWy, ¢ : By, — H;{’O is a bounded operator if and only

if DWy.o : By — Hy; is bounded, y' € Hyy, and y¢ € Hy
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COROLLARY 6. Suppose y € H(D) and ¢ € S(D). Then the differentiation fol-
lowed by the weighted composition operator Wy, oD : B, — H7pyisa bounded operator
if and only if Wy oD : By, — Hpy is bounded and y € Hyy.

4. The compactness of the operator Ty, y, o : B, — H (or H )

Now we are ready to state and prove the results on the compactness of the operator
Ty, yn9 : Bp — H/T'

THEOREM 3. Suppose yi,y, € H(D) and ¢ € S(D). Then the following state-
ments are equivalent:
(a) Ty, :Bp — Hp is compact;

(b) Ty, y.9 : Bp — Hyi is bounded,

. 1 1+<p(z)|)”/”
lim sup u(2)|yi(z (—10 L 52 =0, (17)
“‘*llw(z)is”( @Iz T ()
and
u@ln )|

lim sup

(18)
s=Lip)l>s 1 = 9@

Proof. (b) = (a). Suppose that Ty, y, ¢ : B, — Hy is bounded, (17), and (18)
hold. To prove that Ty, y, ¢ : Bp — H[; is compact, for any bounded sequence {fx}
in B, with f; — 0 uniformly on compact subsets of D, let || fi||s, < 1, it suffices, in
view of Lemma 4, to show that

1Ty, 0 fi |l — 0 as k — oo.

By (17) and (18), we have for any &€ > 0, there exists p € (0,1) such that

1 1+|<p<z>|>“/f’
)| =log ——= <e, 19
¢S<'3>1|)>s“(z)|wz)l<2 Ogl—lqo(z)l € (19
and
sup w1 (2)|ya(2)] e 20)

o@2)>s 1= 0(2)?
for p <s <1. From the boundedness of the operator Ty, y, ¢ : By — H;; and the proof
of Theorem 1, (6) and (8) hold. Since f; — O uniformly on compact subsets of D,
Cauchy’s estimate shows that f; converges to 0 uniformly on compact subsets of I,
there exists a Ky € N such that k£ > K implies that

[(Tysv2,0 /) O) |+ sup p(2) [Ty 0 /i (2)]
o)<
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< v1(0)fi(@(0) + va2(0) fi(@(0) [+ sup u(z)|yi(2)llfi(9(2))]

lp(z)|<s
+‘ S('u)IID L) v (2)1fi(9(2)]
o(z)|<s
< i1 (0)[| £/ (@(0)] + [w2(0) £ (9(0)| + K1 sup |fi(@(2)|+ K> sup [fi(9(2))]
lp(z)|<s lp(z)|<s
< Ce. (21)

When k > Ky, from (19), (20), (21) and Lemma 1, one has

||Tw1,wz,<pkaH,T =| (Twl,wz,wfk) (0)] —|—su}gu(z) |Tll/17ll/27<Pfk(Z)}
2€

< ( (TW17W27<Pfk) (0)|+| S('u)li #(Z)|Tww7¢fk(1)’> + ‘Sl(llil 1“(1)|Tww7¢fk(2)’
0(z)|<s s<|p(z)|<

11t 77
<Ce+2C sup u@)|y(2) (—logi Il fillB
s<lo(l<1 2 " 1-le() ’

1(z)|ya(2)|
s<lo)<1 1= @(@)]?

L+l () |y 2)|
< Ce+2C sup Uz Z (—logi +C sup —F———5
s<lo(z)|<1 @wEI 3 1—[o(2)| s<lo)<1 1= 1@(@)]?

+C /eI,

< 4Ce,

it follows that the operator Ty, y, ¢ : B, — H,; is compact.

(a) = (b). Itis clear that the compactness of Ty, y, ¢ : By — Hy; implies the
boundedness of Ty, y,¢ : By — Hy . If [[@]le < 1, it is clear that the limit in (17)
and (18) is automatically equal to zero. Hence, assume that |||/ =1, let {z} be a
sequence in D such that |@(z)| — 1 as k — co. We can use the test functions

jk(Z) = j(p(zk) (Z)7

then
sup [l jills, < C,
keN

_ 2P
1—|o(z)*

It is easy to see that j; convergesto 0 uniformly on compact subsets of D. By Lemma
4 we obtain

Jk(@(z)) = 0, and ji (@(zx))

]CILI?CHTWhWZJijHHlT =0
Thus

2{ 1 (ze) |wa (2] | (za) |
1oz

< HTull,Wz,(ijHHﬁ — 0 as k — oo. (22)
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By (22) and |p(z)| — 1 we have

lim \#(Zk)h//z(zkz)\ —0,
ke 1 — (k)|
it implies that (17) holds.
From (9), we have
2 1-1/p
1 (ze) [ (i) | (1055 W)
2\ _leG)l
< oo - - R .
S ||TV/1~,V/2~,¢f<P(Zk)HHy + 1 (z) [y (2)| (10g 1— (P(Zk)|2> 1— o) 2
u(z Z

< ||TW17W27<Pf<p(zk) HHE + (10g2)1/p % — 0 as k — oo. (23)

(18) follows. This finishes the proof of Theorem 3. [l

From Theorem 3 we can get the characterization of the compactness of the weighted
composition operator Wy, : B, — H, the operator DWy, o : B, — H,;’ and the opera-
tor Wy oD : B, — H/.

COROLLARY 7. ([2, Corollary 2]) Suppose w € H(D) and ¢ € S(D). Then the
weighted composition operator Wy, o : B, — H||" is compact if and only if Wy : B —
H;7 is bounded,

. 1 1+<p(z)|)”/1’
lim sup pu(z b4 (—logi =0.
o @Iy 5 o]

COROLLARY 8. Suppose y € H(D) and ¢ € S(D). Then the weighted composi-
tion followed by differentiation DWy, o : B, — H,; is a compact operator if and only if
DWy o : By — H:j’ is bounded,

. L 1+e@\' "7
im swp @) (30600 ) =0
=1 p(2)|>s 2 T 1—]o(2)

and
i sap AOVEOE!

s=lpe)ss 1=10(2)]

COROLLARY 9. Suppose y € H(D) and ¢ € S(D). Then the differentiation fol-
lowed by the weighted composition operator Wy oD : B;, — H[{ is a compact operator
if and only if Wy oD : B, — H}|' is bounded,

lim sup H(Z)lW(Z)z\:
s=1 ()]s 1 = |9(2)]
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Next we are ready for the description of the compactness of Ty, y,.¢ : By — H7,
The compactness of operators whose range is in H ', has a close relation w1th Lemma
5.

THEOREM 4. Suppose yi,y, € H(D) and ¢ € S(D). Then the following state-
ments are equivalent:
(@) Ty, yno : Bp — Hy o is compact;

(b) Y € H

Log LHlO@N 7
tim u(@ )| (loey o0 ) =0 @

and

im .U(Z)|l//2(2)2| _ 25)
=1 1= o(2)]
Proof. (b) = (a). Suppose that y; € H,, (24), and (25) hold. By Theorem 2,
itis clear that Ty, y, ¢ : B, — H}, is bounded. Taking the supremum in inequality (4)
overall f € B, such that || f|[p, < 1 and letting |z| — 1, yields

lim sup p(z2) [Ty, y.0f(2)| =0.
=1 £, <1

From this and Lemma 5 we have that Ty, y, ¢ : By — H/( is compact.

(a) = (b). Assume that Ty, y, ¢ : By — H 1o is compact. Firstly, it is obvious
Ty, yy,¢ : Bp — H}; is compact. By Theorem 3, l//l, Y, and @ satisfy conditions (17)
and (18). It follows that for every € > 0, there exists p € (0,1) such that (19) and (20)
hold for p <5 <'1. On the other hand, since Ty, y,.o : B, — H} is compact, then
Ty yn.9 : Bp — Hy ) is bounded. By Theorem 2, y,y» € H ). Thus for £ > 0, there
exists Y € (0,1) such that

€ (26)

15\ /P!
1-—

MM%@K(I%
and

1@)lyaz)| < (1-s"e, 27)

for y < |z] < 1. Next, we prove that (19) and (26) imply (24). The proof of (25) is
similar, hence it will be omitted.
From (19) one has, when y < |z| <1 and p <s <1,

1 1+ww01w
. —log ——£ < €. 28
\¢?3>1|)>s“(z>|% @)l (2 8T lo(2)] € (28)
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By (26) we get, when Y < |z| < 1 and s,

1 1+<P(Z)I)l‘1/”
sup u(z 2| [ =log ————=
lo(z)|<s @ (2 1—|o(z)|

1 I+s 1=1/p
< sup u(Z)|W1(1)|<§10g1_ )
lo(2)|<s s

<e. (29)

Having in mind (28) and (29) we conclude that (24) holds completing the proof of the
theorem. [J

Due to Theorem 4, the characterization of the compactness of the weighted com-
position operator Wy, o : By — H,;y, the operator DWy, o : B, — H;7, and the operator
Wy.oD : By — H;’;O are now obvious, which to the best of our knowledge, have not
appeared in the literature.

COROLLARY 10. Suppose v € H(D) and ¢ € S(D). Then the weighted compo-
sition operator Wy o : B, — H;{’O is compact if and only if and

. T A A
tim u(@w(@) (3log 125 <o

COROLLARY 11. Suppose y € H(D) and ¢ € S(D). Then the weighted compo-
sition followed by differentiation DWy, ¢ : By — Hp is a compact operator if and only

if
. / 1 1+]e@\'"77
,Hinlu(z)“” (2)] (§logl—7(p(z)|> -

and
im H@IY(E)eE)]

=0.
=1 1—]o(z)|

COROLLARY 12. Suppose y € H(D) and ¢ € S(D). Then the differentiation fol-
lowed by the weighted composition operator Wy, oD : B, — Hp is a compact operator
if and only if

lim M(Z)|‘I/(Z)2| _
d=11—]()]

Finally, we deduce the following compactness characterization of the differentia-
tion followed by the weighted composition operator Wy, oD : B, — H}/,.

THEOREM 5. Suppose y € H(D) and ¢ € S(D). Then Wy,oD: B, — Hy, is
compact if and only if Wy oD : By, — H7 is bounded.

Proof. We only need to prove sufficiency. Assume that Wy oD : B, — H7 is
bounded. Then we have y € Hy7 . Taking f(z) =" € B, we have

(@) [WyoDf (2)] = 1 @)W (2)f (9(2)] = 1(2) [nw(2)(9(2))" | — Oas |z — L.
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Thus,

lim (@) w(@lleE)]" ") =0. (30)

lz]—1

For N € N and n > N, define the sets

1
EN:{zeD:|(p(z)|<1—N}

and

1 1
Anz{zeDzl— <(p(z)<l——}.
n—1 n

Fix an integer N > 2 and z € D. If z € Ey, we have

L@y _ 1@y

I=lp@)P ~1-]1-4

€1V

If z is not in Ey, thatis |@(z)| > 1 — & , there exists n > N such that z € A,. Since
([43D

Q| ==

inf n (1)) @) >

)
ZEA,

we obtain

n n—1
ot < i leleleGIT << (HOMEII ).
(32)

Using (30), (31), and (32), we get

@)
T eGP ~

Corollary 12 gives the operator Wy, oD : B, — H}/, is compact. [
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