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EXTENSIONS OF QUADRATIC TRANSFORMATION

IDENTITIES FOR HYPERGEOMETRIC FUNCTIONS

SONG-LIANG QIU, XIAO-YAN MA AND YU-MING CHU ∗

Abstract. In the article, we extend the identities F0(x) = (1 + r)F0(r) , 2F0(
√

1− x) = (1 +
r)F0(1− r2) , 2F0(y) =

√
1+3r F0(1− r2) and F0(1− y) =

√
1+3r F0(r2) for hypergeo-

metric functions F0(r) = 2F1(1/2,1;3/2;r) and F0(r) = 2F1(1/4,3/4;1;r) , performed by the
quadratic transformations r �→ x = 4r/(1+ r)2 , r �→ √

1− x , r �→ y = (1− r)2/(1+ 3r)2 and
r �→ 1− y , to the zero-balanced hypergeometric function 2F1(a,b;a + b;r) , by showing new
properties of 2F1(a,b;a+ b;r) and the Ramanujan type constant, and the monotonicity proper-
ties of certain combinations in terms of hypergeometric and elementary functions. These exten-
sions give complete solutions of the problem of extending the transformation identities above-
mentioned to 2F1(a,b;a+b;r) , and perfect all the known related results. By these results, sharp
transformation inequalities are obtained for the generalized Grötzsch ring function appearing in
Ramanujan’s modular equations.
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[37] S. SIMIĆ, M. VUORINEN, Landen inequalities for zero-balanced hypergeometric functions, Abstr.
Appl. Anal. 2012 (2012), Article ID 932061, 11 pages.

[38] M.-B. SUN, Y.-M. CHU, Inequalities for the generalized weighted mean values of g -convex functions
with applications, Rev. R. Acad. Cienc. Exactas Fı́s. Nat. Ser. A Mat. RACSAM 114, 4 (2020), Article
ID 172, 12 pages. https://doi.org/10.1007/s13398-020-00908-1

[39] M.-K. WANG, Y.-M. CHU, Refinements of transformation inequalities for zero-balanced hypergeo-
metric functions, Acta Math. Sci. 37B, 3 (2017), 607–622.

[40] M.-K. WANG, Y.-M. CHU, Landen inequalities for a class of hypergeometric functions with applica-
tions, Math. Inequal. Appl. 21, 2 (2018), 521–537.

[41] M.-K. WANG, H.-H. CHU, Y.-M. CHU, Precise bounds for the weighted Hölder mean of the
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