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FOURIER SERIES METHOD RELATED TO
WILKER - CUSA - HUYGENS INEQUALITIES

GABRIEL BERCU

(Communicated by J. Pecaric)

Abstract. In this paper we present a new approach of Wilker - Cusa - Huygens inequalities using
the Fourier series method for even functions. This approach provides new proofs and refinements
of these inequalities.

1. Introduction

The starting point of our work is the following remarkable inequalities.
The Cusa - Huygens inequality asserts that for x € (O, g) ,

sinx _ 2-cosx

RS < e
X 3

The famous Huygens inequality for the sine and tangent functions states that for

X E <0 —,

i 2 )
smx tanx
2—+—>3.
X X

The Wilker inequality asserts that for x € (O, g) ,

. 2
sSinx tanx
(_) Ly,
X X

Another inequality which is of interest to us is the following:

sinx tanx n
—+ —>2, foreveryx € (0, —) .
X X 2

These inequalities were extended in different forms in the recent past. We refer to
[1]-[11] and closely related references therein. Some of the recent improvements were
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obtained using Taylor’s expansion or Padé approximation of some trigonometric func-
tions. These methods provide polynomial or rational approximations for the functions
involved.

The aim of our work is to refine these classical inequalities. The main idea is that
the functions involved in the above inequalities are even, so they can be expanded in
Fourier series, e.g.,

sinx 2+ cosx

X 3

sinx tanx
2— 4+ ———3=ay+bycosx+cycos2x+ ...,
X X

=a;+bjcosx+cjcos2x—+ ...,

sinx tanx
<—> + —— —2=a3+b3zcosx+c3c082x+ ...,
X X
sinx tanx
—— + —— —2=ay+bycosx+c4co82x+ ... .
X X

In the following we will present our algorithm for the first function.
We define the function Fj (x) by

Fy (x) =aj +bjcosx+ cjcos2x.

) : sinx 24cosx
The power series expansion of — — B—
X

b b 2 1
(—aj — by —c1) +x° (71 +2c1> +x* (——l—ﬂ— —) —|—0(x6>.

. . .. sinx 2+4-cosx
In order to increase the speed of the function F (x) approximating —— — —3
X

— Fy (x) near 0 is

we vanish the first coefficients as follows:

—da] — b] —C] = 0
L 26, =0
b 2 1
24 3 180
and we obtain
L, 2 1
M=730071 745 17 T
Therefore we have
sinx  24cosx 1 2 1 X8 29x8 10
> s 42 —cos2x = — 0
X 3 30 T 25 OS* 5 OS2 =~ 155+ 133600 T O ()
or, equivalently,
sinx  2+cosx 1 P X8 29x8 10
- T (1= =— 0] .
X 3 75 (1—cosy) 1512 T 253600 "0 )
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Using the same algorithm, we find

sinx  tanx 3 , 1S A8 10
2—+——3—§(1—cosx) =110 %+O(x )
32 76x5  187x8 (+)

. 2
sinx tanx 2
YY) LR 5 Y- =0

( ) * 5 (L —cosy)" = 505+ 5450

sinx  tanx 1 599x° 90438
= 2 —(1- 43-2 = 10y,
+ 5( cosx) (43 — 28 cosx) 7560 +453600+0(x )

X X 4

2. The results

In order to attain our aim, we first prove a lemma.

LEMMA 1. Forevery x € (O, g), one has

.X X
2sin — —xcosE cosx > 0.

Proof. The function ¢ : <07 g) —R,1(x)= 2sin§ — XCOos % cosx has the deriva-

tive
/ X[ 3
¢’ (x) = sin 3 sinx+x+ xcosx | .

T T
Evidently, ¢/ >0 on (0, E) . Then ¢ is strictly increasing on <07 E) .As1(0) =

0,we gett >0 on (0,%).

This completes the proof. [l
Using the Fourier series method we can establish our main theorems, which are

refined variants of the above inequalities. We also remark that our results have simple
forms.

THEOREM 1. Forall x € (0, g) one has

sinx _ 2+cosx l(l—cosx)z.

x ~ 3 15

sin 2 +cos 1
Proof. The inequality mmE % ~ 15 (1 — cosx)? has the equivalent form
X
45sinx < 29x + 17xc0sx — xcoS> x.

The function f; : <07 g) — R, fi(x) = 45sinx —29x — 17xcosx + xcos®x has

the derivative
fi/ (x) = 28 (cosx — 1) — sin®x + 17xsinx — xsin2x

=2 sin%c (—28 sin)—zc —2sin a cos? o + 17xc0s)—ZC — 2XC0SXCOS %) .



1094 G. BERCU

T
We introduce the function g; : (0, 5) —R, g1 (x)=-28 sin)—; —2sin )_ZC cos? )_ZC

X X
17 ——2 —.
+ x0052 XCOSXCOS 3

Then
p . X .x x  17x 2 X
g1 (x) = sin 5 (7 $in > €08 5 — —— +4xcos 3 +xcosx>
Lx (T . 17x 1 4 cosx
=siny (E sinx — —-— +4x- — +xcosx>

1
= Esin% (7 (sinx —x) 4+ 6x(cosx—1)).

Evidently, g/ < 0 on (Q%). Then g is strictly decreasing on <07g>. As
T T
g1(0) =0, we find g <0 on (O, E) . It follows that f;" < 0 on (0, E) . Using the

T
same arguments, we obtain that f; < 0 on (0, 5) .g

THEOREM 2. Forall x € <07 g), one has

sin tan 3
YR L SN = (1—cosx)?.
X X 5

i t 3
Proof. The inequality PR S 3 (1 —cosx)? can be rearranged as
X X

follows:

2

3
2 (sinx —x) 4 (tanx — x) — gx(l —cosx)” > 0.

We define the function f, : (0,;) — R, fo(x) =2(sinx—x) + (tanx — x) —
3
gx(l — cosx)?. Then

13 3 6
£ (x) = (cosx—1) (— — —cosx+ —xsinx) + tan® x

5 5 5
L ox [ 13 3 6 . 2cos? 3
= 2sin 3 —?—i—gcosx—gxsmx—i— o
psin? —13cos?x + 3cos® x — 6xsinxcos?x + 5 + Scosx
= 2sin” = - :
2 5cos?x

T
We consider the function g : (07 E) — R, g2(x) = —13cos’x+3cos’x

— 6xsinxcos2x+ 5+ 5cosx.
Then

g2 (x) = (1 —cosx) (—3cos*x+ 10cosx+5) — lesin%cos % cosx

= 2sin)—2€ (—3 sin)—;coszx—i- IOSin)—ZCcosx—i-Ssin%C —6xcos%cc0s2 ) .
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X X T .
But 5sin 3 > 5sin 7 cosx on (O, 5) , hence we can write
LX X LX X
g2 (x) > 6sin= cosx (— sin =~ cosx 4+ 5sin =~ — 2xcosxcos —) ,
2 2 2 2
or equivalently,
. X .X .X X
g2 (x) > 65sin 5 cosx (sm 3 (1 —cosx)+2 <2 sin 5 —xcos 5 cosx)) .

Using Lemma 1 we find that g» >0 on (0, g) , therefore f,"> 0 on (O’ g) - As
£>(0) =0, we get f> >0 on <O,g>. g

THEOREM 3. Forall x € (0, g) one has

sinx tanx 32

2
(7) +T—2> E(l—cosx)z.
Proof. Using the result of Theorem 2, we obtain

(sinx>2+tanx - (sinx)2+3_25iﬂ+§(1—cosx)2.
X X X xS

Then we have to prove that

. 2 .
2 3 32
(?) +3-— Sjlcnx—kg(l—cosx)z>2—|—E(l—cosx)27

or equivalently,

sinx 2
<——1> >§(1—c0sx)2.

X

The above inequality can be rearranged as

sinx 1 sinx 2+ cosx
1= (1— S Bttt N
( 3.( cosx)) ( B 3 ) >0,

which is true according to the Cusa - Huygens inequality. [J

THEOREM 4. Forall x € (07 g), one has

i t 1
Slxﬂ—l—%—2> E(l —cosx) (43 —28cosx).
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T
Proof. We introduce the function f3 : <0, 5) — R, f3(x) = (sinx — x)+ (tanx — x)

1
- Ex(l —cosx) (43 —28cosx).
Easy computations lead us to

71xsinx — 56xsinxcosx — 28sin%x

45
90sinx + 112xcos’ x — 71xcos* x — 56xcos’ x — 187 sinxcos® x + 112 sinxcos? x
45cos3 x '

116
fix) = 5 (cosx— 1) +tan’x —

T
The function g3 : (0, 5) — R, g3(x) =90sinx+ 112xcos’ x — 71xcos* x

— 56xcos® x — 187 sinxcos® x + 112 sinxcos* x has the derivative

g3 (x) =cosx(90 + 672 cos* x — 819 cos® x — 504 cos® x + 561 cosx — 560xcos’ xsinx

+284xcos’ xsinx + 168xcosxsinx).
The function g4 can be rewritten as
g4 (x) = cosx {3 (1 —cosx) (—224cos® x+49cos’x+ 217 cosx + 30)
—560xcos’ x - 2sin )_ZC cos )—26 +284xcos’x-2sin %C cos )_ZC
+168xcosx-2sin % cos )—26}
= sin g cosx<l80 sin % + 1302 sin% cosx + 294 sin % cos® x — 1344sin g cos® x
—1120xcos’ xcos g + 568xcos® xcos % +336xcosxcos %)
= sin )_ZC cosx [(1805in % — 180sin )_ZC cos3x>
+ (1164sin cosx— 1164sin 7 cos’x)
+ (138 sin % +2945sin )_ZC cosx — 216xcos’ xcos %) - COSX
+568xcoszxcos§ (1 —cos’x) + 336xcosxcos§ (1—cos? )} .
We only have to prove that

138 sin% +294sin§ COSX — 216xcoszxcos% >0on <07 g) .

b4
Using the inequality 138 sin)—; > 138sin %C cosx on (0, 5) , we obtain

138 sin% +294sin§ CcoSX — 216xcoszxcos% > 216cosx <2sin§ — XCOSXCOS %) >0,

according to the Lemma 1.
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T T
Therefore, g5 > 0 on (O,E) As g3(0) =0, we get g3 >0 on <0,§>. Then
£ >0on <O,g>.As £3(0) =0, we find f3 > 0 on (0,%).
The proof is completed. []

3. Improvement of Shafer’s inequality

In our version of Cusa-Huygens inequality

sinx 2+4cosx 1 2
il i [
<3 5 (I —cosx)

for all x € (0, g) , we take x =tant, t € (0, g) and we obtain

arctant? - 45Vt +1
t 17V2 + 14292428

The inequality

45v1* +1 3

>
17vVi2+1+292+28 1+2vVi2+1

is equivalent to the following true inequality

(\/t2—|— 1— 1)2 >0,

b4
therefore we also improved on (O, 5) the famous Shafer’s inequality for the arctangent

function([9]):
arctanx 3

> .
X 14+2vVx2+1

4. Final remarks

We are convinced that the Fourier series method will be useful to refine many
others problems concerning inequalities.
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