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Abstract. In this paper, we are dealing with the solution of the functional equation

o(52) (700 - F0) = Flx) — F (),
concerning the unknown functions ¢, f and F defined on a same open subinterval of the reals.
Improving the previous results related to this topic, we describe the solution triplets (¢, f,F)
assuming only the continuity of ¢.

As an application, under natural conditions, we also solve the equality problem of two-
variable Cauchy means and two-variable quasi-arithmetic means.

1. Introduction

Let J be a nonempty open real interval. We say that a two-place function M :
J xJ — R is a two-variable mean on J if it possesses the Mean Value Property, that is,
if

min(x,y) < M(x,y) <max(x,y),  (x,y€J).
If both of the above inequalities are sharp whenever x # y, then M is called a strict
mean. To formulate the problem what we would like to deal with, we need the following
two special classes of means.

The Class of Cauchy Means. The Cauchy Mean Value Theorem states that if
G,H :J — R are differentiable functions then, for all distinct elements x,y € J, there
exists a point # in the open interval determined by the points x and y such that the
equality

G'(u)(H(x) = H(y)) = H'(u) (G(x) - G(y))
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Keywords and phrases: Cauchy mean, quasi-arithmetic mean, functional equations involving means,
equality problem of means.

) The research of the first author was supported in part by the Hungarian Academy of Sciences and in part by the
UNKP-17-Doctorand New National Excellence Program of the Ministry of Human Capacities.
The research of the second author was supported by the Hungarian Scientific Research Fund (OTKA) Grant K111651.

© t1€I"€N' Zagreb 1099

Paper MIA-22-76


http://dx.doi.org/10.7153/mia-2019-22-76

1100 T. KISS AND Z. PALES

holds. If H' does not vanish on J, then, by the Rolle Mean Value Theorem, the function
H must be injective on J, hence, in this case, the above equality is equivalent to

(g’>( - G(x) - G(y)
H/

H(x)—H(y)

Now, one can see easily that u has to be unique if, in addition, the ratio G’ /H " is invert-
ible on J. We note that, under the mentioned conditions, the invertibility of G’ J/H "is
equivalent to that it is continuous and strictly monotone on J. The precise formulation
and the proof of this statement can be found as Remark 1 in the paper [26]. To prove
the essential part, the author uses the Darboux property of the derivative functions.

Motivated by the above observation, one can introduce the notion of Cauchy means
as follows. We say that a mean M :J x J — R is a two-variable Cauchy mean if there
exist differentiable functions G, H : J — R with 0 ¢ H'(J) such that the function G'/H’
is invertible on J and that, for all x,y € J, we have

< ) ! ( Gx)—-G()

H' H(X)—H(y)> ifx#y and M(xy)=x ifx=y (1)

M) = (
In this case, we denote M by Cg g, where G and H will be called the generator
functions of the Cauchy mean. There are many papers dealing with this class of means.
In particular, the equality and homogeneity problem of Cauchy means was completely
solved by Losonczi in [20, 23] and [21], respectively. For the solution of the equality
problem in [20], 7th-order differentiability was assumed. This regularity condition was
reduced to first-order differentiability by Matkowski in [26]. The comparison problem
of Cauchy means was also studied by Losonczi [22]. The so-called invariance equation
for Cauchy means was solved by Berrone in [4]. Characterization type results were
obtained by Berrone [5] and by Berrone—Moro [6].
The Class of Quasi-Arithmetic Means. We say thatamean M : J xJ — R is a two-
variable quasi-arithmetic mean if one can find a continuous strictly monotone function
® : J — R such that, for all x,y € J, we have

PO g

The continuity and the strict monotonicity of @ provides that @ is invertible and that
®(J) is an open subinterval of R. Hence the above expression is well-formulated and
it indeed defines a strict mean on J. Similarly to the previous part, @ will be called the
generator function of the quasi-arithmetic mean.

In this paper we are going to focus on the equality problem of two-variable Cauchy
means and two-variable quasi-arithmetic means. It is easy to check that the equality
problem Cg g = Ag on J can be rewritten as

M(x,y) :q)—l(

(u—f—v

) (fW) = F0) =F ~F(). (v e (), @

where we define

Q:=—o®d ! fi=Hod ! and F:=God .. 3
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Motivated by this reformulation, to solve the equality problem, it is enough to
describe the solution triplets (@, f,F) of the functional equation

o(52) (F0 - ) =F@)-F(),  (wye), @

where I stands for a nonempty open subinterval of R.

The functional equations having the form (4) have a rich literature and it was
investigated by several authors. The firs remarkable result, from the year 1985, is due
to J. Aczél [1], who solved (4) assuming that f is the identity function. This particular
case was also dealt with by Volkmann [36]. Without any regularity assumptions for
the unknown functions, he proved that the pair (¢,F) solves the equation if and only
if F is a polynomial of degree at most two and ¢ is its derivative. Independently, in
1979, Sh. Haruki investigated a pexiderized version of the equation of Aczél, where
f was still the identity, and he proved the same result, again without any regularity
conditions. The details of Haruki’s work can be found in [10]. The solutions of the
equation in (4) was first described in 2016, by Z. M. Balogh, O. O. Ibrogimov and B. S.
Mityagin in the paper [3]. In their approach, the functions f and g was supposed to be
three-times differentiable. Two years later, R. Lukasik improved this result in [37], by
showing that the continuous differentiability of f and g is sufficient to obtain the same
solutions. Now we present a different approach, which allows us to treat and solve (4)
solely under the continuity of ¢.

The functional equation (4) seems to be a particular case of the functional equation

Fx)G) +HX)L(Y)
m(x) +n(y)

p(x+y) =

which was studied by Lundberg in a series of papers [24], [25]. However, the solutions
therein have indirect forms and we could not find a way to deduce our results from those
of [24] and [25]. Another problem, which was formulated by P. K. Sahoo and T. Riedel
in their book [32, Section 2.7], remains still open: without any regularity conditions
concerning the members of (@, f,'¥,F), solve the functional equation

o(52) 1w -r0) =¥(52) (Fo - FO),  (xyeR).

One of our main observation (which will turn out in the next section) is that equa-
tion (4) has a strong connection to the functional equation

o(2) 0 +10) =FW+FG),  (uyel), )

which has been studied and solved by the authors in the paper under minimal regularity
assumption in [12].

2. Connection among the functional equations (4) and (5)

We say that a subinterval J C I is proper if it has at least two elements and is
different from 7. A function g : I — R will be called locally non-constant on I if there



1102 T. KISS AND Z. PALES

is no proper subinterval of /, where g is constant. In other words, g is locally non-
constant on / if and only if, for all A € R, the set g~'({1}) has an empty interior in
the domain /.

First we refer to the result about the solutions of equation (5). Observe, that the
substitution x =y in the equation (5) immediately yields that F = ¢ - f holds on I.
Therefore, in view of [12, Theorem 11], we have the following statement.

THEOREM 1. Let (@,f,F):1 — R> such that ¢ and f are continuous on I.
Then the triplet (@, f,F) solves functional equation (5) if and only if either

(i) there exists an interval J C I such that f(x) =0 for all x € I\ J, the function @
is constant on Y(J+1), and F = ¢ - f,

or

(ii) f is nowhere zero on I and there exist constants a,b,c,d,y € R with ad # bc
such that, for all x € I, we have

F(x) = csin(y/=7yx) +d cos(y/—¥x),
f(x) = asin(y/—=yx) +bcos(\/—7x), ©)
o(x) = csin(y/—yx) +dcos(/—yx)
asin(y/=yx) 4+ beos(y/—yx)’
o F(x)=cx+d,
f(x) =ax+b, %)
ex+d
o) =
o F(x) = csinh(,/yx) +d cosh(/7x),
f(x) = asinh(,/yx) + bcosh(,/7x), ®)
(x) = csinh(,/yx) +d cosh(/7x)
¢ asinh(,/yx) +bcosh(y/7x)’

whenever Yy <0 or y=0 or y> 0, respectively.

It is worth noticing that the condition (ii) of the above theorem could be formulated
in the following equivalent way:

(i1)” f is nowhere zero on I, there exists a constant ¥ € R such that f and F are lin-
early independent solutions of the second-order linear homogeneous differential
equation Y =yY,and ¢ =F/f on I.

In fact, in the paper [12, Theorem 11], instead of the continuity of f, a weaker
regularity assumption was made. However, the following consequence of Theorem 1,
in which the regularity assumptions for f are completely eliminated, will be sufficient
for our purposes.
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COROLLARY 1. Let (@, f,F):1—R3 suchthat ¢ is continuous and locally non-
constant on I. Then the triplet (@, f,F) solves functional equation (5) if and only if
F = - f and either f =0 and @ is arbitrary on 1, or the alternative (ii) of Theorem
1 holds. Consequently, f is an infinitely many times differentiable function.

Proof. First we show that the assumptions made on ¢ and (5) imply that f is

continuous on /. To do this, let xg € I be arbitrarily fixed. Then there exists » > 0 such
that [xo —2r,x0+2r] C 1. The function ¢ is non-constant on the interval [xo —r,x9+7],
consequently, there exists ug € [xo — r;xp + r] such that @(xg) # @(up). Let yo:=
2ug —xo. Then yg € [xo — 2r,x9 + 2r], the function x — @(*52) — ¢(x) is continuous
on I, and, by the choice of uy, it is different from zero at the point x := x. Therefore,
there exists 6 > 0 such that this function is different from zero also on the entire interval
Jxo — 8,x0+ 6[C I. Using this, and the equality F = ¢ - f, equation (5) directly implies
that
@(y0) — o(*52)
() — o)’
Thus f coincides with a continuous function on the neighborhood ]xg — 8,x9 + &[ of
X0, which means that f has to be continuous at xy. Because x( was arbitrarily chosen,
it follows that f is continuous on /.

Thus, by Theorem 1, we have the alternatives (i) and (ii) for the solutions of (5).
The function f is obviously infinitely many times differentiable, provided that we have
the case (ii). On the other hand, having (i) and using that ¢ is locally non-constant, it
follows that the subinterval J in alternative (i) must be empty. Hence, in this case, f is
identically zero on I, which finishes the proof. []

In order to describe the connection between functional equations (4) and (5), let us
introduce the following notations. For a positive number 4 and a function f:1 — R,
define the subinterval interval [, of I and the function &, f : I, — R by

J(x) = f(v) (x €]xo — 8,x0+ 8[).

Li:=(I—-h)N({+h) and onf(x) = f(x+h)— f(x—h), (xel).

With these notations, we have the following basic result, which derives a functional
equation from (4) for ¢ and &, f, furthermore eliminates the function F'.

THEOREM 2. Assume that the triplet of functions (@, f,F) : I — R solves func-
tional equation (4). Then, for all h > 0, we have

xX+y
0(52) (@ () + /() = 9&SX) +9MISSO), ey el) O
that is, the triplet (Q,0,f,@ - Onf) solves functional equation (5) on Ij,. Furthermore,
if @ is continuous and locally non-constant on I, then f is infinitely many times differ-
entiable on I and

o(D) 0+ 0) =00 W +e0)S ), (yeD,  (10)

that is, the triplet (@, f', @ - f') satisfies functional equation (5) on I.
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Proof. Assume that equation (4) holds. Let 2 > 0 and x,y € I;,. Then x4+ h and
y=+h belong to I. Substituting the pairs (x —h,x+h), (x+h,y—h), (y—h,y+h) and
(y+h,x — h) into (4), we get the following four equalities:

Q) (fr—h) = flx+h) = Fx—h) — F(x-+h),
(S52) ) = £l =) = Fx+h) — Fy— ),
eW)(fy—h) = fy+h) =F(y—h)=F(y+h),

o (532 -+ 1) — =) = F(y-+ ) — F(x—h).

Adding up the above equations side by side, the equality in (9) follows immediately.

Assume now that ¢ is continuous and locally non-constanton /. Applying Corol-
lary 1 for the function &, f (instead of f), it follows, for all positive real number 4, that
the function &, f is infinitely many times differentiable on the subinterval I;, C I. Thus,
based on the celebrated result of N. G. de Bruijn [7, 8], f can be written as fo+ g,
where fp: I — R is infinitely many times differentiable and g : R — R is additive.
Without loss of generality, we may assume that g vanishes on the set of the rationals
or, equivalently, that f = f; on the set /N Q. This immediately implies that (@, fo,F)
solves the equation (4) on the intersection 71N Q.

Now, indirectly, assume that g is not identically zero. Then there exists xo € I\ Q
such that g(xp) # 0. Let (x,) € INQ be any sequence such that x, — xp as n — oo.
Applying the equation (4) for the triplet (¢, fo,F), for any member of (x,), and for
any point y € INQ, we get that

Xp+y

Fl) = o(252) (olm) = o) +F(),  (neN).

The continuity of ¢ and fy provides that the limit of the left hand side exists as n — oo.
Denoting lim,, ... F'(x,) by A4, using the decomposition of f, and the equality f = f
on INQ, we get that

2= (2) (folxo) — fol3)) + F ()

2
= o(22) o) - £0D +F0) - 0 (25 g,

On the very right hand side, we can apply that (¢, f, F) solves equation (4) on I, hence

A:F(xo)—<p<x0;y>g(xO), (yeInQ).

By our assumption, g(xg) # 0, thus this equation is equivalent to

(xo+y> _ Flx) -2

5 2C0) (yeInQ),

which means that the function ¢ is constant on the dense subset %(xo +(INQ)) of the
interval % (xo+1). Thus, by its continuity, ¢ must be constant on the subinterval % (x0+
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I) C I, which contradicts the fact that it is locally non-constant on /. Consequently, g
must vanish on 7, and hence also on R. Therefore f = fy on I, where f; was an
infinitely many times differentiable function.

Finally, we prove that (10) is also valid. Let x,y € I be arbitrary. Then, for small
positive i, we have that x,y € I;, and hence (9) holds for x,y and for small positive
h. Dividing equation (9) by 2h and taking the limit 7 — 0, we get that (10) is satis-
fied. O

In order to be able to apply Theorem 2 to establish the solutions of (4), we have
to distinguish two main cases concerning ¢. First we will deal with the case when
¢ is constant on a proper subinterval of I and then with the case when ¢ is locally
non-constant. The second part of the result of Theorem 2 applies in the latter case. The
investigation of the first case requires a detailed analysis, thus, firstly, we turn to this
part.

3. Preliminary results

In order to treat (4), first we investigate a special case, more precisely, we solve
the much simple functional equation

o(S52) 0 —r0) =0, (wye, (an

which contains the two unknown functions ¢ : / — R and f:7 — R. We note that a
functional equation having the form as in (11) can be derived from (4) assuming that
F' is an affine transformation of the function f, that is, there exists A,B € R such that
F=Af+Bonl.

For the brevity, we will frequently use the notations o := infl and 8 := supI.
If § C I, then the complementary set I\ S will be simply denoted by S¢. For a given
function g : I — R, denote the set g~!({0}) by Z;. For two subsets S,P C R, let us
denote the set (2P —S)N1I by (S|P). Thatis, (S|P) consists of those elements of I
that are reflections of an element of S with respect to some element of P.

PROPOSITION 1. Let P and S be arbitrary subsets of R.
(a) IfPLC P, CR and S; C S, CR, then (S|Py) C (S|P,) and (S1|P) C (S2|P).
(b) If at least one of the sets P or S is open, then (S|P) is also open.
(¢) If P,S C R are intervals, then (S|P) is also an interval, furthermore we have
inf(S|P) = max (o, 2inf P — supS) and sup(S|P) = min(2supP —infS, ). (12)
(d) Consequently, for a given point p € I, the set (I|p) is the maximal open subinterval

contained in 1, which is symmetric with respect to p. Furthermore, by the equality
(12), it follows that (I|p) is bounded unless I = R.

Proof. The statements (a), (b), (c), and (d) are direct consequences of the defini-
tion. [J
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LEMMA 1. Let (¢, f) be a solution of equation (11) and p € I. Then f(x) = f(p)
holds for all x € (p| Z,°).

Proof. If (p|Z,°) is empty, then the statement is obvious. Therefore we may
assume that (p|2,°) is nonempty and let x € (p|Z,°) be arbitrary. Then there exists
u € Z,° such that )% = u holds. Applying equation (11) for x and p and using that
@(u) #0, we get f(x) = f(p). O

PROPOSITION 2. Let (@, f) be a solution of (11) such that %y is closed in I and
has an empty interior. Then f is constant on I.

Proof. The assumptions concerning Z, provide that Z,° is a nonempty open
subset of /. Therefore it can be written as a union of its components. Let K C qu,“ be
any component and x,y € K be arbitrary. Then ’% € K, that is (p(’%) # 0, hence,
based on equation (11), we get that f(x) = f(y).

In the next step we show that f takes the same value on any two components
of Z,°. There is nothing to prove if Z,° has only one component. Thus we may
assume that this is not the case and let K and L be different components of Z,°. By
our assumption, the interior of %, is empty, hence the intersection (K +L)N (Z5°)
cannot be empty. Let u be any point of the intersection. Then ¢(u) # 0, furthermore,
there exist x € K and y € L such that ’% =u. Using equation (11) for the points x and
¥, we obtain that f(x) = f(y). Consequently, there exists A € R such that f(x) =4
whenever x € Z,°.

Finally we show that the restriction f]z, is also identically A. If 2, is empty,
then we are done. If not then let p € Z, be arbitrarily fixed. The assumptions concern-
ing Z, yield that there is an open interval U C 2, such that J := (p|U) C (p| Z,°)
is contained in /. Then, by Lemma 1 we have f|; = f(p). On the other hand, J is a
nonempty interval in /, which implies that the intersection J N 2, cannot be empty.
Consequently, f(p) = A musthold. O

In the following proposition, we establish the solutions of equation (11) supposing
that the interior of 2, is nonempty. In this case, the interior of Z,, is the union if its
components which are maximal open subintervals of the interior of .Z,. Provided that
qu, is closed, the closure of such intervals are maximal closed subintervals of qu,.

PROPOSITION 3. Let (@, f) be a solution of (11) such that Z, is a closed subset
of I with a nonempty interior. Then, for any maximal closed subinterval J C %y, there
exist constants A, |l € R such that

(I|infJ) C Z;_, and (I|supJ) C Zr—y.

Proof. Let J be any nonempty closed subinterval of Z,. If J =1, then ¢ is
identically zero on I and, by (I|infJ) = (I|supJ) = 0, the inclusions in the statement
above hold for any constants A and p. Thus, we may assume that at least one of
the endpoints of J belongs to I, say p :=supJ € I. Then (I|p) is nonempty. Let
a:=inf(I|p) and b :=sup(I|p).
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In the first step we are going to show that f is constanton |a, p|. Let x <y in |a, p]
be arbitrary. Then p < # and, due to the maximality of J and the openness of Z,°,

one can find a nonempty open and bounded subinterval U contained in 24, N ] D, # [

Let r:=2|U| and consider first the case y —x < r. Then there is u <v in U
such that v—u = 1(y—x), thatis 2v—y = 2u—x=: w. A short calculation yields that
w € I, which means that the intervals (y|U) and (x|U) have a common point in /. By
In view of Lemma 1, f(x) = f(y) follows.

If r <y—ux,thenthereexist n € N and 7y < --- <ty in [x,y] suchthat fo=x, t, =y
and f; —t;_y < r forall i € {1,...,n}. Based on the previous argument, f(t;—1) = f(#)
follows for all i € {1,...,n}, particularly, we have again f(x) = f(y). Thus, there
exists 1 € R such that f(x) = u if x €]a, p].

Now we show that f takes p also on |p,b[. Let x €]p,b[ be any point. Then,
by the maximality of J, there exists u € Z,° with p <u < x. Then 2u — x belongs
0 |a,p]. Applying equation (11) and using @ (u) # 0, we immediately get that f(x) =
fQRu—x)=u. O

To formulate our next theorem, for a given set S C I, we introduce the notations

S.:={xel|x<infS} and  S":={xel|supS<ux}.

We note that, regardless of the topological properties of S, the sets S, and S* are
always open in / and that S, = S* =1 if and only if S is empty.

LEMMA 2. Let S C I be nonempty, s, = inf%(S—!—I) and s* := Sup%(S—FI).
Then we have
Se=(I]s4) or  S*=(I|s"), (13)

provided that —oo < s, or s* < +eo, respectively.
Proof. We prove only the first identity in (13), the second one can be shown simi-

larly. Assume that —eo < s, holds. Then, s, is finite and by its definition,

_infS+a<B+a
2 2

Sx (14)
Then ¢ is also finite and
Sy =]a,infS[=]a,2s, — a.
On the other hand, by formula (12) and the inequality in (14),
(I|s«) =]max(ot,2s. — B), min(2s. — o, B)[=] ¢, 25 — .
which finishes the proof. [

THEOREM 3. Let ¢, f :1 — R such that %, is closed. Then the pair (@, f) is
a solution of equation (11) if and only if either f is constant on I and ¢ : I — R is
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any function or there exist a nonempty closed interval K C I and constants A.,A* € R
such that the inclusions

K.C% 5, K CZ 3 and $(I+K)CZ, (15)

are satisfied.

Proof. If f is constant on [, then, obviously, for any function ¢ : I — R, the
pair (@, f) is a solution of (11). Let K C I be a nonempty closed interval, A,,A* € R
such that (15) holds, finally let x,y € I be arbitrarily fixed. If either x,y € K, or x,y €
K*, then either f(x) = f(y) = A, or f(x) = f(y) = A", respectively, which imply the
equality in (11). In the remaining case, we have that inf K < max(x,y) and min(x,y) <
sup K, therefore

inf(K +1) = infK + a0 < max(x,y) + min(x,y) < B +supK = sup(K +1),

where, obviously, max(x,y) 4+ min(x,y) = x+y. These mean that )% €3(K+1)C
Zp, that is, qo(’%) = 0, whence the equality in (11) follows again.

Conversely, assume that (¢, f) is a solution of equation (11) such that f is non-
constant on /. If Z, =1 then the statement of the theorem holds with K = I. (Then
K. and K* are empty and A., A* can be arbitrary.) Thus, in the rest of the proof, we
may assume that 2, is a proper subset of I.

Let J :=]a,a] and L:=]b,p[, where

a:=sup{r > a | f is constant on |, [}

and
b:=inf{r < B | f is constant on |z, B[}

Then J and L are maximal intervals with respect to the property that f is constant on
them. Let K := (JUL)“. By Proposition 2, the interior of 2, cannot be empty. Thus,
Z, contains a maximal closed subinterval Jy which cannot be equal to / because Z,
is a proper subset of 7. Thus, one of the endpoints of Jy, say p is in I. In view
of Proposition 3, it follows that f is constant on (I|p), which is a nonempty interval
contained either in J or in L. Therefore at least one of the intervals J or L is nonempty,
consequently, K is different from /. By our assumption concerning f, the intervals
J and L are disjoint and different from [, which implies that K is nonempty. We
have obtained that K is a nonempty closed proper subinterval of /. Furthermore, we
also have K, = J and K* = L, thus there exist A,,A* € R such that K. C 2}, and
K* C 3’}_ 2+ - Thus, the first two inclusions in (15) hold and we only need to prove that
¢ is identically zero on G := (K +1).

By K # I, the interval G strictly contains K, thus G and J UL have common
points. This yields that f cannot be constant on G. Restricting the equation (11) to G,
by Proposition 2, we get that the interior of GN 2, is nonempty. Thus there exists a
maximal nonempty open subinterval Uy C G such that ¢ is identically zero on Uy.

To complete the proof, it suffices to show that Uy = G. Assume, to the contrary,
that this is not the case. Then we may also assume that s, := inf G < p := infUj holds.
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Let U C I be a maximal closed subinterval such that Uy C U and ¢ is identically zero
on U. Then infU must be also equal to p. Applying Proposition 3 for the maximal
closed subinterval U C Z, the function f is constant on (I|p). Then exactly one of
the identities inf(/|p) = o or sup(Z|p) = B can hold. By the maximality property of J
and L, we have either (I|p) CJ or (I|p) C L, respectively. Because of the symmetry,
we may assume that (I|p) CJ. Then J is nonempty, which implies that o« < @ must
hold. To finish the proof, we distinguish two cases.

Case 1. If oo = s, then, having the relation o < a, it follows that I is not bounded
from below, that is, o = s, = —eo = inf(I|p). Then there exists x € (I|p) such that
X < 2p —a, which yields that a < 2p —x € (I| p) C J. This contradicts that supJ = a.

Case 2. Assume now that o < s.. Then, using Lemma 2 and that inf(/|s,) =
inf(I|p) = a, s« < p, we obtain that

J=K.=(I]s.) S (I|p) k.=,
which is a contradiction again.

Consequently, 3(K+1)=G=UyC Z,. O

REMARK 1. One can easily see that the closedness of the set 2, was only used
to establish the necessity of the statement of Theorem 3. The sufficiency holds without
any assumption on ¢ .

4. Solutions of (4) assuming that ¢ is constant on a subinterval of /

In this section we are going to describe the solutions of the functional equation
(4) assuming that the function ¢ is constant on a proper subinterval of /. The next
proposition clarifies the main connection between the equations (4) and (11).

PROPOSITION 4. Let (@, f,F) be a solution of equation (4) on the interval I,
A €R, and J C I be a subinterval. Then the pair (@a,f) solves the equation (11) on
J if and only if there exists B € R such that F =Af+B on I.

Proof. Assume that (@4, f) solves (11) on the interval J, that is, we have

o (520w -ro) = (e(32) -4) U@ -0 =0, (nye).

On the other hand, particularly, equation (4) holds on J. Subtracting the above equation
from (4) side by side, we get that

Fx)=Af(x) =F()=Af(),  (nyel).

Consequently, there exists B € R such that F(x) —Af(x) = B forall x € J, thus F =
Af+ B holdson J.
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Conversely, assume that there are constants A, B € R such that F =Af + B on the
interval J. Using this and that (@, f,F) is a solution of equation (4) on J, we obtain
that

X+y
o(32)F0) ~ £0) = F(x) = F() = AF(x) + B = Af(3) = B=A(f(¥) - ()
for all x,y € J. This means that (¢4, f) solves (11) on J, which finishes the proof. [

The following consequence of Proposition 4 will play a key role in the proof of
Theorem 4 below.

COROLLARY 2. Let (@, f,F) be a solution of equation (4) on the interval I, A €
R, and J,K be subintervals of I such that f(J) = f(K). If (@a,f) solves equation
(11) on J, then it solves equation (11) also on K.

Proof. Assume that (@4, f) solves equation (11) on J. Then, by Proposition 4,
there exists B € R, such that F =Af+B on J. By f(J) = f(K), we get that the same
formula holds on K, which, in view of Proposition 4 again, yields that (@4, f) solves
equation (11)on K. [

For a given subinterval J C I, define the sequence of intervals (J,,) by the recur-
sion

Jo:=J and = (Jm1 |J), (neN). (16)

By the definition (16), it is easy to see that J, =J for all n € N provided that J is either
empty or is a singleton or equals /. If J is nonempty then, for the brevity, denote infJ,
and supJ, by a, and b, whenever n € NU{0}, respectively.

LEMMA 3. Let J be a subinterval of 1. Then (J,) is a nondecreasing sequence
of intervals contained in I and, provided that J is nonempty, for all n € N, we have

a, = max(o,2ag — by,—1) and n = min(2by — a,—1,B). (17)
Consequently, if a@ < a, and b, < B for some n € NU{0} then
bk—ak=(2k+1)(b0—ao), (kE{O,l,...,n}). (18)

Finally, if J # 1 is a proper subinterval, then J = Jy # Ji, furthermore, if o = a, or
by = B for some n € NU{0}, then J,, 1 = Jyixy1 holds for all k € N.

Proof. The monotonicity of the sequence (J,) can be easily shown by induction
with respect to n. Obviously, Jo =J C (J|J) = J; holds. Assume that J,,_; C J, for
some n € N. Then, by the property (a) of Proposition 1, we have

Jo=Tuet|J) C (u|T) = Jpsr.

These imply that J,,_; C J, forall n € N.
Assuming that J is nonempty, the identities in (17) are easy consequences of (12)
in Proposition 1. Now suppose that {a,,b,} C I for some n € NU{0}. Then, by the
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strict monotonicity of (J,,), we have {ay, by} C I forall k € {0,1,...,n}. Using this,
we prove (18) by induction with respect to k. If n =0 then k = 0 and the statement
is trivial. Assume that n € N. If k = 0 then the equality in (18) is trivial. Assume
that (18) holds for some non-negative integer k < n — 1, that is, we have b, —a; =
(2k+1)(bo — ap) . Then, by (17), we obtain that

b1 — apy1 = 2bo — ar — (2ao — by) = (bx — ax) +2(bo — ap)
= (2k+1)(bo — ap) +2(bo — ag) = (2(k+ 1)+ 1)(b0 —ap).

If J # 1 is a proper subinterval, then ap < by and one of the strict inequalities
o < ap or by < B holds. In the first case, a; < ag. Indeed, if this were not true, then
by (17), a1 = max(a,2ag — by) = ap. This implies that 2ag — by = ap, hence ag = by,
a contradiction. In the case by < 3, the inequality by < by follows similarly.

Assume, finally, that there exists n € N such that @, = o. Then, by the increas-
ingness on (J,,), forall k € N, we have o < a4 < a, = «, thatis a,; = o. Further-
more, by this and by the second identity in (17), it follows that b, = min(2by — o, )
whenever k € N. Analogously, if b, = 8 for some n € N, then b, = 8 and a, 4 =
max(o,2ag — ) whenever ke N. O

COROLLARY 3. Using the notations of Lemma 3, we have

Joo = In =

{J if J is a singleton,
neN

(I|J) otherwise.

Proof. 1f J is either empty or a singleton or equals 7, then the statement is trivial.
Let assume that J is a proper nonempty subinterval of I with ay < bg. First we show
that J.. symmetric with respect to J, that is, (Jw|J) = Je. Indeed,

Vel ) = (Ulr) = UNJ\J UJn+1

This immediatley implies that J C (I|J). To prove the reversed inclusion, let x €
(I|J)\ J be any point. Then there exist u € J and y € I such that x =2u—y. We
may assume that x < y. Obviously, in this case we must have y ¢ J... Indeed, if y
were an element of J.., then there would exist n € N such that y € J,,. Therefore
x € (Ju|J) = Jut1, which contradicts that x ¢ J... On the other hand, u € JN]x,y[C
JN]x,y[. Consequently, we must have J.. C]x,y[. Using Lemma 3, we obtain that

neN

y—x>diam(J,) = b, —a, = 2n+1)(by— ap) > 0, (neN),
which is impossible. Therefore Jo. = (I|J). O

COROLLARY 4. Let (@, f,F) be a solution of equation (4) on the interval I, A €
o(I) and J C Zy, be a subinterval. Then there exists B € R such that F = Af + B
holds on Jo..
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Proof. If ¢ is identically A on J, then (@4, f) trivially solves equation (11) on
J, thus, in view of Proposition 4, F' is of the form Af + B on J = Jy for some B € R.
Assume now that this is valid on J, for some n € NU{0} and let x € J,| be any
point. Then there exist u € J and y € J, such that u = )% Then ¢(u) = A and, by
the inductive hypothesis, F(y) = Af(y) 4+ B. Thus, applying equation (4) for x and y,
we get that

Af(x) ~ () = F(x) — (Af () +B),

which reduces to F(x) =Af(x)+ B. This means that we have F =Af+ B on J, for ar-
bitrary n € NU{0} . Now our statement is an obvious consequence of the monotonicity
of the sequence (J,) and of the definition of the interval J... [

Having these results, we introduce some special subintervals of I, which will be
useful in the proof of our main theorem.

Suppose that (@, f,F) is a solution of (4) on I. For a given A € ¢(I), let [, :=
Jot, Ba] (where B4 € [0, B]) be the maximal open subinterval [, C I such that (¢4, f)
solves (11) on 1. Similarly, let 15 :=]os, B[ (Where o € [e, B]) denote the maximal
open subinterval 14 C I such that (@u, f) solves (11) on 1, . Finally, define [ and I by

[:= U I, and 1:= U 1.
Aeo(I) Aeo(I)

Obviously, the families {I, | A € @(I)} and {I | A € @(I)} are chains with respect
to the inclusion, therefore, I and I are (not necessarily nonempty) open subintervals
contained in /. Then, for some uniquely determined elements @, € [a, 8], we have

that [ :=]o, B[ and I :=]ar, B].

COROLLARY 5. Let (@, f,F) be a solution of (4). Then, for all A € ¢(I) and for
all subinterval J C qu,A, we have Jo C 1 or Joo C1.

Proof. Let A € ¢(I) and J C Z,, be any subinterval. Then, by Corollary 4, there
exists B € R, such that F =Af -+ B on J... This, in view of Proposition 4, is equivalent
to that the pair (@4, f) solves the equation (11) on the interval J... Hence at least one
of the inclusions Jo C I or Jo. C T musthold. O

The following lemmas are about some useful connections between the structure of
the sets I and I, and the behavior of the members of the solutions triplets of equation

(G2

LEMMA 4. Let (¢, f,F) be a solution of (4), A and A" be distinct points in (1),
Sfurthermore J and K be intervals such that (Qa, f) and (@a, f) solves (11) on J and
K, respectively. Then f is constant on JNK.

Proof. If JNK is empty, then the statement is trivial. If not, then we have
R _ _ XYY _ _
(o(52)-A) @ —ron =0 and  (p(52)-4)(f(x) = () =0

for all x,y € JNK. Subtracting these equations side by side, we get (A —A”)(f(x) —
f()) = 0, which, by our assumption A # A, implies that f(x) = f(v). O
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LEMMA 5. Let (@, f,F) be a solution of (4). Then f is constant on I (resp. on
1) or there uniquely exists A € ¢(I) such that [ =1, (resp. 1=14).

Proof. We prove the statement only for /. To avoid the trivial case, we may as-
sume that / is nonempty. Assume that there is no A € ¢(I) such that I =I,. Then
it is enough to show that f is constant on any member of the chain-union in the def-
inition of /. To do this, let A € @(I) be arbitrary and x € I\ I,. Then, there exists
A’ € o(I) different from A such that x € [,,. Hence I, C I, and, in view of Lemma
4, the function f is constanton [, NIy =1,. U

LEMMA 6. Let (@, f,F) be a solution of (4). Then, for all constants A, € R
with A # W, the function @ is constant on the set %(fo,;t +Zp).

Proof. If atleast one of the sets 2, and Z_, isempty, then (27 ; + 27 )
is also empty, thus, in this case, the statement is trivially true. Assume therefore that
Zy_; and Z_ are nonempty. Equation (4) implies that F* also must be constant
both on the sets 2%_; and 27, . Thus there exists not necessarily different numbers
C;.,Cy € R such that F(u) = C), and F(v) = C, whenever u € Z;_j and ve 27 .
Now, applying equation (4) for any points x € Z%_; and y € 2, we obtain that

<X+y> _F&)-FO) _G-C
2 fO)—f0)  A-p

Thus ¢ is indeed constant on 1(Z; 5 + 27_,). O

LEMMA 7. Let ((p,_f ,F) be a solution of (4), furthermore assume that the closed
subinterval S =1\ (IUI) has a nonempty interior and that it is different from 1. Then
the following statements hold.

(i) The function ¢ is locally non-constant on S.

(ii) If there exists y € [o, B[ such that f is constant on the interval |y, B[, then f
must be constant on |y, @[. Similarly, if there is y €|, B] such that f is constant
on |a,y[, then f must be constant on |B,7[.

Proof. To prove (i), indirectly, assume that there exists A € ¢(I) such that the
interior of the intersection SN 24, is nonempty. If J C SN .2, is any nonempty open
subinterval, then, based on Corollary 3, J C J.. holds. Furthermore, by Corollary 5, we
obtain that J C SNJ.. C SN (IUI), where the last intersection is empty, contradicting
that J was a proper open subinterval.

Now we prove the first assertion of statement (ii). Assume that there exists o <
y< B and A € R such that f is identically A on the interval |y, B[ . Let y be any point
of the interior of S. Then there exists x €]y, B[ such that ’% belongs also to the interior

of S. If f(y) # A, then, based on Lemma 6, ¢ must be constant on %({y} +x,B[) €S,
which, in view of the statement (i), is impossible. This shows that f(y) must equal A .
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A similar argument yields that f() = A also holds. Otherwise, again by Lemma

6, @ would be constant on %(E—H E ,a[) C S, which contradicts (i) again. Thus, f is
indeed constant on |y, o] .
The proof of the second assertion of (ii) can be treated similarly. [

THEOREM 4. Let ¢ : I — R be a function with closed level sets in I and assume
that there exists a level set of @ whose interior is nonempty. Then the triplet of functions
(@, f,F) solves functional equation (4) if and only if there exist constants A € ¢(I) and
B € R such that (@a,f) solves (11)on I and F=Af+B on I.

Proof. The sufficiency is trivial. Indeed, assuming there exist A € ¢(I) and B€ R
such that (@a,f) solves (11) on I and F = Af + B on I and calculating both sides of
the equation (4), one can conclude that (@, f,F) solves functional equation (4). We
note that the argument in this direction does not need any condition concerning the
level sets of ¢.

Now we turn to the necessity, that is, assume that (¢, f,F) solves functional equa-
tion (4). In view of Proposition 4, it is enough to show that there exists A € ¢(I), such
that (@a,f) solves equation (11) on the interval 1. This is trivially fulfilled provided
that at least one of the functions f or ¢ is constant on /. Therefore, in the sequel, we
suppose that f and ¢ are non-constant functions.

By our assumption, ¢ has at least one level set with a nonempty interior, which,
based on Corollary 5, means that at least one of the sets [ and I is nonempty. Without
loss of the generality, we may assume that [ # @. If I = I, then we are done. Hence, in
the rest of the proof we may also assume that [ is a proper subinterval of /.

For the brevity, denote the interval 1\ (IUI) by S. We are going to prove that S
must be empty. More precisely, first we show that its interior is empty, then, secondly,
that it cannot be a singleton.

Part 1. Indirectly assume that the interior of S is nonempty. Observe, that, by the
statement (ii) of Lemma 7, the function f cannot be constant on /. Indeed, if f were
constant on [ =]et, B[, then it would also be constant on Ja, o= LU (S\ {e}). Then,
forany A, the pair (@a, f) satisfies (11) on e, @[, which means that I would be strictly
expandable, contradicting its definition. Therefore, based on Lemma 5, there uniquely
exists A € ¢(I) such that [ = I, that is, the pair (@4, f) solves equation (11) on the
subinterval /. Applying Theorem 3 for the interval [, there exists a closed subinterval
K C I such that J := %(l—kK) C Z, holds.

Using the notations of Theorem 3, we show that K* N[ must be empty. If not, then,
in view of the statement (ii) of Lemma 7, we have that f is constant on K*N]e, o[ .
This implies that f(I) = f(Jer,e[). Using that the pair (@a,f) solves equation (11)
on I, by Corollary 2, it follows that (@a,f) also solves equation (11) on ]a, @[. This
contradicts the maximality property of I again.

Therefore, K* N[ is empty, or equivalently, we have that supJ := 3. By Lemma
3, the interval J; and hence J.. contains the point 3 in its interior. On the other hand,
Corollary 5 implies that J.. C I or J.. C 1. Both inclusions are obviously impossible.
This final contradiction means that the interior of § must be indeed empty or, equiva-
lently, the closed interval § is at most a singleton.
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Part 2. In this part we are going to show that S is neither a singleton. The proof
of this part also goes indirectly, that is, let us assume that S = {p} C I. Then both
of the open intervals [ and I are nonempty. Furthermore, there is no one-sided open
neighborhood of p contained in I, where ¢ were constant. Otherwise, if there exists
r > 0 such that ¢ is constant on the left neighborhood J :=]p —r,p] C I of p. Then
the interval J.. contains p in its interior, which, because of Corollary 5, is impossible.
A similar argument shows that ¢ cannot be constant on any right neighborhood of p.

Therefore, in view of Lemma 5 and Theorem 3, there exist nonempty open subin-
tervals L,R C I with supL =infR = p and real constants A, Az € R such that f|, = A,
and f|g = Ag. We claim that A; and Ag are necessarily equal to f(p). If not, then,
by Lemma 6, we get that ¢ is constant on the interval %(L +p) and %( p—+R), respec-
tively. These sets are left and right neighborhoods of p, which, in view of the previous
argument, yields a contradiction.

Thus the restriction of f to the interval LU {p} UR is a constant function. Then
we have f(I) = f(IUR). Since (@a,f) solves equation (11) on I, by Corollary 2,
it follows that (@4, f) also solves equation (11) on IUR. This again contradicts the
maximality property of 1.

Consequently, S is empty or, equivalently, the open interval I N1 is nonempty.
Particularly, we get that T is also nonempty. To avoid the trivial case, it can be supposed
that 7 is different from 7. The function f is non-constant on I, therefore we may
assume that f is non-constanton /. Then, by Lemma 5, there uniquely exists A € ¢(I)
such that [ =1,. If f is constant on I, then f(I) = f(IUI) = f(I). Thus, in view of
Corollary 2, the pair (@4, f) solves equation (11) on the entire domain 7, hence in this
case we are done. Therefore in the sequel we may assume also that f is non-constant
on /. By Lemma 5, there uniquely exists A’ € ¢(I) such that I = I,/. Now, obviously,
we have two possibilities, namely either A # A’ or A=A’.

Assume that A # A’ holds. Then, by Lemma 4, there exists a real constant A such
that f is identically A on the intersection M := IN1. Then, because of the maximality
property of I and I, there is no > 0 such that f takes A also on the open subinterval
(M+]—r,r[)NI. Consequently, for all n € N, there exists y, €]8, + 1[I such
that f(y,) # A. Then, by Lemma 6, the function ¢ must be constant on the interval
2((LNI)+yy) forall n € N. The intersection of the family {1 ((ZN1)+y,) |n € N}
is nonempty, which implies that ¢ is constant on the union (J,cn % ((L NI)+ yn) )

o+ .. .
]QTE7 B [ A similar argument shows that ¢ must be also constant on the interval

]E, aTJrE [ . The level sets of ¢ are closed, therefore ¢ takes the same value on J :=
Jer,B[. Then J.. contains the points ¢ and f in its interior, which contradicts the
statement of Corollary 5. N

Finally, we obtained that A = A’ must hold. Then the pair (g4, f) trivially solves
(11) on the sets I and I. By Proposition 4, this means that there exist B,B’ € R such
that F=Af+Bon [ and F =Af+B on I. The nonemptyness of the intersection
1, N1y yields that B = B'. Consequently, F = Af + B on I. This, based again on
Proposition 4, equivalent to that (¢4, f) solves (11) on the entire interval I, which
finishes the proof. [
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COROLLARY 6. Let ¢ :1— R be afunction with closed level sets in I and assume
that there exists a level set of @ whose interior is nonempty. Then the triplet of functions
(o,f,F) solves functional equation (4) if and only if either f is constant on I and
©,F : 1 — R are arbitrary functions or there exist A € ¢(I), B € R, a nonempty closed
interval K C I, and constants A, A* € R such that the inclusions

K.C% 5, K CZ 3 and $(I+K)C Z4a (19)

are satisfied, furthermore we have F =Af+B on I.

5. Solutions of (4) assuming that ¢ is continuous

The following statement summarizes what we have established in the previous
sections and establishes the main result of our paper.

THEOREM 5. Let ¢ : I — R be a continuous function. Then the triplet of functions
(¢, f,F): I — R3 solves equation (4) on I if and only if either

(i) f and F are constant functions and ¢ is an arbitrary function on I, or

(ii) there exist A € @(I), a nonempty closed interval K C I and constants A, A*, |l €
R such that the inclusions of (19) hold and F =Af+ U on I, or

(iii) there exist constants A,B,C,D € R with AD # BC and y,lt,A € R such that, for
all x € I, one of the possibilities

F(x) = —Ccos(v/—yx) + Dsin(y/—yx) + U,

£(x) = —Acos(v/=7x) + Bsin(y/=yx) + A, (20)
_ Csin(y/=yx) + Dcos(y/—yx)
) = A Sin(y =) T Beos(y =)
or
F(x) = %sz +Dx+pu,
flx) = %sz +Bx+A, 1)
(x) = Cx+D
P =T
or

F(x) = Ccosh(y/yx) + Dsinh(y/yx) + u,
f(x) =Acosh(y/yx) + Bsinh(\/yx) + A, (22)

(
(V)

_ Csinh(/yx) + Dcosh(,/¥x)
(V)

o) = Asinh(,/yx) + Bcosh(,/7x)
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hold whenever y <0 or y=0 or y> 0, respectively.

It is worth noticing that the condition (iii) of the theorem could be formulated in
the following equivalent way:

(iii)’ f and F are differentiable functions, f’ is nowhere zero on I and there exists
a constant ¥ € R such that ' and F’ are linearly independent solutions of the
second-order linear homogeneous differential equation Y’ = yY and ¢ = F'/f’
on/.

Proof. The continuity of ¢ implies that, for all E € R, the level set 2  is
closed in /.

Itis obvious thatif f and F are constants and ¢ is an arbitrary function on 7, then
(¢, f,F):I— R3 solves equation (4) on I. If F is constant on I, then (¢, f) solves
(11). Therefore, by Theorem 3, either f is constant on I or there exist a nonempty
closed interval K C I and constants A,,A* € R such that the inclusions in (15) hold.
Thus the alternative (ii) of our theorem is valid with A = 0. Therefore, in the sequel,
we may assume that F is non-constanton /. Then f is also non-constant.

If there exists a level set of @ whose interior is nonempty, then, in view of Corol-
lary 6, there exist A € ¢ (), a nonempty closed interval K C I and constants A.,A*, u €
R such that the inclusions (19) hold, furthermore F = Af + u on /. This shows, that
the alternative (ii) is valid in this case.

Finally, we consider the case when ¢ is locally non-constant and the functions f
and F are non-constant on /. We are going to show that in this setting the alternative
(iii) is valid. First we deal with the necessity of (iii). Assume that the triplet of functions
(o,f,F):1— R solves equation (4) on I. Then, in view of Theorem 2, the function f
is infinitely many times differentiable and (¢, ') satisfies the functional equation (10)
on I. Consequently, one of the possibilities (i) or (ii) of Theorem 1 holds concerning
the pair (¢, ).

If the alternative (i) of Theorem 1 were valid, then there would exist a subinterval
J C I such that f is zeroon I\ J and ¢ is constant on %(] +1). Using that ¢ is locally
non-constant on /, we could conclude that J must be empty, which would yield that f,
and hence F', is constant on / contradicting our assumptions. Therefore, we must have
the alternative (ii) of Theorem 1. Then there exist real constants a,b,c,d,y € R with
the property ad # bc such that, depending on the sign of v, the functions ¢ and f’ are
of the forms (6), (7) or (8) listed in Theorem 1. To compute f and F, we distinguish
three main cases.

Case y < 0. Then, in view of (3) of Theorem 1, we have

o(x) = csin(y/=yx) +d cos(y/=7yx)
asin(y/—yx) +bcos(y/—yx)

for all x € I. Therefore, there exists A € R such that

and  f'(x) =asin(y/—yx) +bcos(y/—yx)

flx) = \/;__y(—acos(\/—_yx)—f—bsin(\/—_yx))—f—k, (xel).
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Replacing a,b,c, and d by A\/—v, B\/—7, C/—Y, and D,/—7, respectively, we can
see that f and ¢ are of the form stated in (20). To conclude the proof, we compute

() (f(x) = £()) for x,y € I. To simplify the calculation, denote the points /—7x

and /—7Yy by u and v, respectively. Then
f(x)— f(y) = (—Acos(u) + Bsin(u)) — (—Acos(v) + Bsin(v))
= 2sin 5 (Asin 432 + Bcos 42,

Therefore,

o(52) W - 1))
_ Csin "3 4 Dcos '3+
" Asin 2 ”+V + Bcos “er"

=2sin 52 (Csin 4 + Dcos “*) (23)

:(—Ccos( ) +Dsm( )) — (—Ccos(v) + Dsin(v))

—(~Cos(v/ =) + Dsin(y/7Fx)) — (~Ceos(y/ =) + Dsin(y/~7)).
Using that (@, f,F) solves (4), the above identity yields, for all x,y € I, that
F(x) —F(y) = (—=Ccos(y/=7x) + Dsin(y/=7x)) — (=Ccos(v/=yy) + Dsin(v=p)),

hence the mapping x — F(x) + Ccos(y/—7x) — Dsin(y/—7x) is constant on I. This
shows that F' is of the form (20) for some real number L.
Case y=0. Then, by (2) of Theorem 1, for all x € I, we have

+2sin 5 (Asin “0¥ + Bcos 3

cx+d

b and  f'(x) =ax+b.

¢(x) =
As before, we immediately get that there exists A € R such that
)
f(x)zzx +bx+A, (xelI).

Now, replacing a,b,c, and d by A,B,C, and D, respectively, we get, for all x,y €1,
that

o(52) () - 10)

2
c+D/1, 1,

T A2 Br—=A —B)
A’%Hz(z r By ATy
CEL+D/ x+ x+

_ - y y

—A,%JFB( : +B>(x y) = (C—+D>(x—y) (24)

15 1 2
:ECX +Dx—<§Cy +Dy>.
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Using that (¢, f,F) solves (4), the above identity yields, for all x,y € I, that we must
have

1 1
F(x) = F(y) = 502+ Dx— (ECyz —|—Dy>,

hence the mapping x — F(x) — %sz — Dx is constant on /. This shows that F is of
the form (21) for some real number L .
Case v > 0. Based on (3) of Theorem 1, in this case we have

_csinh(y/Yx) +d cosh(,/7x)
~ asinh(,/7x) + bcosh(,/7x)

for all x € I, thus there exists A € R such that

flx)= %/(acosh(\/)_/x) +bsinh(/yx))+ A, (xel).

o(x) and  f'(x) = asinh(\/yx) + bcosh(,/7x)

Substituting A./Y, B/Y, C\/Y, and D,/Y instead of the constants a,b,c, and d, re-
spectively, we can see that f and ¢ are of the form stated in (22). Now we compute
@ (52)(f(x) — f(v)) for x,y € I. For the brevity, denote the elements \/7x and /7y
by u and v, respectively. Then,
f(x) = f(y) = (Acosh(u) 4 Bsinh(u)) — (A cosh(v) + Bsinh(v))
= 2sinh “5* (Asinh “4* + Bcosh “4*).

Therefore, for all x,y € I, we have

o(2) @ - o)
_ Csinh 1Y + Dcosh “32
Asinh “}¥ 4 Bcosh 3
=2sinh “5* (Csinh “}* + Dcosh “4*) (25)
=(Ccosh(u) 4+ Dsinh(u)) — (Ccosh(v) + Dsinh(v))
=(Ccosh(y/yx) + Dsinh(/¥x)) — (Ccosh(\/yy) + Dsinh(y/7y)).
Using that (@, f,F) solves (4), the above identity yields, for all x,y € I, that

F(x) — F(y) = (Ccosh(\/yx) + Dsinh(y/¥x)) — (Ccosh(y/yy) + Dsinh(\/7y)),

hence the function x — F(x) — Ccosh(,/¥x) — Dsinh(,/¥x) is constant on /. This
verifies that F is of the form (22) for some u € R.

To show the sufficiency of alternative (iii), observe that in each of the above
cases, the identities (23), (24), and (25) are satisfied, respectively. Therefore, the triplet
(@, f,F) satisfies functional equation (4). [J

-2sinh “5¥ (Asinh “£* + Bcosh “£*)

REMARK 2. One can easily see that the triplets (@, f,F) described in alternatives
(1) and (ii) are solutions of (4) without assuming the continuity of ¢. It remains an open
problem if the continuity assumption about ¢ can be omitted from the formulation of
Theorem 5.
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6. An application

In this section, using our main result, we solve the equality problem of two-
variable Cauchy means and two-variable quasi-arithmetic means solely under the con-
ditions needed for their definitions.

THEOREM 6. Let J C R be an open subinterval. Assume that G,H : J — R are
differentiable functions such that 0 ¢ H'(J) and G, is invertible on J, and that ® : J —
R is continuous and strictly monotone. Then the functlonal equation

Con(x,y) = Ao(x,y), (x,yelJ) (26)

holds if and only if ® is differentiable with a nonvanishing first derivative and there
exist constants A,B,C,D € R with AD # BC and W,A,y € R such that

(g) B (é g) (va) ' (@ @)

(COS(\/_@(X)%SiH(\/—_Yq’(X))) ify <0,
(y1(x),y2(x)) = q (@° (x)) ify=0, (xel).
(COSh(\/_Y‘I)(x))7 sinh(y/7®(x)))  ify>0,

holds on J, where

Proof. A simple calculation yields that, the triplet (G,H,®) solves functional
equation (26) on J if and only if the triplet of functions (¢, f,F) := (% o®d ! Ho
@' Go®™!) solves the functional equation (4) on I := ®(J). In view of this connec-
tion, the sufficiency part of the statement is obvious. Thus we can turn to the proof of
the necessity part, that is, assume that (26) is satisfied.

Due to the properties of @, the set ®(J) is an open subinterval of R. By our
assumption, the function % is invertible on J, which, in view of Remark 1 of the
paper [26], implies that it is continuous and strictly monotone. This and the assumptions
concerning @ imply that ¢ = % o®~! must be also continuous, hence the conditions
of Theorem 5 are satisfied. Consequently, for the members of the triplet (¢, f,F), we
have one the possibilities (i), (ii) or (iii) listed in Theorem 5.

Assume that there exists a nonempty open subinterval of 7, where f is constant.
Then, by the continuity and strict monotonicity of ®, the preimage of this interval is
an open interval again, contained in J, where H is turned to be also constant. This
contradicts the assumption 0 ¢ H’(J). This means that f must be locally non-constant
on I, which means that the case (i) is excluded.

A similar argument shows that the case (ii) of Theorem 5 is also impossible. In-
deed, assume indirectly that we have (ii). According to the previous part, the set K
must coincide with 7, that is, ¢ must be constant on 1(/+K) =1I. Due to the prop-
erties of @, this yields that there exists a nonempty open subinterval of J, where the
ratio % is constant, which contradicts that it is invertible.
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Consequently, there exist real constants A, B,C, and D with the property AD # BC
and y € R such that one of the alternatives (20), (21) or (22) listed in the case (iii) of
Theorem 5 must hold.

Assume that y < 0 holds. Then, using the definitions of the functions ¢, f and F,
forall u € I = ®(J), we have

F(u) = G(® '(u)) = —Acos(v/—yu) + Bsin(y/—yu) + i

and

f(u) =H(® (u)) = —Ccos(y/=yu) + Dsin(/—yu) + A.

Writing x instead of ®~!(u), defining y;(x) := cos(\/—y®(x)) and yy(x) :=
sin(y/—y®(x)) for x € J, and, finally, writing A and C instead of —A and —C, we get
that the pair (G,H) is of the form written in (27). The proof in the cases ¥ =0 and
Y > 0 goes analogously.

Now we are able to prove that @ is differentiable with a nonvanishing first deriva-
tive. By the Rolle Mean Value Theorem, H has to be invertible on I, hence we have
® ! =H 'of. In view of Theorem 5, the function f is (continuously) differen-
tiable and, a short calculation yields that its derivative is either positive or negative on
its domain. Hence, taking the inverse of both sides of this last identity, we get that
® = f~! o H, which shows that ® is differentiable. Finally, the assumption 0 ¢ H'(J)
provides that @ does not vanishon J. [
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