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CONTINUOUS FORMS OF GAUSS-POLYA TYPE
INEQUALITIES INVOLVING DERIVATIVES

LUDMILA NIKOLOVA AND SANJA VAROSANEC*

(Communicated by L.-E. Persson)

Abstract. The main aim of this paper is to give a continuous form of the Gauss-Pélya type
inequalities i.e. to give inequalities involving infinitely many functions. We consider inequalities
which involve derivatives and which structure is related to the Holder inequality. Also, some
properties of the corresponding functionals are given.

1. Introduction

Few decades ago an intensive research of relationships among moments of or-
ders 2a, 2b and a+ b has been done. The most general result is due to Pecari¢ and
VaroSanec and it is given in [7]. This result covers results of Pélya and Szeg6 from
[8], Alzer’s result from [2], Volkov’s result from [13] etc. Precisely they proved the
following theorem.

n
.. 1
THEOREM 1. Let pi,...,pn be positive real numbers such that Z — =1. Let
i—1 Pi
fy X1y...,xy : [a,b] — R be non-negative non-decreasing functions such that xi, ..., xp,

" )ci1 P! have continuous first derivatives. Then
b [ .n ! n b 1/pi
/ H(xi(t))l/Pi f(t)dt}H(/ xi(t)f(t)dt) . (1)
a \i=1 i=1 \/a

If f is a non-increasing non-negative function, x; satisfy the above assumptions and
xi(a) =0 forall i=1,...,n, then (1) holds with the reversed sign of inequality.

Putting in (1) x;(¢) = ¢t%“Pi*t!, where a;p; > —1 forall i = 1,...,n, then for non-
negative non-decreasing f we get

b [T (api+ 1)V/Pi o (b e
(At () g > =T (/ 1P f (1 dt) . 2
/a 1) l+ar+...+a II;II a ) @
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If a=0 and f is a non-negative non-increasing function, then the reversed in-
equality in (2) holds. In this case, b can be a real number or even b = oo (see [12]).

For n=2, py=py =2, a=0, b =1 inequality (2) collapses to an inequality
given in [8, Vol. II, p.129], while the reversed inequality with b = o is given in [8,
Vol. I, p.83]. If n =2, p; = p» =2, then (2) becomes an inequality which was proved
by Alzer under the additional assumptions: xj(a) = x3(a), x1(b) = x,(b). His method
was not suitable for considering the reversed inequality.

It is worth to mention that Volkov’s result from [13] (see also [9]) for a non-
decreasing function f and functions x +— x%, i = 1,...,n, coincides with the reversed
inequality in (2) on the interval [0, o).

And finally, the Gauss inequality between the second and the fourth absolute mo-
ments, (see [3]),

Smy > 9m%, where m, :/ X' f(x)dx, m;=1,
0

where f is a non-increasing non-negative function, can be recognized as a particular
case of the reversed inequality (2). Nowadays, inequality (2) and its reverse are known
as Gauss-Pdlya type inequalities.

A crucial role in the proof of the above-mentioned Theorem 1 has the well-known
Holder inequality in integral and discrete forms as well as its reverse known as the
Popoviciu inequality. Very recently a continuous form (i.e. a form involving infinitely
many functions) of the Popoviciu inequality has been obtained in [6]. Here we give
results from that paper which will be used in the forthcoming text.

Let (X,u) and (Y,v) denote two o -finite measure spaces. The following in-
equalities are known.

THEOREM 2. (Continuous form of the Holder inequality, [4, 5])

Let f be positive and measurable on (X X Y, X V), let u and v be weight func-
tions on the measure spaces (X,u) and (Y,v), respectively, with [y u(x)du(x) = 1.
Then

[ exo ( [ 108 eyt du(x)) V() dv(y)

<exp ([ tog [ lrapo)ave) ) utauts). @)

THEOREM 3. (Continuous form of the Popoviciu inequality, [6])

Let u and v be weight functions on the measure spaces (X, 1) and (Y, V), respec-
tively, and [y u(x)du(x) =1. Let f be a positive measurable function on X XY, vy is
a positive real number and assume that fy is a positive function on X such that
vofo(x) > [y f(x,y)v(y)dv(y) for all x € X. Then the following inequality holds

exp ( [ 1o fua)) (o) du(x)) ~[ew ( [ 10 )t du(x)) V() dv()
> exp [ [ 10e (vofo<x> -/ f(x7y)V(y)dV(y)> u()di <x>} . @)
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In [6] it was open the general question to create a theory concerning such contin-
uous forms of classical inequalities. In this paper we derive such results concerning
Pélya type inequalities (see Section 2). Moreover, in Section 3 we show that the corre-
sponding functionals also have more useful properties.

2. Main results

Before our first main theorem let us prove an useful variant of the Popoviciu in-
equality.

LEMMA 1. Let w; >0, wy,...,wy =0 be reals, p,a;,(i=1,2,...,m) be positive

d
functions on X such that / K(x)
x p(x)

wwxp(/logal Ydu(x ) 2w,exp</10ga, Ydu(x )

> exp{/xlog [wl (ar(x Zw, a;(x ] dllj(i)) }, (5)

provided that all integrals exist.

=1 and af are measurable on X . Then

Proof. Without loss of generality we can assume that all w; are positive. Put in
Theorem 3:

folx) = wi(ar(0))"™, vo =1, u(x) = v(y) =1, dv(y) = dy,

( )’

Y=[1,m], Yi=[i—1,i,i=2,....,m and f(x,y) = w;(a;(x))*™) fory € ¥;.
Then

'E

- e (f loes o ) v aviy
= wjexp (/ loga; (x)dp(x ) Ewlexp (/ loga;(x)du(x ) (]

By applying the same method on the continuous Holder inequality (3) we obtain
the following variant of the Holder inequality.
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LEMMA 2. Let wy,...,wy =0 be reals, p,a;,(i=1,2,...,m) be positive func-

d
tions on X such that / M =1 and af are measurable on X . Then
X

: : o dut
S wiesn ([ opatoduts)) <o { [ 10s [21 wila(2)) ﬂ b } ©

provided that all integrals exist.

Now, let us state and prove our first main theorem, i.e. a continuous form of Gauss-
Pélya inequality involving derivatives.

THEOREM 4. (i) Suppose that f:[a,b] — R is non-negative and non-decreasing,
g(x,t) is a positive measurable function on X X [a,b] such that the functions
t — g(x,1) (for x € X ) are non-decreasing with continuous first derivative.

If p(x) > 0,/X d;(i);) =1, then

/ab {exp< Xlogg(x,t)d;(g))]/f(t)dt > exp Uxmg( abgﬁ(x7t)f(t)d;> d;x)ﬂ ,

)

provided that all integrals exist and where g!(x,1) = & a8(xt).

(ii) Suppose that f: [a,b] — R is non-negative and non-increasing, g(x,t) is a posi-
tive measurable function on X x [a,b] with respect to measure |1 X (—f)dx such
that the functions t — g(x,t) (for x € X ) are non-decreasing with continuous
first derivative and g(x,a) =0 forall x€ X.

d
If p(x) > O,/ ”(();) =1, then the reverse inequality in (7) holds.
x px

Proof.

(i) Without loss of generality we assume that f(b) > 0. Integrating by parts and
then using the continuous Holder inequality we get:

/ab [exp(/ loggxt)dp(()))]/f(t)dt
:f(b)exp( dp ) fla)exp (/ loggxa)dlf(g))
—/exp(/loggxtd )df

> f(b)exp (/ log g(x,b) b — f(a)exp (/ logg(x a)dli(x))

—exp[/log(/ g(x,1 dft)) d}f&”

‘5:"5
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Putting in Lemma 1

m=3, wy = f(b), wo=f(a), ws=1,

_L

a(¥) = (¢(x,5)) 77, ay(x) = (g(x,a)7 and a(x ( / g(er)df(t )"(”

we get

f(b)exp (

—exp[/log(/gxt t)) d;(i);]

> exp UX log (f(b)g(x,b) — fla)g(x,a) — /abg(xat)df(l‘)) dp(x) }

~exp { /X log ( / ’ f(t)g;(x,z)dz) dlf(i’;)} .

Here we integrated by parts once more and the proof of (i) has been established.

(ii) In the proof of (ii) we use the same method as in the previous proof only instead
of Lemma 1 we use Lemma 2 with

@) = (etet) P, ax) = ( [ etwnat-ran) " 0

REMARK 1. If X = [0,n], p(x) = p;, for x € [i —1,i] and g(x,t) = x;(t), for
€li—1,i], i=1,...,n, then Theorem 4 coincides with Theorem 1.

If in Theorem 4 we put g(x,r) = (g(z))*@P®+1 then we get the following result.
It is a continuous form of the Gauss-Polya inequality proved in [12].

COROLLARY 1. Let g : [a,b] — R be a non-negative increasing differentiable
function and let f : [a,b] — R be a non-negative function such that the quotient f/g' is
non-decreasing. Let p be a positive function such that [y % = 1. If a(x) is such that

a(x) > —1/p(x), then

[ (et oy
exp (JyloelaCp(s) + 1))

T haWd e"p{/x {IOg (Lh(g Oy s (’”’ﬂ %}

provided that all integrals exist.

=
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The following theorem is also one generalization of the Gauss-Pélya inequalities.
Integral form of that result is given in [1] and here we give a continuous form of it.

THEOREM 5. Let w,wy, (x € X) be non-negative and integrable functions on [a,b]
such that f: wy(s)ds #£0, f: w(s)ds # 0 and let W and W, be defined by

Jaw(s)ds and Wo() — [iwe(s)ds
f: w(s)ds () f: wy(s)ds

Let p(x) >0 and fX%: L.

W(t) = , respectively.

a) If f is a non-negative non-increasing function on [a,b] and if

exp/XlogWx(t)% >W(r) (8)
forall t € [a,b], then
Jow(e)f () dt [Pwat)f(6)dt ) dx
[P w(t)d S X [/Xlog< [P w(r)dr ) P(X)] ' ®

b) If f is a non-negative non-decreasing function on [a,b] and the reverse inequal-
ity in (8) is valid, then the inequality (9) is reversed.

Proof.
a) Let us denote the right-hand side in (9) by A. Using integration by parts we get

oo ) 2

— x| [ 1og (4161 + [ Whina(-swpar) 2]

Putting in Lemma 2 the following:

m=2, wi=wr=1, a1(x) = (£(b))7 and as(x) = (wax(t)d(_f(t)))m

we get that
b dx
Az o) +ow| [log( [ W) 5|
X a p(x)
Once again we use the Holder inequality and get that

a2 1)+ [ x| [[roeWt0) 25| a0 > 1)+ [ W a1
b

- _ L w@)f(@)dt
— / W=

a
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b) The proof is similar, only instead of the discrete Holder inequality from Lemma
2 we use the discrete Popoviciu inequality from Lemma 1. [J

!/
REMARK 2. Putting wy(1) = g/ (x,1),w(t) = [exp <fx logg(x,t)ﬂﬂ , then we

p)
get
exp ( [y logg(x,1) -2
=25 - S0 )
8(x.) exp (fxlogg(x7b),,—’g)
and, hence,

exp/XlogWx(t)% =W(t).

So we can apply Theorem 5 in both cases a) and b) and we get the result of Theo-
rem 4.

3. Some further results for the corresponding functionals

There are several functionals which are connected with inequalities from the pre-
vious chapter. These functionals have properties which lead to refinements and im-
provements of the original inequalities.

Firstly, let us define the functional G:

6t =exp| [ toe( [t o)) B - [exa( [ ozt ) )t

Under the assumptions of Theorem 4 (i) G is non-positive, while under the assumptions
given in Theorem 4 (ii) G is non-negative. Also, note that G(f) is positive homoge-
neous. But, G has more useful properties which are described in the following theorem.

THEOREM 6. Let the functions p and g satisfy the assumptions from Theorem 4.

Let fi, f» be non-negative functions monotone in the same sense and such that G(f;)
and G(f») are well-defined. Then

G(fi+12) 2 G(fi)) +G(f2).
Moreover; if g(x,a) =0 for all x € X and if fi and f, are non-negative non-

increasing functions such that f, > fi, fo — fi is non-increasing, G(f1), G(f2) and
G(f> — f1) are well-defined, then

G(f2) = G(f).
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Proof.
(a) Let us estimate the difference G(f, + f>) — G(f1) — G(f>).

G(fi+f2) — G(fi) — G(f2)

—exp [ /X log ( / gl +fz<f>1df) d,f(())]

1

where we use Lemma 2 with m = 2, w; = 1 and a;(x) = [/ g/ (x,2) fi(¢)dz] P9
fori=1,2.

(b) Since G(f>» — f1) = 0 by Theorem 4 we have
G(f2) =G(fi+(fa—f) 2G(H)+G(—fi) =2G(fi). O

Having in mind Corollary 1 we define the functional GP as

GP(f) = exp(/xlog[a(x)p(XH u%) exp{/X [log (/ahg(t)a(x)p(x)f(z)dt)] %}

_ <1+/Xa(x)dx> /ahg(t)fxa(x)dxf(t)dt.

Using the same method of proving we have results about positivity, superadditivity and
monotonicity which generalizes Theorem 2.1 from [10].
Moreover, we can define the new functional as follows

_ Jawe@)f@)dr\ dx | [7w(e)f(t)di
GW(f) = exp |:/X 10g ( fabWX(t)dt ) p(x)‘| fal)W(t)dt
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and under the conditions like in Theorem 5 we have that the functional Gy is superad-
ditive and monotone.

Let w be a positive function on X and let denote W = [, w(x)d(x). The follow-
ing functionals are regarded as the functions of weight w.

w

ki ={ [ ' e 1ogg<x,t>$du<x>)]/f(t>dt} |

~ exp | Jylog (Ui gl (x.1)f (1)t ) wx)dp )|
B K(w) ’

H(w

THEOREM 7. Let the functions [ and g satisfy the assumptions from Theorem 4
(ii). Let v and w be positive functions such that K and H are well-defined for them.
Then
K(v+w)<K(W)-K(w), Hy+w)=H() -H(w).
If, additionally, v > w, such that H(v —w) is well-defined, then

H(v) = H(w).

Proof. For the weights v and w denote V = [, v(x)dp(x) and W = [, w(x)dp(x).
Transforming K(v+w) we get

oxp [ togetrn) 5 auen) | /f(t)dt}

- { [ [(p (/roesten)-auo) ) ™
: (eXP (/X logg(x,1) - %w@)) HW] /f(t)dt
<{f ' e 1ogg<x,z>~@dum)]/ﬂwm}v
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A oo (o6t 22 aute >)}/f<t>dt}W=K<v>-K<w>,

where the above inequality follows from Theorem 1 for

VW VW
V ) pz_ W )

x1(t) =exp </Xlogg(x,t) . @du(x)) and x, (1) = exp (/Xlogg(x,t) . %dﬂ(x)) .

The above inequality is used in the proof of the property for H. Namely, we get

n=2, p1=

exp | fylog ([ g/ (x.r)f (1) dr ) (v(x) 4+ w(x)du (+)|
Kiv+w)

> o | Loe ([ dunsoar) viauo]

oxp| [1og ([l ) wiauco)

=H() -H(w).

Hv+w) =

The last inequality follows since H(v —w) > 1 by Theorem 4 (ii), so that
H(v)=H(v—w+w)>H((v—w)-H(w)>H(w). O

If m, M are positive real numbers such that mv < w < My and if the assumptions
of the previous theorem hold, then

H™(v) < H(w) <HM(v).

For the particular choice of v and w we have the following interesting refinement and
improvement of the continuous form of the Gauss-Pdlya inequality.

COROLLARY 2. Let f and g satisfy the assumptions from Theorem 4 (ii) and

W(X) = [ydu(x)# 0 and finite. Let w be a positive function such that K and H are
well-defined for w and for the constant function. Then

Wmin

exp | Jylog (J7 gi(x.0)f (0 >dr) dp (x)}
L1 oo (sogsten 8] )™
exp i log (7 g1 )/ >dr) W) ()]
\ {f: [exp (fx logg<x,z>$du<x>)}'f(r)dr}w
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Wmax

exp [y log (7 gien)f (1) dr ) du(@)]
{ff [exp (i logg<x,t>i‘f—§f})}’f<r>dt}“(x)

where Wiin = min{w(x) : x € X} and wmax = max{w(x) : x € X }.

Proof. Ttis a consequence of Theorem 7 for the weights wiyin, w and wpax. U

REMARK 3. The results of Theorem 7 and Corollary 2 are the continuous forms

of some results given in [11].
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