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A GENERALIZATION OF G-METRIC SPACES
AND RELATED FIXED POINT THEOREMS

KAPIL JAIN AND JATINDERDEEP KAUR*

(Communicated by M. Praljak)

Abstract. The idea of b-metric was proposed from the works of Bourbaki and Bakhtin. Czer-
wik gave an axiom which was weaker than the triangular inequality and formally defined b-
metric spaces with a view of generalizing the Banach contraction mapping theorem. Further,
in 2006, Mustafa and Sims have introduced an alternative more robust generalization of metric
spaces to overcome fundamental flaws in B.C. Dhage's theory of generalized metric spaces and
named it as G-metric spaces. In this paper, inspired by the concept of b-metric spaces and
G-metric spaces, a new generalization of G-metric spaces (named as Gy, -metric spaces ) are
introduced that recovers a large class of topological spaces including standard metric spaces,
b-metric spaces, G-metric spaces etc. In such spaces, a new version of known fixed point the-
orems in b-metric spaces as well as in G-metric spaces have been proved. As an application
of our result, we establish an existence and uniqueness result for system of linear equations in
Gy, -complete metric spaces.

1. Introduction

In 1989, Bakhtin [1] established b-metric spaces as an extension of metric spaces
by defining a b-metric constant(s > 1) in triangle inequality of metric axiom. This idea
gave researchers to think in a magnificent way for their fixed point results.

DEFINITION 1. [1] Let X be a non empty set and let s >> 1 be a given real number.
A function d : X X X — [0,0) is called a b-metric if for all x,y,z € X,

(1) d(x,y)=0 ifandonlyif x=y,
(ii) d(x,y) =d(yx),
(iii) d(x,z) < s[d(x,y) +d(y,2)].

A pair (X,d) is called a b-metric space.

Mathematics subject classification (2010): 47H10, 54H25.

Keywords and phrases: Fixed point, complete metric space, system of linear equations, contraction
mappings.
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EXAMPLE 1. Let X = L,[0,1] be the space of all real functions x(z), ¢ € [0, 1]

1
such that / |x(¢)|Pdt < oo with 0 < p < 1. Define d : X x X — [0,00) as
0

) = ([ o -sorar) "

Then d is a b-metric space with coefficient s = 21/
EXAMPLE 2. Let X =R be the set of real numbers. Define d : X x X — [0, ) as

d(x,y) = (x=y)*.
Then d is a b-metric space with coefficient s = 2.

The above examples show that the class of b-metric spaces is larger than the class of
metric spaces. When s = 1, the concept of b-metric spaces coincide with the concept
of metric spaces.

DEFINITION 2. Let (X,d) be a b-metric space. A sequence {x,} in X is said to
be:

(I) Cauchy if and only if d(x,,x,) — 0 as n,m — .

(I) Convergent if and only if there exists x € X such that d(x,,x) — 0 as n — oo and
we write lim x,, = x.

n—oo

(IIT) The b-metric space (X, d) is complete if every Cauchy sequence is convergent.

The extension of Banach contraction principle in case of b-metric spaces proved
in [11] reads as.

THEOREM 1. Let (X,d) be a complete b-metric space with constant s > 1, such
that b-metric is a continuous functional. Let T : X — X be a contraction having con-
traction constant k € [0,1) such that ks < 1. Then T has a unique fixed point.

Generalizations of metric spaces were also proposed by Gahler ([7], [8]) (called
2-metric spaces) and Dhage ([4], [5], [6]) (called D-metric spaces) to extend the known
fixed point theorems from metric spaces to these spaces. But later, different authors
proved that these attempts are invalid (for detail see [9], [12], [17]). In 2005, Mustafa
and Sims ([14]) introduced G-metric spaces as a generalization of metric spaces as
follows:

DEFINITION 3. ([14]) Let X be a non empty set and G : X x X x X — [0,0) be
a function satisfying:

(1) G(x,y,z2)=0if x=y=z,
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(i) 0 < G(x,x,y); for all x,y€ X, with x#y,

(i) G(x,x,y) < G(x,y,2); for all x,y,z€ X, with z#£Yy,

@iv) G(x,y,z) =G(x,z,y) = G(y,z,x) = ...( symmetric in all three variables),
V) G(x,y,2) < G(x,a,a)+G(a,y,z) for all x,y,z,a € X,( rectangle inequality),

then the function G is called a generalized metric or a G-metric on X, and the pair
(X,G) is a G-metric space.

In this paper, a new class of metric spaces have been introduced which is gen-
eralization of standard metric spaces, b-metric spaces, G-metric spaces etc as below:

DEFINITION 4. Let X be a non empty set and s > 1 be a given real number. Let
Gp: X x X x X — [0,00) be a function satisfying:

(i) Gp(x,y,2)=0if x=y=z,
(ii) 0 < Gp(x,x,y); for all x,y € X, with x#y,
(i) Gp(x,x,y) <sGp(x,y,2); for all x,y,z€ X, with zF#y,
(iv) Gp(x,y,2) = Gp(x,2,y) = Gp(y,2,x) = ...( symmetric in all three variables),
(V) Gp(x,v,2) < s[Gp(x,a,a)+ Gyla,y,z)] for all x,y,z,a€ X,

then the function Gy, is called generalized- G metric or a G -metric on X, and the pair
(X,Gp) is a Gp-metric space.

REMARK 1. Every G-metric is a Gp-metric with s = 1. But converse need not
be true.

The following example shows the existence of a Gj-metric which is not a G-
metric.

EXAMPLE 3. Define a mapping G, : Rx Rx R— R, as:
Gh(x,y,Z) = |X—y|2 + |y _Z‘z + ‘Z_x|27 fOV all X, 0,2 € Ra
then this mapping is not a G-metric, however, it is a Gy -metric with s = 2.

PROPOSITION 1. Let (X,Gp) be a Gy-metric space. Then mapping dg, : X x
X — [0,00) defined by

dGh(X,y):Gh(X,x,y)+Gh(x,y,y), for all x7y6Xa

is a b-metric on X.



1148 K. JAIN AND J. KAUR

DEFINITION 5. Let (X,Gj) be a G,-metric space. Then for xp € X, r >0, the
open ball in (X,Gj) with center xy and radius r is

BG,}(XO,T) = {y eX: G(‘Xan’y) < r}'

PROPOSITION 2. Let (X,Gy) be a Gp-metric space with constant s > 1. Then
forxoe X, r>0,

B, (x0,r) € Bag, (x0, (1 +2s)r) C B, (xo, (1 425)r).
PROPOSITION 3. Let (X,Gy) be a Gp-metric space with constant s > 1. Then
forall x,y e X,
(i) Gp(x,y,y) < 25Gp(x,x,y),
(ii) 252Gp(x,,y) < dg, (x,y) < (1+425)Gp(x,.y)-

DEFINITION 6. Let (X,Gp) be a Gp,-metric space. Then a subset A of X is said
to be Gj,-open if for each a € A, there exists r > 0 such that Bg, (a,r) C A.

REMARK 2. A Gj-open ball in Gj,-metric space need not be a G, -open set.

DEFINITION 7. Let (X,Gp) be a Gj-metric space. Then a sequence {x,}, x, €
X, is said to be Gp,-convergentto x € X if for each € > 0, there exists ny € N (here N
be the set of natural numbers) such that

Gp(Xp,xn,x) <€  for all n> ng.

PROPOSITION 4. Let (X,Gp) be a Gy-metric space. Then following statements
are equivalent.

(i) Sequence {x,} is Gy-convergent to x.
(ii) dg,(Xn,x) — 0 as n— oo.

(iii) Gp(xp,Xn,x) — 0 as n— eo.

(iv) Gp(xp,x,x) =0 as n— oo.

(v) Gp(xp,Xm,x) — 0 as n,m— oo,

DEFINITION 8. Let (X,Gj) and (X', G}) be two Gj,-metric spaces. Then a map-
ping f: X — X’ is said to be G,-continuous at xg € X if for each &€ > 0, there exists
0 > 0 such that

G,(f(x0),f(x),f(x)) <& whenever Gy(xo,x,x) <& for all xe€ X.

REMARK 3. Continuity defined above is not equivalent to continuity of a function
in (X,Gy) as a topological space.
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PROPOSITION 5. Let (X,Gyp) and (X',G)) be two Gp-metric spaces. Then a
mapping f:X — X' is Gp-continuous at x € X if and only if whenever sequence {x,}
is Gp-convergentto x, {f(x,)} is G} -convergent to f(x).

DEFINITION 9. Let (X,Gp) be a Gj-metric space. Then a sequence {x,}, x, €
X, is said to be Gj-Cauchy sequence if for each € > 0, there exists ng € N such that

Gp(Xn,Xm,x1) < € for all n,m,l > ng.

PROPOSITION 6. Let (X,Gy) be a Gy-metric space. Then following statements
are equivalent.

(i) Sequence {x,} is a Gy-Cauchy sequence.

(ii) For each € >0, there exists no € N such that Gy,(Xp,Xm,Xm) < € for all n,m>
ngp.

(iii) Sequence {x,} is a Cauchy sequence in b-metric space (X, dg,).
PROPOSITION 7. Every Gy-convergent sequence is a Gy-Cauchy sequence.

DEFINITION 10. A Gj-metric space (X,Gy) is said to be Gj,-complete if every
Gy -Cauchy sequence is Gj,-convergent sequence.

EXAMPLE 4. Let X =R, and G, : X x X x X — R be defined as :
Gp(x,y,2) = [k —y* + |y =2 +[z— x>, for all x,y,z€R.

Then (R,G;) is a Gp-metric space with s =2.
We can easily prove that (R,G,) is G,-complete with the help of Proposition 4 and
Proposition 6.

2. Lemmas

We need the following lemmas for the proofs of our main results:
LEMMA 1. Let (X,Gp) be a Gy-metric space with constant s > 1 and {x,} be
any sequence in (X,Gy). Then
k=1
Gy (x0,X,%%) <5 Y G (i, X1, Xit 1)

i=0

forevery ne N and k € {1,2,3,...,2"}.
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Proof. We denote P(n) by the statement: Forevery n € N and k € {1,2,3,...,2"},

k—1

Gy (x0, X, %) < 5" Y, G (i, X1, Xi1)-
i=0

It is easy to prove that P(0) and P(l) are true. Now we prove that P(n) implies
P(n+1).
Case 1: If k € {1,2,3,...,2"}, then using P(n) and s > 1, we have

k-1 k-1
Gy (X0, Xk, %) < 8" Y, Gp (i, Xir1,%141) < 8" Gy (i, xig1,xig1).
i=0 i=0

Case 2: If k€ {2"+1,2"+2,2"+3,...,2""1} ' then using P(n), we have

Gy (x0,xx, %) < 8(Gp(x0,x0n,x01) 4 Gp (X210, X, Xg))

2] k=1
<s (S" Y Gp(xiXigt,xip1) +5" Y Gb(xi7xi+1,xi+1)>
i=0 i
k-1
= "N Gy(xi,xie1,xis1). O
i=0

LEMMA 2. Let (X,Gp) be a Gy-metric space with constant s > 1 and {x,} be
any sequence in (X,Gy) such that

G (Xn, Xn+1,%n+1) < KGp (Xn—1, X, Xn)
for every n € N and for some k € (0,1), then {x,} is a G,-Cauchy sequence.
Proof. Applying induction on given condition we have,
Gp(Xn, Xnt1,%n+1) < K" Gp(x0,X1,X1). (D
Let m,l € N and p = [log,{]. Consider,

G (X 15 Xm-+1,Xm+1)
SGp (Xt 1,%m 12, %m+2) +SGp(Ximt2, Xm0 Xm+1)
2 2
sGp (merl 7xm+27xm+2) +5°Gp (xm+27xm+22 ,xm+22) +5°Gp (xm+22 ax1n+l7xm+l)

NN N

2 3
sGp (merl 7xm+27xm+2) +5°Gp (xm+27xm+22 ,xm+22) +5°Gy (xm+22 X239 X423 )

3
+s5°Gyp (xm+23 y Xm+1 7xm+l)

P
n +1
.. < Z s"Gy (xm+2n71 yXmgons Xmon ) + P Gy (Xms2p s X1y Xt
n=

N

m+2"1-1

< Z s2n ( Z Gb(X2nl+i,x2nl+i+1,x2nl+i+1)>

n=1 i=m
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ey (M
+
452D Y Gp(xariisXor it Xortiv1)

i=m

ptl ) m+2" 11

n
<ZS Z Gy (Xgn-1 4y Xgn1 i 1 X1 4441) | 5
n=1

i=m

p+1 2n7171 .
Gy (X1, X 15%m1) < Gp(x0,x1,x1) ., 57" ( > e +l>
n=1 i=0

G (x0,x1,x1 )K" A& 5, o
<————77—"7— "k
1k gls
Gh(XO X1 xl)k’” i 2nl opon—1
< ML K ogy s+ .
Y

n=1

Since lim (2nlog; s+ 2" —n) = oo, so for A > 0, there exists no € N such that
Nn—oo

2nlogs+2" 1 —n> A for all n > ny,
which implies that

o n—1
fmlogs+2""1 < pActn for all n > ng.

. < i on—1
Hence, the series 2 kZloss+2 g convergent and denote the sum by u, then

n=1

Gy (x0,x1,x1 )K" 1

Gb(xm+laxm+kaxm+k> < 1—k

for all m,k € N. But k € [0,1), so by using Proposition 6, {x,} is a Gj,-Cauchy
sequence. [J

3. Fixed point theorems in the context of G- metric spaces
Our first result is the following theorem.

THEOREM 2. Let (X,Gy) be a Gp-complete metric space with constant s > 1
and T : X — X be a mapping such that

Gy(Tx, Ty, Tz) < kGy(x,v,z)  for all x,y,z€X,
where k € |0, %) Then T has a unique fixed point.

Proof. Let x € X be arbitrary. Define a sequence {x,} in X by

X, =T"(xg) for all neN.
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Then for each n € N, we have

G (Xn,Xn+15Xn+1) < kGp(Xn—1,%n,Xn).
Now an easy induction gives that

G (Xn,Xn+1,Xn+1) < K'Gp(x0,X1,X1).
Let n,m € N with n < m, then we have,

Gy (X, Xm, Xm)

S[Gp (X0 Xn1,%n41) + Go (Xn1,%m Xm)|

Gy (s Xn 1, %n41) 57 (G (Xn 1, %0125 %0 +2) + G (42, Xm, Xin)]

o K SG (X0, X1, X 1) + 2 G (Xt 1, %042, X042) F oo 5™ "Gy (X1, X, Xom)

NN N

< (K" + 2K TG (xo,x0,x1) <

k"

ls_ska(xo,xl,xl),

80 Gp(Xp,Xm,Xm) —> 0 as n,m — oo. Thus {x,} is a G,-Cauchy sequence. But
(X,Gp) is a Gp-complete, therefore, there exists X' € X such that x, — x'. Now
T(xX')=T(limx,) = limT(x,) = limx,;; = x. Thus x’ is a fixed point of T. Let

n—oo n—oo n—soo
y be another fixed point of 7. Then
Gp(x',,y) = Gp(Tx', Ty, Ty) < kGyp(x',y,y)

which implies that G, (x',y,y) =0 as k € [0, 1), therefore, X' =y, that is, x is a unique
fixed pointof 7. [

EXAMPLE 5. Let X =R, and G, : X x X X X — R be defined as:
Gp(x,y,2) = [k =y*+ |y =2 +[z—x’, for all x,y,z€R.

Then (X,G)) is a Gj,-complete metric space with s =2.
Define T: X — X by

T(x):f, xeX
2
Then
Gy(Tx, Ty, T2) = Gy(2, 2, 5 ‘x y‘2+)y Z)2+‘Z X1® < kG (x,3,2)
X — Sy AYA) T A T A 5 A 54X X, %,2),
b y Y, 12 b27272 2 ) 2 ) 2 ) b Wz

where k = % € [0, %) Also T has a unique fixed point namely 0.

EXAMPLE 6. Let X = {o,f,7} and define a mapping G, : X x X x X — R as
follows:

Gp(x,x,x) =0forallx € X,
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Gy
Gy
Gy
Gy

o, B, B)=Gp(B, 0o, B) =Gy (B, B, @) = Gy (et &, B) = G (et B, ) = G (B, v, ) = 1,
o YN =Gp(1, 1) =GCp(1,% ) =Gp(a, 0,7) =Gp(0, 7,0) =Gp(y, 06, ) = 1.2,
B. 1Y) =Gu(%.B. V) =Gu (1. %, B) = Gu(B, B,V) = G (B, 7. B) = Gu(v. B, B) = 1.3,
x,y,z) =33 forall x,y,z € X withx #y# z #x.

Y~ T~

Then it is easy to prove that (X,Gp) is a G,-metric space with constant s = 1.5 (here
1.5 is the smallest possible value of s). Also we notice that, with x =0, y=, z=17,

xy, %\Gb ﬁ ﬁ ""Gb([3 Wz )7

however,
Gh(X,y,Z) < S[Gh(xaﬂaﬂ) + Gb(ﬁ?.)}?Z)]'

Also itis very easy to show that (X,G,) is a G, -complete. Define a mapping 7 : X — X
by Tao=o, TB=ca, Ty= 3. Now for k = % €10, 1), itis not difficult to prove that

Gy(Tx,Ty, Tz) < kGy(x,v,z) for all x,y,z€X,

and % is the smallest value of such k. Here T has a unique fixed point, namely o,
however k ¢ [0,1). So it is need to extend the interval [0, 1) in Theorem 2.

In this theorem, we consider & € [0,1) rather k € [0,1).

THEOREM 3. Let (X,Gj) be a Gp-complete metric space with constant s > 1
and T : X — X be a mapping such that

Gb(TX’T)GTZ) ngh(xayaZ) fOV all x7y7Z€X7 2

where k € [0,1). Then T has a unique fixed point.

Proof. Let xo € X be arbitrary. Define a sequence {x,} in X by
xp=T"(x0) for all neN.
Then for each n € N, we have
G (Xn, Xnt1,%n41) < KGp(Xn—1,Xn,Xn),

so by Lemma 2, {x,} is a G,-Cauchy sequence. But (X,Gp) is a G,-complete, there-
fore, there exists X' € X such that x, — x'. Now T(¥') = T(limx,) = im T (x,) =

limx,; = x". Thus x is a fixed point of 7. Let y be another fixed point of 7. Then
n—soo

Gh(x/7y7y):Gb(Txl7TyaTy) ka( X0y )

which implies that G, (x',y,y) =0 as k € [0, 1), therefore, X =y, that is, x is a unique
fixed pointof 7. [
The next theorems are generalization of Theorem 2 and Theorem 3.
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THEOREM 4. Let (X,Gj) be a Gp-complete metric space with constant s > 1
and T : X — X be a mapping such that

Gp(Tx,Ty,Tz) < k[Gp(x,y,2) + Gp(x, Tx, Tx) + Gp(y, Ty, Ty) + Gp(z, Tz, T7)]
forall x,y,z € X, where k € [0,A) and A = min{%, %} Then T has a unique fixed

point.

Proof. Let xo € X be arbitrary. Define a sequence {x,} in X by
Xp =T"(x0) for all neN.
Then for each n € N, we have

Gh(xnaxn-&-l ;xn+1) k[ZGh(xn l;xnyxn) + 2Gh(xn;xn+l ;xn+l)}
which implies that

2k

1—2kG b (Xn— 15X, Xn).-

Gp(Xns Xnt1,Xn11) <

As k< }P therefore, = 2k < 1 and hence by Lemma 2, {x,,} is a Gp-Cauchy sequence
But (X,Gy) is a G,-complete, therefore, there exists x' € X such that x, — x'. Now
consider,

Gp(x', TX', Tx') < s[Gp(x',xn,%n) + Gp (20, TX', TX')]

<
<SGy (X, X0, %0 ) +5k[Gp (X 1,X, ')+ Gy (01, %0, X0 ) +2Gp (X, TX, TX))
which gives that

(1 =2ks)Gp(x', TX', TX') < sGp(x', %0, %) + 5k[Gp (X—1,X ;X ) 4+ G (X1, %0, Xn)].

Letting n — oo, we have
Gy(x',Tx',Tx') =0

which immediately tells that 7x' = x’, that is, x” is a fixed point of 7. Let y be another
fixed point of 7. Then

Gh(x/7y7y):Gb(Txl7TyaTy) ka( X0y )

which implies that G,(x',y,y) =0 as k < }P therefore, x' =y, that is, X’ is a unique
fixed pointof 7. [J

THEOREM 5. Let (X,Gy) be a Gp-complete metric space with constant s > 1
and T : X — X be a mapping such that

Gb(Tx7 Ty, TZ) < AGb(x7y7 Z) + BGb(x7 Tx, Tx) + CGb(y7 Ty, Ty) + DGb(Zv Tz, TZ) (3)

Sorall x,y,z€X, where A+ B+C+D < 1, s(C+D) <1 and A+ B > 0. Then either
T has a unique fixed point or all elements of X are fixed points of T .
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Proof. Let xo € X be arbitrary. Define a sequence {x,} in X by
xn =T"(xo) for all neN.

Then for each n € N, we have

Gy (Xns Xnt1,Xn+1)
<AGb(.xn71,xn,xn) +BGb(xn717xnaxn) ""CGb(xnaanrlaanrl) +DGb(xn7xn+l7xn+l)7

which implies that

A+B

Ty O (X 1,%0, X ).
1—(C+D) b(Xn—1,%n,Xn)

Gh(xn7xn+laxn+l) <

As A+B+C+D <1, A+ B > 0, therefore, by Lemma 2, {x,} is a G,-Cauchy
sequence. But (X,Gj) is a G, -complete, therefore, there exists x' € X such that x,, —
x’. Now consider,
Gp(x', TX , Tx')
< S[Gp (¥, %0, %0) + Gp (0, TX , TX))]
< Gy (¥, xn,xn) + SAGy (X1, X ,X') + SBGy (X1, X0, %) +5(C+D)Gy(x', TxX', TX'),

which gives that
(1—s(C+D))Gp(x',TX', Tx') < 5Gp (X', %, %) +S[AGy (X 1,%', X' ) + BGp (X1, X, %))
Letting n — oo, we have

Gy(X,TX', Tx') =0,

which gives that Tx' = x/, thatis, x" is a fixed point of 7. Now if all elements of X are
not fixed points of 7', then there exists some x* € X such that Tx*  x*, so on putting
x=y=z=x" in (3), we have that 0 < (B+C+ D) G,(x*,Tx*,Tx*) which implies
that B4-C+D >0. Thus A<1as A+B+C+D < 1. Let y be another fixed point of
T. Then

Gb(x/7y7y) = Gb(Tx/7Tya Ty) <AGb(x/7y7y) +BGb(x/7Txl7Tx/) + (C+D)Gb(y7 Tya Ty)
= AGh(x/7y7y)a

which implies that G,(x',y,y) =0 as A < 1, therefore, X' =y, that is, x’ is a unique
fixed pointof 7. [

Now, we furnish some examples related to Theorem 5.

EXAMPLE 7. Let X = {«,f3,7,8} and define a mapping G, : X X X x X — R,
as follows:

Gp(x,x,x) =0forall x € X,
Gh(a7ﬁ7ﬁ) = Gh(ﬂaa7ﬁ) = Gb(ﬂaﬂaa) = Gb(a7a’ﬁ) = Gb(a7ﬁ7a)
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:Gb(ﬁva7a) =2,

Gh(a7% Y) = Gh(%aﬂ/) = Gh(% Y OC) = Gb(a7(x’Y) = Gb(a7%a) = Gh(%a7a)
=1,

Go(0,8,8) = Gy(8,,8) = Gy (8,8, 0) = Gy, 0, 8) = Gy (1,5, )
=Gp(0,a,0) =1,

Gh(ﬂaYJ/) = Gb(%ﬂvY) = Gb(Y7%ﬂ) = Gh(ﬁ7ﬁ7)/) = Gh(ﬁ7%ﬂ) = Gh(Y:ﬁ:ﬁ)
—21,

Gy(B,6,6) =Gp(6,B,6) = Gy(6,6,B) = Gy(B,B,6) = Gu(B,6,B)
:Gb(6aﬂaﬂ): 1.3,

Gh(Y76a6) = Gh(6’Y76) = Gb(676’Y) = Gb(Y: %6) = Gh(Y76aY) = Gh(6aY7 Y)
—43,

Gp(x,y,z) =5 forall x,y,z € X with x #y # z # x.

Then it is easy to prove that (X, G,) is a G,-metric space with constant s =2.6. Also
we notice that, with x=6, y=f, z=7,

.Xy, %\Gh ﬂ ﬂ +Gb(ﬁ »z )7

however,

Gh(X,y,Z) < S[Gh(xaﬂaﬂ) +Gb(ﬁ,y,2)]~

Also it is quite obvious that (X,G}) is a G, -complete. Define a mapping T : X — X by
Tao=o,TB=0,Ty=0,Td=a.NowforA=0.7, B=0.07, C=0.08, D=0.09,
wehave A+B+C+D <1, s(C+D) <1 and A+ B > 0. Also it is not hard to prove
that (3) holds true. But for x =y = ¢, z =7y, we notice that (2) does not hold true for
any k € [0,1), however T has only one fixed point, namely o.

EXAMPLE 8. Let (X,Gj) be a G,-complete metric space as in previous Example
7. Define a mapping T: X — X by Ta=o, TB=, Ty=1Yy, To = 0. Then for
A=14 B=-02,C=-3,D=—1,wehave A+ B+C+D <1, s(C+D) <1 and
A+ B > 0. Also it is easy to see that (3) holds true, however all elements of X are fixed
points of 7.

THEOREM 6. Let (X,Gj) be a Gp-complete metric space with constant s > 1
and T : X — X be a mapping such that:

(i) Gp(Tx,Ty,T2) < kmax{Gy(x,y.2), Gp(x, Ty, Ty), Gp(y,Tx,Tx), Gp(z,T2,T2)}
for all x, y, z€ X and for some k € |0, %) ;

(ii) T is Gp— continuous or Gy(xy,v,z) — Gp(x,v,z) whenever x, — x for all y,z €
X

then T has a unique fixed point.
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Proof. Let xo € X be arbitrary. Define a sequence {x,} in X by
xp =T"(xo) for all neN.
Then for each n € N, we have

G (Xn, X1, %n41)
< kmaX{Gh(xn—l7xn7xn)7 Gh(xn—l7xn+laxn+1)? Gb(xnaxnaxn)? Gb(xnaxn+1axn+1)}
< kmaX{Gb(xnflvxna-xn)a Gb(-xnfla-xn+l7xn+l)}~

Case I: If max{Gy(x,—1,%1,Xn); Gp(Xn—1,Xn11,Xn11)} = Gp(Xn—1,%n,Xn), then
Gp(Xn, Xn1,Xn41) < KGp(Xp—1,X0,Xn)-
Case II: If max{Gy,(x,—1,%1,%n), Gp(Xn—1,Xn11,%0+1)} = Gp(Xu—1,Xn11,Xn41)» then

G (%0 Xn11,%n41) < kGp(Xn—1,Xn41,Xn+1) < kS[Gp(Xn—1,Xn,Xn) + Gp(Xn, Xnt-1,Xn41)] s
which implies that

ks

me(Xn—l,xn,xn)-

Gh(xnaxn+17xn+l) <

As k €[0,5), so in both cases by Lemma 2, {x,} is a Gj,-Cauchy sequence. But

(X,Gp) is a G,-complete, therefore, there exists x' € X such that x, — x’'.

Case I If T is Gp-continuous, then 7'(x') = T (limx,) = im T (x,) = limx,+1 =x.
n—soo n—oo n—soo

Case II: If G}, is continuous with respect to first variable, then

Gp(x', TX , Tx') < s[Gp(¥,xn,%) + Gp (20, TX', TX')]
< 5Gp (¥, X0, Xn) +skmax{Gb (Xp_1,% %), Gp(x,1, T, TX),
Gy (X', X0, %), G;,(x/,Tx',Tx')}.
Letting n — oo and using the fact that G, is continuous with respect to first variable,

we have
Gy(x', TX , Tx') < skG, (X', T, TX').

But sk < 1, therefore,
Gy(xX', TX',TX') =0
which implies that Tx' = x’, that is, x’ is a fixed point of T. Let y be another fixed
point of 7. Then, in view of Proposition 3,
Gb(x/ay’ ) = Gb(T‘xl Tya Ty)
kmaX{Gb( X,y )7 Gb(x/a Ty: Ty)7 Gh(ya T.X/, T)C/), Gh(y7 Tya Ty)}
= kmax{G(x',y,y), Gp(x',y,y), Gp(y.x',x), Gp(y,3,y)} <kGp(y,x',x')
k[2SGb( XL,y )}7

which gives that G,(x',y,y) = 0 as 2ks < 1, therefore, x¥' = y. Thus T has a unique
fixed point. [
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4. Application

As an application of the fixed point theorem for contractions on a Gj-complete
metric space, we provide an existence and uniqueness result for system of linear equa-
tions.

THEOREM 7. In a system of linear equations
Ax=0b 4)

where A = [ajj] is a n x n matrix and b = [b;] is a column vector of constants and
x = [xj] is a column matrix of n unknowns, if

i+ 1+ Y aij| <1 for all i=1,2,....n. ®)
ST

then system has a unique solution.

Proof. Let X = {[x;] | x;jisreal forall i=1ton, n being fixed} and
Gp: X X X x X — R, be defined as:

Gy (x,,2) = miax |x; — yi[? + max y; — z* + max |z — i,

for all x = [x;], y = [yi], z=[z] € X. Then clearly (X,G}) is a G,-complete metric
space with constant s = 2. Now define a n x n matrix C = [c;;] by

o — aij+1,if i=j
Y aij, if i#j.

Then given system (4) reduces to

x=Cx—b. (6)
Also given condition (5) becomes
n
2 lcijl <1 for all i=1,2,....n. (7
j=1

Now define a mapping 7 : X — X by
Tx=Cx—Db, where x € X.

i, z=1[z]€ X,set p=Tx, q=Ty, r=Tz and suppose

Now for x = [x], y=
i], r=1[r], then

y Y
that p = [pi], g=|q

Pi= Ea,-jx,-—b,- (i= 1,2,...,71) etc.
=1
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Consider,

Gb(Txv Ty7 TZ)

n 2, N 2, .1 2
= max |p; — gif” + max |g; — ri|” +max|ri — pi|
2 2 2
n n n n n n
=max | Y, ¢;j(x;i—yi)| +max|Y cij(vi—z)| +max|Y cij(zi—xi)
i=1 i=1 i=1 =1 i=1 i=1
2 2 2
n n n n n n
< max > leijlli =il +max > leijllyi =zl +max > leijllzi —xil
1= j=1 = j=1 1= j=1
. 2
< (mrélx|xk—}’k|2+mréxYk_Zk|2+mréX|Zk_xk|2> max > leijl
k=1 k=1 k=1 i~ \ A
2
n n
= Gb(x7y7z)1?_alx Z ‘Cij| = aGb()C,y,Z),
-\~
where

2

By the condition (7), o € [0, 1), therefore, using Theorem 3, T has a unique fixed point
and hence system (4) has a unique solution. [
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