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NOTES ON THE COMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND

ZHEN-HANG YANG, WEI-MAO QIAN, WEN ZHANG AND YU-MING CHU*

(Communicated by J. Pecaric)

Abstract. In the article, we present several monotonicity properties and bounds for the com-
plete elliptic integral of the first kind. As applications, we find sharp bounds for the arithmetic-
geometric mean.

1. Introduction

The complete elliptic integral ¢ (r) [22, 24, 50, 63, 64, 71,72, 83, 84, 96] (0 <
r < 1) of the first kind is defined by

) /71'/2 dt
r)= _—
O\ J1—=r2sin’(r)

It is well known that JZ"(r) is the particular case of the Gaussian hypergeometric
function [34, 36, 39, 49, 53, 59, 60, 61, 62, 65, 69, 74, 81, 95]

T _

Fla,bycix) = iwx— (—1<x<1), (1.1)

= (cn) n!

where (a,0) =1 for a # 0, (a,n) = T(a+n)/T(a) and T(x) = [t e 'dt (x >
0) is the classical gamma function [27, 85, 86, 90, 93, 94, 98]. Indeed, we have the
expression

o (1 )\2
c%/(r):gFG ; ’rz)_gz(z ") on (1.2)

The Gaussian identity [20]

ta

2%/( 1—(3)2)
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Keywords and phrases: Gaussian hypergeometric function, complete elliptic integral, arithmetic-
geometric mean.
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AG(a,b) =

(1.3)
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shows that the arithmetic-geometric mean AG(a,b) [18, 19, 33, 38, 70, 77] of two posi-
tive real numbers a and b with a > b can be expressed by the complete elliptic integral
2 (r) of the first kind, where the arithmetic-geometric mean AG(a, D) is defined as the
common limit of the sequences {a,} and {b,} as follows:

an+b
ap = a, b():b, ap+1 = n2 n, bn+1= anbn.

Recently, the complete elliptic integral .# (r) and Gaussian hypergeometric func-
tion F(a,b;c;x) have attracted the attention of many researchers [2, 3, 4, 6, 7, 8, 25,
41,42, 43,44, 45,48, 55, 68, 73, 75, 92]. In particular, many remarkable inequalities,
properties and applications for J# (r) and F(a,b;c;x) can be found in the literature
[5,9, 13, 14, 16, 17, 21, 28, 29, 30, 31, 32, 37, 40, 47, 57, 66, 67, 82, 87,91, 97, 99].
Carlson and Gustafson [15] proved that the double inequality

4

4
log < H(r) < log (1.4)

3472

holds for all r € (0,1). Here and in what follows we denote ¥’ = /1 —r2.
The lower bound given in (1.4) was improved by Kiihnau [46] as follows

9 4

H(r)> 8—|—r21 &y

forall r€(0,1).
Anderson, Vamanamurthy and Vourinen [11, Conjecture 3.1(1)] conjectured that
the inequality

H(r) <log (l—i—%) —(logS—%)(l—r) (1.5)

is valid for all r € (0,1).
Inequality (1.5) was proved by Qiu, Vamanamurthy and Vuorinen in [54, Theorem
1.7(2)]. Besides, they also provided the inequalities

T 4 16 4
5—10g4+10g<4—7r+7)<J£/(r)<log<;—4+7>, (1.6)

4 4
log[(e”/2—4> Y+ 7} < X (r) <log (e”/2—4+7) (1.7)

forall all r € (0,1) (see [54, Theorem 1.6(1), Corollary 3.5(1)]).
Alzer and Qiu [10], and Yang, Song and Chu [88] independently established the
inequality
H(r) >

7 [tanh™!
p

3/4
(N1
2
forall r€ (0,1).

The aim of the article is to provide the monotonicity properties and new bounds
for the complete elliptic integral ¢ (r).
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2. Lemmas

In order to prove our main results we need several formulas and lemmas, which
we present in this section.

Let a,b € R with a < b, and f,g : (a,b) — R be differentiable with g’ # 0 on
(a,b). Then the function Hy, is defined by

f/
Hﬂ _g/g f

The hypergeometric function F(a,b,c;x) has the following formulas (see [12,
(1.16), 1.19(4), 1.20(10), 1.48] and [1, 15.3.10, 15.3.11]):

da" .y _ (a,n)(b,n) S
WF(a,b,c,x) = e F(a+n,b+n;c+n;x), (2.1
. T(e)(c—a—b)
F(a’b’c’l)_r(c—a)r(c—b) (¢>a+b), (2.2)
F(a,b;a+b+ 1;x)=(1—x)F(a+ 1,b+ Lia+ b+ 1;x), (2.3)
[(a)T(b) S B _ _ _
Tatb) F(a,b;a+b;x)+1log(1 —x)+ y(a) + y(b)+2y=0((1 —x)log(l —x))
(2.4)
as x — 17, where )
_T'y
W(x) - r(x)
is the psi function and
. 1 1 1
Y= lim <l+—+—+--~+——logn> =0.57721566- -
n—eo 2 3 n
is the Euler-Mascheroni constant [26, 35, 56, 58, 76, 79].
o Tlatb) < (an)(bin)
F(a,b;a+b;x) = )T 0) go )2 (2.5)
xRy (n+1) = y(a+n)—y(b+n) —log(l —x)] (1 -x)",
, oy Tm)T(a+b+m) "l (a,n)(b,n) n
F(a,b;a+b+m;x)= FatmTb+m) 2 n!(l—m,n)(l X) (2.6)

F(a—l—b—f—m)( o mi (a+m,n)(b+m7n)(l_x)n

T TTre) o nl(n+m)!
X [log(1—x)—y(n+1)—y(n+m+1)+y(a+n+m)+y(b+n+m))
form=1,2,3---.
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LEMMA 2.1. (see [12, Theorem 1.25], [23, Lemma 2.1], [51, Lemma 2.1], [78,
Lemma 2.1]) Let a,b € R with a<b, f,g: [a,b] = R be continuous on [a,b] and dif-
ferentiable on (a,b). If g'(x) # 0 on (a,b) and f'(x)/g'(x) is increasing (decreasing)
on (a,b), then so are the functions

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

LEMMA 2.2. (see [52, Lemma 2.4], [80, Theorem 1.1]) Let A(t) = Y5> axt* and
B(t) =37, bt* be two real power series converging on (—r,r) (r > 0) with by >0
Sfor all k. If the non-constant sequence {ay/by} is increasing (decreasing) for all k,
then the function t — A(t)/B(t) is strictly increasing (decreasing) on (0,r).

LEMMA 2.3. (see [80, Theorem 2.1]) Let A(t) = ¥ qaxt* and B(t) = Yo bit*
be two real power series converging on (—r,r) and by > 0 for all k. Suppose that
for certain m € N, the non-constant sequence {ay/by} is increasing (decreasing)
for 0 < k < m and decreasing (increasing) for k > m. Then the function A/B is
strictly increasing (decreasing) on (0,r) if and only if Hy g(r™) = (<)0. Moreover,
if Hag(r~) < (>)O0, then there exists to € (0,r) such that the function A/B is strictly
increasing (decreasing) on (0,1y) and strictly decreasing (increasing) on (to,r).

LEMMA 2.4. (see [89, Lemma 2.1]) Let —o < a<b < o, f,g:(a,b) — R be
differentiable on (a,b) with f(a*)=g(a") =0 and g'(x) >0 on (a,b), and there
Ao € (a,b) suchthat f'(x)/g'(x) is strictly increasing on (a,Ay) and strictly decreasing
on (Ao,b). Then the following statements are true:

(1) f(x)/g(x) is strictly increasing on (a,b) if Hr o(b™) > 0;

(2) there exists Lo € (a,b) such that f(x)/g(x) is strictly increasing on (a, lo)
and strictly decreasing on (Uo,b) if Hro(b™) <O0.

Let a=b=1/2 and m = 1. Then equations (2.5) and (2.6) lead to Lemma 2.5
immediately.

LEMMA 2.5. Let t = 1 —x. Then the asymptotic formulas

16
F<l,l,;1;x) :MJFL [log<16)—2]—|—0(t210gt), 2.7

T ar t

11\ 4 1 16 5
F(E’E”z’x)_n n[log<t> 3]+0(z log?) (2.8)

holdast — 0.
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LEMMA 2.6. Let n€ N, p € (0,4), and a, and b, be defined by

_64n2+8(p2—8)n+16—p2[ T(n+1/2) ]2
. ik

ap (n+1)2n—1)2 PN
_ 4pT(n—1/2) B
bn_m (n=1), bo=8(4—p).

Then the following statements are true:
(1) the sequence {a,/bn};_ is decreasing if p € [4/3,4);

81

(2.9)

(2.10)

(2) there exists ng > 1 such that the sequence {a,/by}; _, is increasing for n <ng

and decreasing for n > ng if p € (0,4/3).

Proof. Tt follows from (2.9) and (2.10) that

a _pth
by 8
a_a _ (Bp—4)(4-p)
by by 32p ’
a_a _ (Bp—4)0@p+4)
by b 64p ’
4 4
o a_ V(r-d5) (r+ i)
b3 b2 o 512[? '
@it ap _ T(n+1/2) [(24n+3)p*+16(2n—1)(2n —5)] ~0
buy1i  bn 16pT(1/2)T(n+2)(n+2)(2n —1)

forn>3 and p € (0,4).
(1) If p € [4/3,4), then (2.12)-(2.15) lead to
ao S ay S ar as a4 dn Ant1

2> > 2> 2> sty
bo~ by~ by b3 Dby by~ but

> ...,

(2) If p € (0,4/3), then we divide the proof into two cases.
Case 1 p € (0,4/+/17). Then (2.12)-(2.15) lead to the conclusion that
ap _ay _ay _az _ as _ as an _ Gpi1

< —<EZ<c 2> 225>
by by by b3 by bs by by

> ...,

Case 2 p € [4/V/17,4/3). Then from (2.12)-(2.15) we clearly see that

ap _dai a as as _ as a Apt1
> 2> 25 s

—<—<=>= >.... O
bo by by by by bs by~ by

2.11)

(2.12)

(2.13)

(2.14)

(2.15)



82 Z.-H. YANG, W.-M. QIAN, W. ZHANG AND Y.-M. CHU

LEMMA 2.7. Let p € (0,4), fo(x) and go(x) be defined by
11
o) = (16 p2 4 p20) F (3. 3:20x) o) =804 VT ),

respectively. Then
64

Hf07go(17) = T

Proof. Tt follows from (2.1), (2.2), (2.4) and (2.16) that

fox)  8p*VT—xF (%, 5:2:x) + (16 — p?+ p’x) VI —xF (3,3:3:x)
gox) 32p

x—1-

(
o [ ()

_8 lim [4(log2 —1) —log(1 —x) + O((1 —x)log(l —x))]V1—x=0.

T x—1—
From (2.16)-(2.19) we clearly see that

Hyeo(1) = tim (B0 o) -2

1=\ g (%) T

LEMMA 2.8. Let p € (0,4), f(x) and g(x) be defined by

709 =F (5 31x) =1, el =tog (p+ == ) ~Tox(p+4).

respectively. Then

_ 2
Hpo(17) =1~ Elog(l’+4)-

Proof. Tt follows from (2.1), (2.3) and (2.20) that

L 1.(33 1 11
—-F(2,22x) = Fz2:2ix).
PO =3F\37220) = qa—f (322

2

§x) = (1—x) (/1 —x+4)
Hy o) = 2 o) f(2)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)
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PR X
8(4—pv1—x) p+4 2°2
Let t =1 —x. Then Lemma 2.5 and (2.23) lead to

) 2 11 p-i-L

S [6—pi?) (% — L(log(16/1) —3) + O(r*logt))
Hral) = 13, [ 8(4— pi)
«log (p;i/4ﬁ> _ <1°g(71r6/t) L 0g(16/1) - )+0(t210gt)> + 1]

2 P+ 1 16
=1+ lim | =1 ——log| —
+t_lgl+ [n Og<p+4 n0g<t>

2
=1 —Elog(p+4). O

LEMMA 2.9. Let p € (—4,0) and x € (0,1). Then the function

n w(p+4 p+1
pl—)Up(x):E‘f' (pl6 )log<p+4> (2.24)

is strictly increasing on (—4,).

Proof. Tt follows from (2.24) that

W) m p+3 m(x—1)
op 1610g <p+4> * 4(px+4)’ (2.25)
d (JUy(x)\  mx—1)
Jx ( dp )  x(px+4)? <0 (2.26)

for p € (—4,e0) and x € (0,1).
Equation (2.25) and inequality (2.26) lead to
QU,(x) _ IV (x)

dp dp

:0’

x=1

which shows that the function p — U, (x) is strictly increasing on (—4,e). O

LEMMA 2.10. (See [87, Lemma 2.1]) Let {ai};_, be a nonnegative real se-
quence with a, >0 and Y7, 1 ar >0, and

Zakt + 2 akt
k=m+1

be a convergent power series on the interval (0,r) (r > 0). If S(r~) > 0, then there
exists to € (0,r) such that S(t) <0 for t € (0,19) and S(t) > 0 for t € (ty,r).
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LEMMA 2.11. Let a = ™2 —4 =0.8104--- and b =log5 —m/2 = 0.0386-- .

Then
4 4 )
log{a+—-) <log|14+—|—bx (2.27)
X X
Sforall x € (0,1).
Proof. Let
4 4 )
fi(x) =log a+; —log 1+; + bx*, (2.28)
x+4)(ax+4
) = D 2.29)
Then elaborated computations lead to
AOT)=A017) =0, (2.30)
f(x) = =2(1 —a) 4+ 16bx +4b(a+ 1)x* + abx’, (2.31)
fH(17)=2a+20b+5ab—2>2a+20b—2=0.3937--- > 0. (2.32)

From Lemma 2.10, (2.29), (2.31) and (2.32) we clearly see that there exists 1 €
(0,1) such that f(x) is strictly decreasing on (0, 1) and strictly increasing on (1o, 1).
It follows from (2.30) and the piecewise monotonicity of fi(x) on the interval
(0,1) that
filx) <max{£1(07),1(17)} =0 (2.33)
forall x € (0,1).
Therefore, inequality (2.27) follows from (2.28) and (2.33). O

3. Main Results
THEOREM 3.1. Let p € (0,4), r € (0,1) and .#(r) be defined by

2 (r)—1
r) = )
log (p+ %) —log(p+4)

g

3.1)

Then the following statements are true:
(1) If 4/3 < p < 4, then F(r) is strictly decreasing on (0,1), and the double
inequality

i p+4 T n(p+4) p+§
—+1 L — 1 2
+0g<p+ ><%(r)<2+ 6 log P (3.2)

holds for all r € (0,1).
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(2) If0< p<e™?—4=08104---, then F(r) is strictly increasing on (0,1),
and the two-sided inequality

n w(p+4) p+3 E P+
2—|— 6 log<p+4 <,%/(r)<2+10g P! (3.3)

is valid for all r € (0,1).
(3) If ™/ —4 < p < 4/3, then there exists ry € (0,1) such that .F (r) is strictly
increasing on (0,ro| and strictly decreasing on [ro, 1), and the inequality

. (rm(p+4) p+3
,%/(r)>2+m1n{ T ,l}log<p+4 (3.4)
takes place for all r € (0,1). Moreover, one has
n  wp+4) p+3
— 1 L .
%(r)>2+ T og(p+4 (3.3)

forre(0,1) ife™/?—4 < p<16/m—4=1.0929---, and

T p+i/
—+1 L .
H(r) > 5 0g<p 4) (3.6)

forre(0,1) if l6r—4< p<4/3.

Proof. Let x=r?> € (0,1), fo(x), go(x), f(x) and g(x) be defined by (2.16) and
(2.10), respectively. Then from (1.1), (1.2), (2.16), (2.20)-(2.22) and (3.1) we clearly
see that

f(0%)=g(0") =0, 3.7)
P iG]
F(r)= g(x), (3.8)
f@) _ (16=p+pF (5,3:20) _ folx) 3.9)
g'(x) 8(4 —pv1—x) go(x) '

It follows from (1.1) and (3.9) that

Cnt1/2) \2
) (16— p*+p2x) T Wx T o !

= = , (3.10)
/ oo I'(n—1/2 it n
§() 84— p)+4pIr Tyt Zamober
where a, and b, are defined by (2.9) and (2.10), respectively.
From (2.2), (2.11), (2.21), (2.22), (3.7), (3.8) and (3.10) we get
4
j‘(o*):a_ozi (3.11)

bo 8’
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/ T F(1/2,1/2;2:x
Z(17) = lim J(x) i 09 (1/2,1/ )
x—1- g/(x) X—1—

(3.12)

2
(1—x)(pV1—x+4)
1 11\ _1T@Qr1) 2
=3 mF (2’2’2’x> T212(32)  n
(1) If 4/3 < p < 4, then Lemma 2.6(1) and (3.10) lead to the conclusion that
the function f’(x)/g’(x) is strictly decreasing on the interval (0,1). Therefore, % (r)
is strictly decreasing on (0,1) follows from Lemma 2.1, (3.7) and (3.8) together with
the monotonicity of the function f’(x)/g’(x) on the interval (0,1), and inequality (3.2)
follows easily from (3.1), (3.11) and (3.12) together with the monotonicity of .7 (r).
Next, we suppose that 0 < p < 4/3, then from Lemma 2.6(2) and Lemma 2.7 to-
gether with (3.9) we know that there exists ng > 0 such that the non-constant sequence
{an/bn};_ is increasing for n < ng and decreasing for n > ng, and

4
—6— <0. (3.13)

Hf/’g/(lf) =Hy o (17) =
It follows from Lemma 2.3, (3.10), (3.13) and the piecewise monotonicity of the
sequence {a,/by,};_, that there exists Ao € (0,1) such that the function f’(x)/g’(x) is
strictly increasing on (0,A9) and strictly decreasing on (g, 1).
We divide the proof into (2) and (3) two cases as follows.
(2) If 0 < p < e™? — 4, then Lemma 2.8 leads to

Hyo(17) = 1—%log(p+4)>0. (3.14)

Therefore, .7 (r) is strictly increasing on (0, 1) follows from Lemma 2.4(1), (2.22),
(3.7), (3.8), (3.14) and the piecewise monotonicity of the function f’(x)/g’(x) on the
interval (0, 1), and inequality (3.3) follows easily from (3.1), (3.11) and (3.12) together
with the monotonicity of .% (r) on the interval (0,1).

(3) If ™/? —4 < p < 4/3, then from Lemma 2.8 one has

2
Hyg(17) =1-—log(p+4) <0. (3.15)

Therefore, there exists o € (0, 1) such that .% (r) is strictly increasing on (0, L)
and strictly decreasing on (g, 1) follows from Lemma 2.4(2), (2.22), (3.7), (3.8),
(3.15) and the piecewise monotonicity of the function f”(x)/g’(x) on the interval (0,1),
inequality (3.4) follows from (3.1), (3.11), (3.12) and the piecewise monotonicity of
Z(r) on the interval (0,1), and inequalities (3.5) and (3.6) can be derived from in-
equality (3.4) immediately. [

THEOREM 3.2. Let p,q € (—4,0). Then the double inequality

n nw(p+4) p+ 4 n 7m(g+4) g+
2+ T log<p+4 <J{(r)<2+ 6 log p (3.16)

holds for all r € (0,1) ifand only if p < 16/ —4 and q > 4/3.
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Proof. If p < 16/ —4 and g > 4/3, then inequality (3.16) follows from the
second inequality of (3.2) and inequality (3.5) together with Lemma 2.9.
If the first inequality of (3.16) holds for all r € (0, 1), then from the limit formula

1iI}17 (th(r) —log (;)) =0 (3.17)
givenin [12, (3.25)] we get

14 ptd
R nog("*"{) n(p+4)
li = <1,
fad A () 16

which leads to p < 16/m—4.
If the second inequality of (3.16) holds for all r € (0,1), then

4 g+
lim = >0,

r—0-+ r C128(g+4) ~

which implies that ¢ > 4/3. O

Let p=16/7—4,1,0" and g=4/3,2,4. Then Lemma 2.9 and Theorem 3.2 lead
to Corollary 3.3 immediately.

COROLLARY 3.3. The following inequalities

T g (L) < B g5y Mg (142
2 T B\7) T2 16 B e B TS

T T 1 3
< E—log4+log<4—n+7) <H(r)< = 5 +§10g (4 4r>

P (L2 + g (L4 L
2 TR B\ 33 ) ST 2 2
hold for all r € (0,1)

REMARK 3.4. The third inequality in Corollary 3.3 gives the same lower bound
for . (r) in (1.6).

THEOREM 3.5. Let p,q € (—4,0). Then the double inequality

4 4
T p+7 T 6]+—/
—+1 —+1 L 3.18
2+0g<p+4><,%/(r)<2+0g<q+4> (3.18)

holds for all r € (0,1) if and only if p > 16/m—4 and q < ¢*/* —
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Proof. We clearly see that the function p — log((p+4/r)/(p+4)) is strictly
decreasing on (—4,e0).

If p>16/n—4 and g < em/? — 4, then inequality (3.18) follows from the second
inequality of (3.3) and inequality (3.6) together with the monotonicity of the function
p—log((p+4/r)/(p+4)) onthe interval (—4,00).

If the first inequality of (3.18) holds for all r € (0, 1), then we have

log 222
. H(r) — +0g<p+4)_ﬂp_16+4n>0
r—0+ r? - 8(p+4)

thatis p > 16/m—4.
If the second inequality of (3.18) holds for all r € (0,1), then it follows from

(3.17) that
. q+3
Jim (‘%() 2+1°g< 4))

(-0 5(2)

=log(qg+4)— =<0,

which leads to ¢ < ™2 —4. O

Let p=16/m—4,4/3 and g = €™/?> — 4,07, then Theorem 3.5 leads to Corollary
3.6 immediately.

COROLLARY 3.6. The following inequalities

1 3
§+10g<4 1 )<——10g4+10g<4 T+ — )
4 1
<Ji/(r)<log<e”/2—4+—/><E+log<—/>
r 2 r

hold for all r € (0,1).

REMARK 3.7. The third inequality
/2 4
H(r) <log|e —4—|—7 (3.19)

in Corollary 3.6 gives the same upper bound for .# () in (1.7). In particular, inequality
(3.19) is an improvement of inequality (1.5), indeed from Lemma 2.11 one has

4 4
log (e”/2—4+7> < log (H—?) — (logS—%) (1-r%)
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4 T
< log (1 + 7) - (logS - E) (L=r).
From (1.3) and Theorems 3.2 and 3.5 we get Corollary 3.8 immediately.

COROLLARY 3.8. Let p,q,A, [l € (—4,0). Then the double inequalities

1
+4 p+3 +4 g+’
1+17T10g<p+4) 1+quog<q+4>

1 1

———— <AG) < —————
1+%log<lig> 1+%log<ﬁi4>

<AG(l,r) <

SIES

hold for all r € (0,1) if and only if p >4/3, < 16/m—4, A <e™?—4 and u >
16/7— 4.
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