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ON HERMITE-HADAMARD TYPE INEQUALITIES FOR
HARMONICAL /-CONVEX INTERVAL-VALUED FUNCTIONS

DAFANG ZHAO, TIANQING AN, GUOJU YE AND DELFIM F. M. TORRES *

(Communicated by S. Varosanec)

Abstract. We introduce and investigate the concept of harmonical %-convexity for interval-
valued functions. Under this new concept, we prove some new Hermite—-Hadamard type in-
equalities for the interval Riemann integral.

1. Introduction

The following inequality is known in the literature as the Hermite—Hadamard in-

equality:

a-+b 1 b fla)+ f(b)
f(2><b—a/uf(x)dx 2

where f: 1 C R — R is a convex function on the interval / and a,b € I with a <
b. For various interesting extensions and generalizations of this inequality, see [7,23,
25]. In 2014, Iscan introduced the concept of harmonical convexity and established
some Hermite—Hadamard type inequalities for this class of functions [9]. Some further
refinements of such inequalities, for harmonical convex functions, have been studied
in [10, 12,22]. In 2015, Noor et al. introduced the class of harmonical /-convex
functions and established some Hermite—-Hadamard type inequalities [21]. For some
recent investigations on harmonical &-convexity, we refer the interested readers to [1,
15, 16].

On the other hand, interval analysis and interval-valued functions were initially
introduced in numerical analysis by Moore in the celebrated book [18]. Because of its
wide applications in various fields, interval analysis has emerged as a very useful re-
search area over the last fifty years: see, e.g., [4,5, 19] and references therein. Recently,
several classical integral inequalities have been extended not only to the context of
interval-valued functions by Chalco-Cano et al. [2,3], Roman-Flores et al. [24], Flores-
Franuli¢ et al. [8], Costa and Romdan-Flores [6], but also to more general set-valued
maps by Klari¢i¢ Bakula and Nikodem [1 1], Matkowski and Nikodem [14], Mitroi et
al. [17], and Nikodem et al. [20].
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Our research is mainly motivated by the results of I§can [9] and Noor et al. [21].
We begin by introducing the notion of harmonical % -convexity for interval-valued func-
tions. Then we prove some new Hermite—Hadamard type inequalities for the intro-
duced class of functions. Our inequalities are interval-valued counterparts of the results
from [9,21].

The paper is organized as follows. After Section 2 of preliminaries, in Section 3
the harmonical h-convexity concept for interval-valued functions is given and new
Hermite—Hadamard type inequalities are proved. We end with Section 4 of conclusions
and future work.

2. Preliminaries

We begin by recalling some basic definitions, notation and properties, which are
used throughout the paper. A real interval [«] is the bounded, closed subset of R defined
by

(] = [wu] = {xeRlu<x<u},

where u,7 € R and u < %. The numbers u and % are called the left and right endpoints
of [u,u], respectively. When u and % are equal, the interval [u] is said to be degener-
ated. In this paper, the term interval will mean a nonempty interval. We call [u] positive
if u > 0 or negative if u < 0. The inclusion “C” is defined by

[, 7] C [v,V] & v <u,u <.
For an arbitrary real number A and [u], the interval A[u] is given by

Au,Ad if A >0,
Awr={ {0} ifa=0,
(A7,Au] if A <0.

For [u] = [u,%] and [v] = [v,V], the four arithmetic operators are defined by
] + V] = [u+v,7+7],
] =) = w—v,u -],
[M} ! [V} = [mln{ﬂ7 uv, ﬁX,W},maX{ﬂ7 ZV»ﬁE»W}L

[u]/[v} = [IIHI]{E/& Z/V7 ﬁ/27 E/V}7

max{u/v,u/v,i/v,u/v}| where 0¢ [v,7].

We denote by R , the set of all intervals of R, and by R} and R, the set of all
positive intervals and negative intervals of R, respectively. The Hausdorff—~Pompeiu
distance between intervals [u, 7] and [v,7] is defined by

d([u,], [v,7]) = maX{Iu—z\,lﬁ—V\}

It is well known that (R »,d) is a complete metric space.
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DEFINITION 1. (See [13]) Let f : [a,b] — R be such that f(t) = [f(¢), f(2)]

for each ¢ € [a,b], and f, f are Riemann integrable on [a,b]. Then we say that f is

Riemann integrable on [a,b] and denote

/abf(t)dt: l/abj_‘(t)dt,/abf(t)dt].

The collection of all interval-valued functions that are R-integrable on [a,b] will be
denoted by I % ((4.p)) -

We end this section of preliminaries by recalling some useful known concepts.

DEFINITION 2. (See [9]) We say that K, C R\ {0} is a harmonical convex set if

XYy

—— c K
tx+(1—1)y "

forall x,y € K, and 1 € [0,1].

DEFINITION 3. (See [21]) Let &:[0,1] CJ — R be a non-negative function with
h # 0, and K, a harmonical convex set. We say that f : K; — R is a harmonical
h-convex function if

(=) SHOSW+H1=070)

forall x,y € K;, and 7 € [0,1].

Note that if h(z) = ¢, then function f is called a harmonical convex function [9]; if
h(r) =1, then f is called a harmonical P-convex function [21]; while, if A(¢) = ¢*,
then f is called a harmonical s-convex function [21].

3. Main results: new Hermite-Hadamard type inequalities

In this section, we prove new Hermite—Hadamard type inequalities for harmonical
h-convex interval-valued functions.

DEFINITION 4. Let 4:[0,1] CJ — R be a non-negative function such that 2 £ 0,
and K a harmonical convex set. We say that f : K, — R} is a harmonical /-convex
interval-valued function if

h(e)f(0)+h(1 =0 () < £ (M

ST
tx+(1—1)y
for all x,y € K;, and 7 € [0, 1]. If the set inclusion (1) is reversed, then f is said to be
a harmonical h-concave interval-valued function. The set of all harmonical /-convex
and harmonical h-concave interval-valued functions are denoted by SX (h, K, R}) and
SV (h,Ky,R",), respectively.
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The next theorem is an interval-valued counterpart of [21, Theorem 3.2].

THEOREM 1. Let f: K; — R} be an interval-valued function with a < b and
a,b € Ky, [ € IR (ap)), andlet h:[0,1] — (0,%0) be a continuous function. If f €
SX(h,Kh7R}), then

2ht%)f(a2—cil—bb> = ba—ba f( ) )+ b / ht

If fe SV(h7Kh7R}), then

1 2ab f(x) 1
2h(%)f(a+b = bh— a/ dxC | a)+f(b)]/0 h(t)dt

Proof. We first assume that f € SX (h,KhJR}). Then one has

h(%)f(x)-l—h(%)f()’) Ef(%x?%Q :f<xz%yy>'

bet ab ab
:ta+(l—t)b’ y:tb+(l—t)a'
Then,
@) )| o2 o

Integrating both sides of inequality (2) over [0, 1], we have
L/ 2ab L/ 2ab L_/ 2ab

dt = < )dt, / ( )dt
/0 f(a—i—b) l/o ! a+b 0 ! a+b

=/ ( aZ—T—bb>

y’( ) ta+(alb b >+f<tb+?lb—t)a>]dt
:he)[ m+€l1b )b>+f(tb+(alb—z)a>>dt’

/ <f<ﬁ>+f<ﬁ»4
- (3) [P [ e 2 [

(1) [,
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This implies that

1 2ab ab f( )
zh(%)f<a+b> 2 b—a X2 dx.

The proof of the second relation follows by using (1) with x =a and y = b and inte-
grating with respect to 7 over [0, 1], that is,

@dx D [fla)+ f(b)] /O lh(t)dt

The intended result follows. If f € SV(h,Kh,R}), then the proof is similar and is left
to the reader. [

REMARK 1. If h(¢) =¢°, then Theorem 1 gives a result for harmonical s-functions:

(22 o / Mo i)+ 7). 3
If h(¢) =1, then Theorem 1 gives a result for harmonical convex functions:
f(azibb> 5 ba_ba /u” fg)dxg f(a);rf(b). @
If h(r) = 1, then Theorem 1 gives a result for harmonical P-functions:
(2 5 P19 45 fa)+ ). )
2" \a+b b—ala x

THEOREM 2. Let f: Ky — R} be an interval-valued function with a < b and
a,b € Ky, f € IR (ap)), and let h:[0,1] — (0,%0) be a continuous function. If f €
SX (h,Kp,RY,), then

2f(2ab) Alfb a/f dxo A,

> (st + 1) [3+4(3)] [ 10
where
A= 4ht%) {f(a‘fl;b> +f<326—lfb>]
and
Ay = {f(a) erf(b) +f<a2jlrbb>] /Olh(t)dt.

If fe SV(h,Kh,R}), then the opposite signs of inclusion are valid in the above for-
mulas.
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Proof. We only give the proof of the first part of Theorem 2. Since f € SX (h, K}, R}) ,

we have
£(72) 2(3) [0 +70)]

forall x,y € Kj, and t = % . Choosing

2ab 2ab
= Y Y
= b YT ; 2ab )
ta+(1-1)75 tZ&G+(1—t)a
we get
2ab 2ab
4ab 1 a— a—
) 2G| =)+ (=m0 |
a+ ta+(1—1)255 tZpt(—t)a

Integrating both sides of the above inequality over [0, 1], we have

2ab 2ab

——
) B ) el

a+b

2ab 2ab

1 q2ab ~
P S
([ [

:hG)b a/wb fi) dx

Similarly, we have

(aats) 21(3)5 s o S0

Consequently, we get

4ab 4ab
(a—:l3b> (3acj|—b>

=T
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Thanks to Theorem 1,

2f<2ab> A f()d

_b a X2

2ab

1| 2ab a+bf ) 2ab f()
~ 2105

+ b a 211/) xz

%f ( “b }/ h(t)di = Ay
5 [f @+ (%) f(b)} [ nioya
3+0(3)] / i

REMARK 2. Like in Remark 1, from Theorem 2 we obtain particular results for
harmonical convex, harmonical P-convex, and harmonical s-convex functions.

and the result follows. [

THEOREM 3. Let f,g : K; — R} be interval-valued functions with a < b and
a,b €Ky, fg € IR (ap)), and hy,hy : [0,1] — (0,00) be continuous functions. If f €
(h17Kh7R ) gc SX(h27Kh7R}), then

1 1
Lf)a/u fxxf x)deM(a,b)/O h1(t)h2(t)dt+N(a,b)/O Iy (O)ha (1 — 1),
where

M(a,b) = f(a)g(a)+ f(b)g(b), N(a,b)= f(a)g(b)+f(b)g(a).
If fe SV(thh,R;), gc SV(hLKh,R;), then

b /h T80 g c M(a,b)/o1 (1) o) +N(a,b)/01 I ()ha(1 = 1)dr.

Proof. By hypothesis, one has
ab
ot tt=np) 2O @+ (=07 @)

ab

g(m> Dhy(t)gla)+ha(1—1)g(b).

Then,

f(ta+ 1—t)b>g ta-+ 1—t)b>
2 hi(t)ha(1)f(a)g(a) + hi(1)ha(1 1) f(a)g(b)
+h(1=0)ha(1)f(b)g(a) +hi (1 =1)ha(1 —1) f()g (D).
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Integrating both sides of the above inequality over [0, 1], we have

| et Gt
S e (o= e e ]
- [/;z<m+ff_t>b>g<m+ff_t>b>dn/;f<m+z‘f_t>b>§<m+z‘f_ﬂbwf]
:lb a/bf( /f ]
_ /bf(x))g(x)

> fla /h1 Vs (1)dt + f(a /h1 Via(1—1)d

+f / h1 l—t)h2( dl+f / h] 1—1t¢ h2 l—t)d
— M(a,b) / Iy (6)ha (1)di +N(a, b) / Iy (6)ha (1 — 1 )dr.
0 0
This concludes the proof. [J

REMARK 3. Similarly as before, from Theorem 3 we obtain particular results for
harmonical convex, harmonical P-convex, and harmonical s-convex functions.

THEOREM 4. Let f,g: K, — R} be interval-valued functions with a < b, where

a,b €Ky and fg € I XK |4p)), and hi,hy 2 [0,1] — (0,00) be continuous functions. If
f€8X(h,Ky,RY,) and g € SX (hy,K;,,RY,), then

2h1(5h (%)f<azibb>g<azibb> T b— a/ =

1
M(a,b) /O Iy (1) (1 —1)d +N(a,b) /O i (Oha(1)dr. (6)

If fe SX(hl,Kh7R}) and g € SX(hz,Kh,R}), then previous formula (6) holds with
the opposite sign of inclusion.

Proof. Let & = azfz By hypothesis, one has

1620 (3) (=)~ (5)/ (=)

8(8) 2 hz(%)g(ﬁ) +h2<l)g($>
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Then
f(8)g(8)
2’”(%)}‘2(%) f(m+ 1—1)b >g<ta+ 1—1)b ) f(tb+ 1—1)a >g<tb+ 1—1) )]
+h1<%>h2<%> f<m+ l—tb>g<tb+ 1—1)a >+f<tb+ l—ta>g<la+ 1=1)b )}
2 (3 (3) | Gt e i)+ (it o)
Hn@ynG)[mwﬂ@+ma—nﬂmxmu—wgw+@mAM)
+(m =0 f @+ () B)) (h20)g(@) + ha (1= 1)())

i) artt) i )|

(hl (Oha(1—1)+hy (1 —t)hz(t)>M(a7b)

+ (M O)hae) + 1 (1 =)o (1-1)) N(a,B)|.

—

Integrating over [0, 1], we have

1 ab  [* f0)2()
(Dl 6®) 2 b—a/a Lo

1 -1
M(a,b) /0 Iy (t)ha (1= 1)dt +N(a, b) /0 By (1Yo (¢)di

This concludes the proof. [

REMARK 4. From Theorem 4, we obtain particular results for harmonical convex,
harmonical P-convex, and harmonical s-convex functions.

4. Conclusions

We introduced the new concept of harmonical /-convexity for interval-valued
functions. Some interesting Hermite—Hadamard type inequalities for harmonical &-
convex interval-valued functions have then been proved. Our results give interval-
valued counterparts of the inequalities presented by Iscan and Noor et al., respectively
in [9] and [21].

Further developments are possible. As a future research direction, we intend to in-
vestigate Hermite—Hadamard type inequalities for harmonical -convex interval-valued
functions on arbitrary time scales.
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