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EXTENSIONS OF QUADRATIC TRANSFORMATION
IDENTITIES FOR HYPERGEOMETRIC FUNCTIONS

SONG-LIANG QI1U, X1AO-YAN MA AND YU-MING CHU*

(Communicated by S. Varosanec)

Abstract. In the article, we extend the identities Fy(x) = (1 +r)Fy(r), 2Fp(v/1—x) = (1 +
rFo(1—12), 2Fo(y) = V14 3r Fo(1 —r?) and Fo(1 —y) = V/1+3r Fo(r?) for hypergeo-
metric functions Fy(r) = 2F1(1/2,1;3/2;r) and Fo(r) = 2F1(1/4,3/4;1;r), performed by the
quadratic transformations r— x =4r/(1+7)%, r—s1—x, r=y=(1—-r)2/(1+3r)> and
r 1 —y, to the zero-balanced hypergeometric function 2Fj(a,b;a + b;r), by showing new
properties of »Fj(a,b;a+ b;r) and the Ramanujan type constant, and the monotonicity proper-
ties of certain combinations in terms of hypergeometric and elementary functions. These exten-
sions give complete solutions of the problem of extending the transformation identities above-
mentioned to 2Fj (a,b;a+ b;r), and perfect all the known related results. By these results, sharp
transformation inequalities are obtained for the generalized Grotzsch ring function appearing in
Ramanujan’s modular equations.

1. Introduction

For real numbers a,b and ¢ with ¢ #0,—1,—-2,---, the Gaussian hypergeometric
function F'(a,b;c;x [29, 44, 45, 50, 52, 54, 55, 73] is defined by

F(a,b;c;x) =2F (a,b;c;x) = %%xﬂ |x| <1, (1)
where (a,0) =1 for a#0, and (a,n) =a(a+1)(a+2)---(a+n—1) forne N={n|n
is a positive integer } is the shifted factorial function. The function F(a,b;c;x) is said
to be zero-balanced [16, 49, 63, 64] if ¢ = a+b. It is well known that F(a,b;c;x)
has wide applications in mathematics, physics, as well as in some fields of engineering
[19, 21, 28,41, 46, 51, 56, 57, 62, 66, 67], and many other special functions in mathe-
matical physics and even some elementary functions are particular or limiting cases of
F(a,b;c;x) [1,3,4,5,6,7,8,9, 10, 13, 15, 25, 35]. For example, %, and %, (&,
and &) [17, 18,20, 23,27, 38,47, 53, 58, 60, 71, 72, 74], defined by

T

Halr) = 3F (@1 —a i), () = (VI-P). (2)
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ga(r)ng(a—1,1—a;1;r2), éz(r):(fa(\/l—ﬂ) 3)

for a € (0,1/2] and r € (0,1), are the well-known generalized elliptic integrals of the
first kind (the second kind, respectively), while % (r) = %} /(r) and 2" (r) = z/“i/l’/z( r)
(&(r) =& 5(r) and &' (r) = &} /2(r)) are the complete elliptic integrals of the first kind
(the second kind, respectively).

For x,y € (0,0), the classical gamma, psi (digamma) and beta functions are de-
fined as

© d T'(x)T
P = [ e,y = S 1oar(), Bley) = 0
0
respectively [1, 3, 4, 35, 36, 65, 68, 70].
Let v =lim, . [Y}_,(1/k) —logn] = 0.577215664 - - - be the Euler-Mascheroni
constant [22]. Then it is well known that (see [1, 6.1.15, 6.3.2, 6.3.3, 6.3.5, 6.3.8,
6.3.16 & 6.4.10] and [11, p.4232])

A(x) =T(x+1), y"(x+1) = y/(")(x) + (—1)"nvx*"*1 neNy, (5)
1 = X o n+1
W(X)__y_;+;§1m kgl ,,H,HGN (6)

1 1
29 20) = y(o) v (v 5 ) 1ogd w() =7 v (5 ) =~y togt. (1)
W(L/4) 4 w(3/4) = 27~ logéd. ®)

For a,b € (0,), we denote

R(a,b) = =2y —wy(a) — y(b), )
R.(a) =R(a,c—a)= -2y—y(a) — y(c—a), (10)
R(a) =R(a,1 —a)=-2y—y(a) - y(1 —a), (11)
B(a) = B(a,1 —a) = T(a)[(1 —a) = Singm). (12)

R(a,b) and R(a) are called the Ramanujan type constants in literature [31]. It follows
from (4) and (7)—(12) that
B(1/2) = 7, B(1/2,1) = 2,B(1/4) = V2, "
R(1/2) =logl6, R(1/2,1) =log4, R(1/4) =log64,

and by the symmetry, we may assume that a € (0,¢/2] in (10), and a € (0,1/2] in (11)
and (12).

Throughout this paper, we denote Ng = NU {0}, r' = /1 —r2 for each r €
[0,1]. For a,b,aj,b; € (0,) with ¢ =a+b and ¢; = a; + by, and for r € (0,1),
let o =ab/c, x=ab/(c+1), & =a1b)/(c1+1), oy =a1by/c1, B=B(a,b), B] =
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B(ahb]), §:B(a+1,b+ l), E] ZB(CZ] +1,b; -‘rl), R:R(a7b), R, =R(a1,b1),
R=R(a+1,b+1),R =R(a; +1,b;+1),

)= F(a,b;c;r), G(r) = F(a,b;c+ 1;r),

Fi(r) = F(a1,bi;c131), Gi(r) = F(ay,biser + L),

) =F(1/2,1;3/2;r), Go(r) =F(1/2,1;5/2;r), (14)
Fo(r) =F(1/4,3/4;1;r), Go(r) = F(1/4,3/4;2;7),
Fi(r)=F(a+1,b+ 1;¢4+2;r), Fi(r) =F(a; + 1,b1 + Lic1 + 25 7).

It follows from (4)—(5) and (9) that
B=aB/(c+1)=0B/c and R=R— 1/« (15)

if a,b € (0,00) with c=a+b.

In addition, by the symmetry of the parameters a and b in the function F(a,b;a+
b;x), without loss of generality, we assume that @ < b. Observe that for a,b € (0,00)
with c=a+b,

a<b=a<c/2<b and abza(c—a)<c2/4. (16)
The following formulas are well-known

I'(c)T'(c—a—D>)

Fla,be;1) = =2 272 b, 17
(@b )= —arie—p) 7" (a7
b
TF(a,bicix) = %F(H 1,b+1c+ 15x), (18)
F(a,b;c;x) = (1 —x) " PF(c—a,c—bic;x), (19)
R
BF(a,b;a+b;r) = log&+0((1 —P)log(1—7)) (r— 1) (20)

(see [1, 15.1.20, 15.2.1,15.3.3, & 15.3.10] and [4, 5]). From [1, 15.3.10], (5) and (9),
we obtain the following refinement of (20)

R
BF(r):[1—|—ab(1—r)]log%+(2ab—a—b)(1—r)—|—0((1—r)210g(1—r)).
(21)
It follows from [1, 15.1.4], (17)—(19) and the third equality in (12) that
1oy oG(r) _arth(yr) ., Go(r) _ r—(1—r)arth(y/r)
Fi)=a=7 Bt =—= k=375~ 232(1—r)
(22)
— 3G 3 Q- 8v2
ot = o Gul1) = 3, 601 = o Bol) = 522 @3)
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One kind of the important properties of the zero-balanced hypergeometric func-
tions are their transformation identities. In addition to the well-known Landen transfor-
mation identities [1, 8, 11]

11 4r 11
Fl= - 1;—— ) =0+nF|=,=.1;/ 24
(33157 ) = 00 (350157, @4

2
11 1—r 1+r 11 "
F|= =1, = Fl=,=1; , 25
(2’2’ <1+r)> 2 (22 " ) 25)
many other beautiful transformation identities can be found in [1, 8, 11]. For instance,
for r € (0,1), the following quadratic transformation identities hold

1. 3 4 1 3
Fl=1;—;—— ] =(1 Fl=,1,=:r], 26
(353 qem) =040 (31537) 20
1 3 1—r I4+r (1 3 ,
Flz1liz;— )= Fl= 155 ; 27
(2’ 2 1—|—r> 2 (2 2" ) 7)
2
13 1— VI+3 13
Fl->1 4 VIR (22 ,,2) (28)
4’4 143r 2 4’4
2
13 1—r 13
Fl-,=1;1— =V1+43rF | =, =177 ), 29
(4’4 <1+3r>> o (4 4 r) (29)

where (26) and (27) are the special cases of [1, 15.3.19] (see also [8, 25]), while (28)
and (29) were proved in [11, Theorem 9.4] (see also [8, 25]). It is natural to raise the
following Problem 1.1.

PROBLEM 1.1. Can we extend the transformation identities above-mentioned such
as (26)—(29) to zero-balanced hypergeometric function F(a,b;a+ b;r) for a,b € (0,00)
and r € (0,1)?

During the past few years, several authors studied this problem, and many results
have been obtained in the literature [32, 37, 39, 40, 42, 43, 48, 61]. For example, Simi¢
and Vuorinen proved several extensions of (24) and (25) to zero-balanced hypergeo-
metric functions in [37], while Wang and Chu [39] studied the problem of the general-
izations of (26)—(29) and obtained several results, some of which are the following two
theorems (with some simplifications here for their formulations).

THEOREM 1.2. ([39, Theorem 3.5]) For a,b € (0,0) with c =a+b and r €
(0,1), if ab < min{1/2,¢/3}, then

(30)

4 R—log4
0<(1+r)F(a,b;c;r)—F<a7b;C; : ) o

(147)2 B

and if ab > max{1/2,c/3}, then each inequality in (30) is reversed.
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THEOREM 1.3. ([39, Theorem 4.5]) For a,b € (0,), ¢ =a+b and for r €
(0,1), if ab < min{3/16,c/16}, then

2
1—r R —log64
R < - Tor’
0<V1+3rF (abcr) (a,b,c,l <1+3r)>\ B ) 3D

and if ab > max{3/16,c/16}, then each inequality in (31) is reversed.

However, the known results concerning the extensions of (26)—(29) are neither
sharp nor complete. This may be due to the lack of the known properties of R(a,b) and
the innovation in methodology.

The main purpose of the article is to study the problem of extending (26)—(29)
to zero-balanced hypergeometric functions, give complete solutions to Problem 1.1 in
this case, and substantially improve all the known related results such as Theorems
1.2 and 1.3. (See the results proved in Sections 4-5.) In addition, the authors will
obtain several new properties of the Ramanujan type constant R(a,b) and the hyperge-
ometric functions in Sections 2-3, including the relations between two Ramanujan con-
stants R(a,b) and R(aj,b;) and between two hypergeometric functions with distinct
parameters (a,b) and (a;,b;), monotonicity properties and sharp functional inequal-
ities, which play a key role in the proofs of our results obtained in Sections 4-5 and
yield some properties of 7 (r), &(r), J#,(r) and &,(r) (See Section 7). As examples
of applications of these results, several quadratic transformation properties of the gen-
eralized Grotzsch ring function, which appears in Ramanujan’s modular equations, are
obtained in Section 6.

2. Preliminaries

In this section, we shall give several lemmas showing some properties of R(a,b)
and hypergeometric functions. First, we show some properties of R(a,b).

LEMMA 2.1. (1) For each ¢ € (0,e0), as functions of a, g1(a) =R.(a) = =2y —
y(a) — y(c—a) and g,(a) = B(a,c — a) are both strictly decreasing and convex on
(0,¢/2].

(2) For a,b € (0,0), R(a,b) can be expressed by the following function of x = ab
and ¢ = a+b or a function of o« =ab/c and ¢

it ck+2x
R(a,b = 32
(a,5) = g3(x.¢) ; k(k% + ck + x) (32)
1 i k+2a
g4l o kg' k[(k?/c)+k+o] 33)

Moreover; g is strictly decreasing and convex both in x € (0,c /4] and in ¢ € (0,),
with g3(07,c) = oo, g5(c) = g3 (c?/4,c) is stricily decreasing and convex from (0, )
onto (—eo,e0) with gs5(1) =R(1/2) =log16 and gs(2) =R(1,1) =0.
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(3) For each ¢ € (0,00), the function g¢(x) = xg3(x,¢) is strictly decreasing in x
Srom (0,00) onto (—eo,c).
(4) ga is strictly decreasing and convex in o € (0,00), and in ¢ € (0,e0).

Proof. Parts (1)—(3) except for (33) were proved in [30, Lemma 2.1], while (33)
is clear.
Part (4) follows from the partial derivative

%:_ 1 i (2k/c)+1 &:_‘X’ k(k+2a) O
do o2 E(KR)e)+k+al | de SR+ ck+ca)®

THEOREM 2.2. Let a,b,a;,b; € (0,), c=a+b and ¢y = a; +b;. Then the
following statements are true:
(1) If ab < a1by and ¢ < ¢y, then

R(aab) ZR(al7bl)7 (34)

with equality if and only if (a,b) = (ay,by).

(2) If ab > max{aby,coy } = coy, then the inequality (34) is reversed.

(3) In other case not stated in parts (1)—(2), that is, a\by < ab < coy, then R(a,b)
and R(ay,by) are not directly comparable, namely neither (34) nor its reversed in-
equality holds for all a,b,ay,by € (0,e0).

Proof. (1) It follows from Lemma 2.1(2) that

S (c—c)k*+2(ab—ayby)k+ci(ab— coy)

R(a1,b1) —R(a,b) =
(a17 1) (a7 ) kgz) (k2+ck+ab)(k2+clk+albl) )

(35)

and if ab = a1 by, then

> g3(aiby,c1) =Ry, if ¢ <cy,
R(a,b) = g3(ab,c) = gs(aib1,c) { = g3(aiby,c1) =Ry, if c=cy, (36)
< gs(a1by,c1) =Ry, if ¢>cy.

Clearly, the conditions ab < a;b; and ¢ < ¢; imply that one of the following three
conditions is fulfilled:
(i) ab=aby and ¢ < ¢y,
(11) ab < min{albl,cal} =cop,
(>iii) coy < ab < a;b,.
If ab =a;b; and ¢ < ¢y, or if ab < min{a;b;,coy }, then (34) follows from (35) and
(36).

Next, let g3 be given as in Lemma 2.1. Note that if coy < ab < a1by,then ¢ <cy,
and hence by Lemma 2.1(2),

R(a,b) = g3(ab,c) > g3(aiby,c1) = R(ay,by),
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showing that (34) holds.

From the above discussion, we can easily see that the equality in (34) holds if and
only if (a,b) = (ay,by).

(2) Since max{a;bj,coy} = cay implies that ¢ > ¢y, part (2) follows from (35)
and (30).

(3) It is easy to see that the remaining case not stated in parts (1)—(2) is that
a,b,ay,b; satisfy the condition a;b; < ab < co, which implies that ¢ > c¢;. By (32),

. ' _ 1 S k+2aybi/c
I 1 R(a,b) =1 - -
c(k+2ay)

| =
1~ 1' R b = 1 - (12 bt v )
im lim  R(a,b) = lim a ]Zfl k (k2 + ck+coy)

Cc—o0 ab—>(6061)7 Cc—0

This shows that R(a,b) > R(ai,b1) (R(a,b) < R(ay,b1)) when ab is close to ab;
and c is sufficiently large (ab is close to coy and c is sufficiently large, respectively).
Hence part (3) follows.

Given the values of a; and b; in Theorem 2.2, one can obtain the corresponding
comparison of R(a,b) and the value R(a;by). For example, one can easily obtain the
following

COROLLARY 2.3. (1) For a,b,ay,b; € (0,) with c=a+b and ¢; =a, +by, if
dab < 1, then

R(a,b) >log16, (37)

with the equality if and only if a=b = 1/2. If 4ab > c, then the inequality (37) is
reversed.

(2) For a,b,a;,b; € (0,00) with c=a+b and ¢c; =a;+ by, if | <4dab <c, then
R(a,b) and log16 are not directly comparable, that is, neither (37) nor its inverse
inequality holds for all a,b > 0 with 1 <4ab < c.

As we know, [26, Lemma 2.1] gives an effective tool for us to show the mono-
tonicity properties of a ratio of two power series. In [61, Theorem 2.1] (see also [39,
Lemma 1.1]), Yang, Chu and Wang proved a good criterion for the monotonicity of the
quotient @(x) = A(x)/B(x), where A =A(x) =3, qanx" and B=B(x) =Y, _(bux"
have a common radius r of convergence. They use the sign of Hy p(r~) of the function
Hy p = (A'B/B’) — A to determine the monotonicity properties of ¢. Since Hy p(x) =
B(x)?¢'(x)/B(x), it is easy to see that [61, Theorem 2.1] can be changed to the fol-
lowing more natural and convenient conclusions.

LEMMA 2.4. Suppose that the real power series A(x) =Y, _qa,x" and B(x) =
S obux" with by, > 0 are of a common radius r € (0,%0) of convergence, and {a,/by}
is a non-constant sequence. Let ¢(x) = A(x)/B(x).

(1) If there is an ng € N such that the sequence {a,/b,} is increasing (decreas-
ing) for 0 < n < ng, and decreasing (increasing) for n > ngy, then @ is increasing
(decreasing) on (0,7) ifand only if ¢'(r™) =0 (@'(r™) <0, respectively).
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(2) If there is an ny € N such that the sequence {a,/by,} is increasing (decreasing)
for 0 < n< ny, and decreasing (increasing) for n > no, and if ¢'(r~) <0 (¢'(r~) >0),
then there exists a number xo € (0,r) such that @ is strictly increasing (decreasing) on
(0,x0] and decreasing (increasing, respectively) on [xo,r).

LEMMA 2.5. For a,b € (0,00) with ¢ = a+b and d € (—oo,), the function
g7(r) = (1 = r)4F(a,b;c;r) is increasing (decreasing) on (0,1) if and only if d <0
(d> o).

Proof. Let d, = (a,n)(b,n)/[(c+1,n)n!] and d, = (a,n)(b,n)/[(c,n)n!]. By dif-
ferentiation and (22),

(1—r)t-
F(r)

/ G oo dnt”"
¢(r) = aga(r) — d, gs(r) = FEQ - § i (38)
n=0“n

Clearly, gg(0) =1 and gg(1~) = 0. Since d,,/d, = c¢/(n+c) is strictly decreasing in
n € Ny, gs is strictly decreasing on (0, 1) by [26, Lemma 2.1]. Hence by (38),

gi(r)>0&d<a inf {gg(r)} =0, g(r)<0&d>a sup {gs(r)} = .
0<r<l 0<r<1
In [39, Lemma 2.2], some monotonicity properties of fi(r) = F(r)/Fi(r) and
f(r)=G(r)/Gi(r), for r € (0,1), were obtained. However, the formulation of the
conditions in [39, Lemma 2.2] is not simple and clear enough, the results for f, are not
complete, and the proof of [39, Lemma 2.2] is not natural, because of lack of the help
of Lemma 2.1 and Theorem 2.2. For this reason, we prove the following results.

THEOREM 2.6. For a,b,a;,b; € (0,00) with c =a+b and ¢; = a) + by, and for
re(0,1), let fi(r)=F(r)/Fi(r) and f>(r) = G(r)/G\(r). Then we have the following
conclusions:

(1) If ab < min{aby,coy }, or if ajby < ab < coy with R > Ry, then fi is de-
creasing from [0,1) onto (B /B,1]. Moreover, if (a,b) # (ay,b), then the monotonic-
ity of f1 is strict.

(2) If ab > max{a\bi,ca }, then fi is increasing from [0,1) onto [1,B;/B).
Moreover, if (a,b) # (a1,by), then the monotonicity of f is strict.

(3) In other cases not stated in parts (1)—(2), namely a1by < ab < cay with R <
Ry (or coy < ab < ayby), there exists a number r; = ri(a,b,a;,by) € (0,1) (r, =
r(a,b,ay,by) € (0,1)) such that fy is decreasing (increasing) on (0,r{] ((0,72]), and
increasing (decreasing) on [ri,1) ([r2,1), respectively). If ¢ < 4oy, then the case
“coy < ab < ayby” does not appear, and in particular, if ¢ <1 and oy > 1/4, then
the case “coy < ab < ayby ” does not appear.

(4) If ab < min{a1by +c; —c,(c+ 1)} or ajby +cy1 —c < ab < ayby, then f>
is decreasing from [0,1) onto (0B /(aB),1]. Moreover; if (a,b) # (ay,b), then the
monotonicity of f> is strict.

(5)If ab > max{a;b) +c;—c,(c+1)01} or aiby <ab < ajb;+c)—c, then f>
is increasing from [0,1) onto [1,01B1/(oB)). Moreover, if (a,b) # (ay,by), then the
monotonicity of f> is strict.
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(6) In other cases not stated in parts (4)—(5), namely a1by < ab < (c+ 1)
(or (c+ 1)@ < ab < ajby), there exists a number r3 = r3(a,b,a,by) € (0,1) (r4 =
r4(a,b,ay,by) € (0,1)) such that f> is decreasing (increasing) on (0,r3] ((0,r4]) and
increasing (decreasing) on [r3,1) ([r4,1), respectively). If ¢* < 4(c+ 1)@, then the
case “(c+1)0; < ab < ayby ” does not appear. In particular, if ¢ < 1 and &) > 1/8,
then the case “(c+ 1)ot; < ab < ayby ” does not appear.

Proof. Clearly, f1(0) = f,(0) = 1. By (20) and (23), f;(1") =By /B and f5(1) =
oy B /(aB). Differentiation gives

F(r) = aG(r)Fi(r) — oy F(r)Gi(r)
! (1—=r)Fi(r)? 7
_ QF(r)Gi(r) — a1 Fi4(r)G(r)

far) = AGE : (40)

(39)

By (23), aBR|G(1) — oyB1RG (1) =R; —R. By (15), (20) and (22), and by I’"Hbpital’s
rule,

lim oBG(r) — ayB1G1(r) im 00 B1Fy. (r) — 0C0BF(r)
r—1 (l — r)Fl(r) - r—1 F (I") — 041Gy (I")

Fi.(r) a&BFJF(r)

Fi(r) Fi(r)
= (a1b1 —ab)Bl,

= lim (XlalBl
r—1

lim aBRlG(r) — OClBlRGl(r)

=0if R=R;.
R (1— ()2 ' !

Hence by (15), (20), (22)—(23) and (39), we obtain the limiting value

Lo aBG(r)log (e®1/(1—r)) — 04B1Gy(r)log (eR/(1—r))

"(17) =
S =, (1—r)Fi(r)?
1. (XBRlG(I")—OQBlRGl(r) aBG(r)—alBlGl(r) log[l/(l—r)]
=—1lim 5 .
B r—1 Bl(l—r)Fl(r) (l—r)Fl(r) log [eRl/(l—r)]
B | aBRlG(r) — OClBlRGl(r)
=1 - — 1
p (@b —ab)+ g lin (- "R (r)?
—oo, R >R17
= Bl(albl—ab)/& R:Rl7 (41)
oo, R <R;.

Put D; = oy By (abR — a1b1R + ¢; — ¢)/(aB) . Then (23) leads to
(abR—c)Gl(l) (alblRl—cl)G(l) - D1

oB o B (04B1)?’
ab—albl

¢B1G(1)—c1BG(1) = oo
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and by (20) and 1’Hopital’s rule,

¢B1Gy(r) — c1BG(r)

/

lim

r—1 r

Hence by (15), (20), (22) and (40), we obtain the limiting value

:Oifab:albl.

_ 1 |aGi(r)., & @G, f
I(17) = 1 SR AN
L) =g lim | = leey— — —5 e,

’B 1
—p, + 44 lim [cB1G (1) — 1 BG(1)]log ——
r— —

—oo, ab < a1by,
=< Dy, ab=aby, (42)
oo, ab > ab;.

By Theorem 2.2(1)-(2), if ab = a;b;, then

cB <0, if c;<c,
Dy =—]ab(R—R|)+c| — 43
! c1B [a ( 1) “ C} {> 0, if ¢y >c. 43)

Next, for a,b,ay,b; € (0,00) with c =a+b and ¢; = a; + by, and for n € Ny, let

_@n®n) 5 (am)bun) o
" (c,m)n! 7 " (ctymmt 7 g,
g, l@nbn) o (am)(bun) o
e+ 1Lnn!” " (e +1Ln)n!” ",

Ay = A (n,a,b,a;,by) = (ab—a1by)n+ci(ab—coy),
Ay = Ay(n,a,b,a;,b1) = (ab+c—aby —ci)n+ab(c; + 1) —ayby(c+ 1)
=(ab+c—aby—ci)n+ (ci+ 1)[ab— (c+1)ay].

Then by (1),
N— an” ~Vl A ) 7b7 7b
fl(r)zzi_ﬂ, Cuel _ 1(n2a ai,by) , 44)
Yoo bnr™ Cn (n+c)(n*+cin+ayby)
f (r) — z“:choa”lrn En+1 =1+ A2(n7a7b7al7bl) (45)
: 2:’:05nr"’ Cn (n+c+1)(n2+cin+arby)’

(1) If ab < min{a;b;,cay}, then A{(n,a,b,a;,b;) <0, so that ¢, is decreasing
in n € Ny by (44). Hence f is decreasing on [0,1) by [26, Lemma 2.1].

If aiby < ab < cay and R > Ry, then ¢, is decreasing and then increasing in
n € Ny by (44), and f{(17) <0 by (41). Hence by Lemma 2.4(1), f; is decreasing on
[0,1).

(2) If ab > max{ab;,cay }, then Aj(n,a,b,a;,b;) > 0, and ¢, is increasing in
n € Ny by (44). Hence f) is increasing on [0,1) by [26, Lemma 2.1].
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(3) If a1b; < ab < coy and R < Ry, then ¢, is decreasing and then increasing
in n € Ny by (44), and f{/(17) = e by (41). Hence the piecewise monotonicity of f;
follows from Lemma 2.4(2).

If coy < ab < aby, then ¢ < cy, ¢, is increasing and then decreasing in n €
Ny by (44), R > R; by Theorem 2.2(1), f/(17) = —eo by (41), and the piecewise
monotonicity of f; follows from Lemma 2.4(2).

If ¢ < 40y, then ab < ¢?/4 < coy by (16), so that the case “coy < ab < ajb;”
does not appear. In particular, if ¢ < 1 and o > 1/4, then ab < ¢?/4 < c?oy < coy
by (16), so that the case “coy < ab < a;b;” does not appear.

4) If ab < min{a;b; +c¢; —c,(c+ 1)@}, then Ay(n,a,b,a1,b1) <0, so that ¢,
is decreasing in n € Ny by (45). Hence f is decreasing on [0,1) by [26, Lemma 2.1].

If ajby +c¢1 —c < ab < ajby, then ¢y < ¢ and ab(cy + 1) < aybi(c+ 1), so that
€, is decreasing and then increasing in n € Ny by (45). By (42) and (43), f5(17) = —o0
if ab < aiby,and f;(17) =D, <0 if ab=ab;. Hence f, is decreasing on [0,1) by
Lemma 2.4(1).

(5) If ab > max{a;b; +c; —c,(c+ 1)a; }, then Ay(n,a,b,a1,by) > 0, so that ¢,
is increasing in n € Ny by (45). Hence f> is increasing on [0, 1) by [26, Lemma 2.1].

If a1by < ab < ajby+c¢1 —c, then ¢; > ¢, ab(c; + 1) > a1bi(c+ 1), so that ¢,
is increasing and then decreasing in n € Ny by (45). By (42) and (43), f5(17) = if
ab > a\by, and f)(17)=D; >0 if ab = a;b,. Hence f, is increasing on [0,1) by
Lemma 2.4(1).

(6) If a1by < ab < (c+ 1)y, then ¢ > ¢y, ab+c¢ > ayb; +c¢; and ab(c;+1) <
(c1+1)(c+ 1)y =aibi(c+1), so that T, in decreasing and then increasing in n € Ny
by (45). By (42), fJ(17) = oo, and hence the piecewise monotonicity of f> follows
from Lemma 2.4(2).

If (c+1)o; <ab < ayby, then ¢ < ¢y, ab+c¢ < ajb;+c¢; and ab(c; +1) >
(c1+1)(c+ 1)y =aibi(c+1), so that T, in increasing and then decreasing in n € Ny
by (45), and f,(17) = —eo by (42). Hence the assertion on the piecewise monotonicity
of f> follows from Lemma 2.4(2).

If ¢ <4(c+ 1)@y, then by (16), ab < ¢?/4 < (c+ 1)@ . Hence the situation
“(c+1)o; < ab < ayb;” does not exist. In particular, if ¢ < 1 and o@; > 1/8, then
ab < /4 < (c+1)/8< (c+1)a; by (16), so that the case “(c + 1)a; < ab < ajb;”
does not appear. [

LEMMA 2.7. For a,b,a;,b; € (0,), c=a-+b, ¢y =a;+by, and for r € (0,1),
let f3(r) = [F(r)=1]/[Fi(r) — 1].

(1) If ab < min{a1by +cy —c,(c+ 1)} or ajby+c1—c < ab < ayby, then f3
is decreasing from (0,1) onto (By/B,c/0y). Moreover, if (a,b) # (ay,by), then the
monotonicity of f3 is strict. In particular, for r € (0,1),

By | B o o

1— o) + EF(alabl;Cl;r) < F(a,bseir) <1— o + a_lF(alybUClr)a (46)

with equality in each instance if and only if (a,b) = (ay,by).
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(2) If ab > max{a;by+c;—c,(c+ 1) } or ajby <ab <ajb;+c;—c, then f3
is increasing from [0,1) onto (o./oy,B1/B), and each inequality in (46) is reversed.
Moreover, the monotonicity of f3 is strict if (a,b) # (a1,by).

Proof. Let f; be as in Theorem 2.6, go(r) = F(r) — 1 and g1o(r) = Fi(r) — 1.
Then g9(0) = g10(0) =0 and

g/9(r) - oG(r) _ o .
o) @G w2 @7

Hence the monotonicity properties of f3 follow from Theorem 2.6(4)—(5) and [3, The-
orem 1.25].

By (47), f3(0") = a/ay, and by (20), f3(17) = By/B. The remaining conclu-
sions are clear. [l

3. Some properties of hypergeometric functions

In this section, we mainly show several properties of hypergeometric functions,
including their sharp bounds given in terms of elementary functions, and the relations
between F(r) and Fy(r), G(r) and Go(r), F(r) and Fo(r), and between G(r) and
Go(r). Some of these relations embody the stabilities of the hypergeometric functions
Fo(r), Go(r), Fo(r) and Gy(r) with respect to the parameters, in some extent. These
results are needed in the proofs of our results in Sections 4 and 5.

First, taking a; = 1/2 and b; = 1, we can immediately obtain the following Corol-
laries 3.1-3.2 (Corollary 3.3) from Theorem 2.6 (Lemma 2.7, respectively) and (22)—
(23).

COROLLARY 3.1. For a,b € (0,%) with c=a+b, and for r € (0,1), let fa(r) =
F(r)/Folr) = VP (r) Jarth(y/7).

(1) If ab < min{1/2,¢/3}, or if 1/2 < ab < ¢/3 with R >log4, then fy is de-
creasing from [0,1) onto (2/B,1]. The monotonicity of fy is strict if (a,b) # (1/2,1).
In particular, for r € (0,1),

th 2 I 3 1.3 th
pRad ) _ —F( l;—;r2) <F(a,b;eir?) <F ( 1;—;I’2> “ (r)» (48)
-

Br ) 2772

with equality in each inequality if and only if (a,b) = (1/2,1).

(2) If ab > max{1/2,c/3}, then fy is increasing from [0,1) onto [1,2/B), and
each inequality in (48) is reversed. Moreover, the monotonicity of fy is strict if (a,b) #
(1/2,1).

(3) In other cases not stated in parts (1)—(2), namely 1/2 < ab < ¢/3 with R <
log4 (or ¢/3 < ab < 1/2), there exists rs = rs(a,b) € (0,1) (r¢ = r¢(a,b) € (0,1))
such that fy is decreasing (increasing) on [0,rs] ([0,r6]), and increasing (decreasing)
on [rs,1) ([re, 1), respectively), with f4(0) =1 and fs(17) =2/B. If ¢ < 4/3, then
the case “c/3 < ab < 1/2” does not appear.
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COROLLARY 3.2. For a,b € (0,e) with c=a+b, and for r € (0,1), let f5(r) =
G(r)/Go(r).

(1) If ab<min{2—c,(c+1)/5} or 2—c < ab < 1/2, then fs is decreasing from
[0,1) onto (2/(3aB),1]. Moreover; if (a,b) # (1/2,1), then the monotonicity of fs is
strict. In particular, for r € (0,1),

Py(r)/(aB) < F (a,bic+ 1;1%) < 3Py(r)/2, (49)

with equality in each instance if and only if a =1/2 and b =1, where Py(r) =
r=3 [r—r"arth(r)] .

(2) If ab > max{2 —c,(c+1)/5} or 1/2 < ab <2 —c, then fs is increasing
Sfrom [0,1) onto [1,2/(3aB)), and each inequality in (49) is reversed. Moreover, if
(a,b) # (1/2,1), then the monotonicity of fs is strict.

(3) In other cases not stated in parts (1)—~(2), that is, 1/2 <ab < (c+1)/5 (or (c+
1)/5 < ab < 1/2), there exists a number r; = r7(a,b) € (0,1) (rg = rg(a,b) € (0,1))
such that fs is decreasing (increasing) on [0,r7] ([0,r3]), and increasing (decreasing)
on [r7,1) ([rs, 1), respectively), with fs(0) =1 and fs(17) =2/(3aB). If ¢* <4(c+
1)/5, then the case “(c+1)/5 < ab < 1/2” does not appear.

COROLLARY 3.3. For a,b € (0,%) with c=a+b, andfor r € (0,1), let fo(r) =
F () — 1)/ [Fo(r)— 1]

(1)If ab<min{2 —c,(c+1)/5} or 2—c < ab < 1/2, then fs is decreasing from
(0,1) onto (2/B,3¢t). Moreover, if (a,b) # (1/2,1), then the monotonicity of fe is
strict. In particular, for r € (0,1),

2 th th
1+2 [ar () _ 1] <F(a,b;c;r?) <1+ 30 {ar () _ 1] , (50)
B r r
with equality in each instance if and only if a =1/2 and b =1, and
T arth(r) T arth(r)
——1 — . 1
> + . <Ji/(r)<8+3n . (51)

(2)If ab>max{2—c,(c+1)/5} or 1/2<ab<2—c, then fs is increasing from
[0,1) onto (3ct,2/B), and each inequality in (50) is reversed. Moreover; if (a,b) #
(1/2,1), then the monotonicity of fe is strict.

COROLLARY 3.4. Forre (0,1), Dy =+2/m=0.45015--- and D3 =82 /3w =
1.20042- -,

th 13 th
Dzar—(r)<F _,_;1;,,2 <M, (52)
r 4°4 r
r—r"arth(r) 13 ) r—r"arth(r)
py LAY g (2200, r—rrarth(r)
3 ;e < <4,4, ,r)<3 3 (53)

The coefficients of the lower and upper bounds in (52) and (53) are all best possible.
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Proof. Take a=1/4 and b =3/4 in Corollary 3.1(1). Then c =1, B(1/4,3/4) =
V2m by (13), ab = o = 3/16 < 1/3, and hence (52) follows from Corollary 3.1(1).
The coefficients of the lower and upper bounds in (52) are both best possible, since
lim, o Fo(r)/Fo(r) = 1 and lim,; Fo(r) /Fo(r) = v2/7 by (20).

Similarly, the remaining conclusions follow from Corollary 3.2(1). O

COROLLARY 3.5. For a,b € (0,%0) with c=a+b, and for r € (0,1), let f;(r) =
F(r)/Fo(r).

(1) If 16ab/3 < min{l,c}, or if 1 < 16ab/3 < ¢ with R > log64, then f; is
decreasing from [0,1) onto (v/21/B,1], so that for r € (0,1),

\/ZTC 1 3 2 2 1 3 2
v —_ - < . e < I TN
3 F<4,4,1,r)\F(a,b,c,r)\F<4,4,l,r>, (54)

with equality in each instance if and only if a = 1/4 = b/3. The monotonicity of f7 is
strict if (a,b) # (1/4,3/4).

(2) If 16ab/3 > max{1,c}, then f; is increasing from [0,1) onto [1,7/21/B),
so that each inequality in (54) is reversed. Moreover, if (a,b) # (1/4,3/4), then the
monotonicity of f7 is strict.

(3) In other cases not stated in parts (1)—(2), namely 1 < 16ab/3 < ¢ with R <
log64 (or ¢ < 16ab/3 < 1), there exists ro = ro(a,b) € (0,1) (ri9 = rio(a,b) € (0,1))
suchthat f; is decreasing (increasing) on [0,r9] ([0,r10]), and increasing (decreasing)
on [ro,1) ([ri0,1), respectively), with f7(0) =1 and f7(17) = 2nr/B. If ¢ < 3/4,
then the case “c < 16ab/3 < 1” does not appear.

Proof. The results follow from Theorem 2.6(1)—(3) with a; = 1/4 and b; =3/4
and (13). O

Similarly, Theorem 2.6(4)-(6) with a; = 1/4 and b; = 3/4, (13) and (53) yield
the following corollary.

COROLLARY 3.6. For a,b € (0,%) with c=a+b, and for r € (0,1), let f3(r) =
G()/Go(r)-

(1) If ab < min{(19/16) —¢,3(c+1)/32} or (19/16) —c < ab < 3/16, then f3
is decreasing from [0,1) onto (3v/21/(16aB),1]. The monotonicity of f3 is strict if
(a,b) # (1/4,3/4). In particular, for r € (0,1),

32w (13, ) 13,
P\ % | SE(abie+ L) SF( 5,520 ),
6B (4,4, ,r) (a,bic+1;17) <4 il (55)

with equality in each instance if and only if (a,b) = (1/4,3/4). Moreover, the coeffi-
cients 1/(oB) and 3/2 of the lower and upper bounds in (55) are both best possible.

(2) If ab > max{(19/16) —c,3(c+1)/32} or 3/16 < ab < (19/16) —c, then f3
is increasing from [0,1) onto [1,3v/21/(16aB)), so that each inequality in (55) is
reversed. Moreover, the monotonicity of fg is strict if (a,b) # (1/4,3/4).
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(3) In other cases not stated in parts (1)—(2), that is, 3/16 < ab < 3(c+1)/32
(or 3(c+1)/32 < ab < 3/16), there exists a number ri; = ri1(a,b) € (0,1) (rj2 =
ria(a,b) € (0,1)) such that fg is decreasing (increasing) on [0,r11] ([0,712]), and in-
creasing (decreasing) on [r11,1) ([r12,1), respectively) with f3(0) =1 and f3(17) =
3v2m/(16aB). If > < 3(c+1)/8, then the case “3(c+1)/32 < ab < 3/16” does
not appear:

Taking @) = 1/4 and b; = 3/4 in Lemma 2.7, and applying (13), we obtain the
following corollary.

COROLLARY 3.7. For a,b € (0,%0) with ¢ =a+b, andfor r € (0,1), let fo(r) =
IF(r)— 1)/ [Folr) —1].

(1) If ab < min{(19/16) —¢,3(c+1)/32} or (19/16) —c < ab < 3/16, then fo
is decreasing from (0,1) onto (v/2m/B,16a/3). Moreover, the monotonicity of fy is
strictif (a,b) # (1/4,3/4). In particular, for r € (0,1),

V2n 13, ) 160 13,
- _ Z.1- _ < B < _ _ Z.1- _
1+ 3 {F<4,4,1,r) l}\F(a,b,c,r)\l—f— 3 {F<474,1,r> 1}7
(56)

with equality in each instance if and only if a =1/4 and b =3 /4.

(2) If ab > max{(19/16) — ¢,3(c+1)/32} or 3/16 < ab < (19/16) — ¢, then
fo is increasing from (0,1) onto (16a/3,v/2m/B), so that each inequality in (56) is
reversed. Moreover, the monotonicity of fy is strict if (a,b) # (1/4,3/4).

Next, we present some more properties of zero-balanced hypergeometric func-
tions. The following theorem and its corollaries 3.9-3.10 play a key role in the proofs
of our results obtained in Section 4.

THEOREM 3.8. For a,b,a;,b; € (0,0) with c=a+b and ¢; = a; + by, let r3
and ryq be as in Theorem 2.6, £ =1—a/a;, 6 = (R—R1)/B, and for r € (0,1), let
fuolr) = F(r) — F(r)F'(r) [Fi(1).

(1)If ab<min{a;b;+c;—c,(c+1)e;} or ajb;+ci—c<ab<ayby, then fio is
increasing from (0,1) onto (&,8). Moreover, if (a,b) # (ay,b), then the monotonicity
of fio is strict. In particular, for r € (0,1),

B
E+ EIF(ahbl;cl;r) < F(a,bse;r) <0+ (%F(ahbl;cl;r), (57)
1

with equality in each instance if and only if a = a; and b =b.

(2)If ab > max{aib; +c; —c,(c+ 1)a;} or ajb; < ab < ajb;+c¢; —c, then fio
is decreasing from (0,1) onto (8,£), and each inequality in (57) is reversed. Moreover,
if (a,b) # (a1,by), then the monotonicity of fig is strict.

(3) In other cases not stated in parts (1)—(2), that is, ajb; < ab < (c+1)a; (or
(c+ D)oy < ab < ayby), fio is increasing (decreasing) on [0,r3] ([0,r4]), and de-
creasing (increasing) on [r3,1) ([rs, 1), respectively). If ¢ < 4(c+1)a, then the
case “(c+1)o; < ab < ayby ” does not appear:
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Proof. Let f be asin Theorem 2.6. Then by (22), F'(r)/F|(r) = aG(r)/[ou G\ (r)]
= afa(r)/ay, so that

Folr) = F0) = Flr) s = F(0) = SR, 58)
/ - d F/(r) o /
o) = =Rl 5 || == 2R (59)

Hence the monotonicity properties of fig, given in parts (1)—(3), follow from (59) and
Theorem 2.6(4)—(6).

By (58), we see that f10(0) =1—ot/0q . Since lim, 1[04 B1G1(r) — aBG(r)| /¥ =
0 by I’Hopital’s rule and (20), it follows from (58), (20) and (23) that

flO(l_):Bl lin}|:alG1(r)l eR OCG(r) eRl ]

— 1
B Ogl—r B Ogl—r
B\G — oBG 1
— &+ lim 221 1(r) = aBG(r) r'log—— | =
r—1 Br’ 1—r

It follows from (58) and the monotonicity of fio given in part (1) that
o o
&+ a—lFl(r)fz(") < Fla,bie;r) <8+ aFl(V)fz(r),
and hence (57) follows from Theorem 2.6(4). The remaining conclusions are clear. [

Taking a; = 1/2 and by =1 (a; = 1/4 and by = 3/4) in Theorem 3.8, we im-
mediately obtain the following Corollary 3.9 (Corollary 3.10, respectively).

COROLLARY 3.9. For a,b € (0,00) with c =a+Db, let r; and rg be as in Corol-
lary 3.2, 8; = (R—1log4)/B, and for r € (0,1), let fi1(r) = F(r)— Fy(r)F'(r)/F)(r)
and Qo(r) = larth(r)]/r.

(1)If ab<min{2—c,(c+1)/5} or 2—c <ab < 1/2, then f1 is increasing from
(0,1) onto (1 —30a,0;). Moreover, if (a,b) # (1/2,1), then the monotonicity of fi, is
strict. In particular, for r € (0,1),

1—30+2Q0(r)/B < F (a,b;e;1%) < 81 +30Q0(r), (60)

with equality in each instance if and only if a =1/2 and b= 1.

(2) If ab > max{2 —c,(c+1)/5} or 1/2 < ab < 2—c, then fi; is decreasing
Sfrom (0,1) onto (61,1 —3a.), and each inequality in (60) is reversed. Furthermore, if
(a,b) # (1/2,1), then the monotonicity of fi1 is strict.

(3) In other cases not stated in parts (1)—~(2), that is, 1/2 <ab < (c+1)/5 (or (c+
1)/5 <ab < 1/2), f11 is increasing (decreasing) on [0,r7] ([0,r3]), and decreasing
(increasing) on [r7,1) ([rg, 1), respectively). If ¢* < 4(c+1)/5, then the case “(c+
1)/5 <ab < 1/2” does not appear.
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COROLLARY 3.10. For a,b € (0,00) with ¢ =a+b, and for r € (0,1), let r;
and ryy be as in Corollary 3.6, 6, = (R—1log64)/B, By = 1—16a/3, and fi2(r) =
F(r) — Fo(r)F' (1) [Fo(r).

(1) If ab < min{(19/16) —¢,3(c+1)/32} or (19/16) — ¢ < ab < 3/16, then
S12 is increasing from (0,1) onto (n,8,). Moreover, if (a,b) # (1/4,3/4), then the
monotonicity of fi, is strict. In particular, for r € (0,1),

160 \/—n 160 3.,
_ . < .« e .
- =+ F<4 T )\F(a,b,c,r) &+ F<4 R 1,r>, (61)

with equality in each instance if and only if a =1/4 and b =3/4.

(2)If ab > max{(19/16) —¢,3(c+1)/32} or 3/16 < ab < (19/16) —c, then fi»
is decreasing from (0,1) onto (&2,Mm), and for r € (0,1), each inequality in (61) is
reversed. Furthermore, if (a,b) # (1/4,3/4), then the monotonicity of fi, is strict.

(3) In other cases not stated in parts (1)—~(2), that is, 3/16 < ab < 3(c+1)/32
(or3(c+1)/32<ab < 3/16), fiz is increasing (decreasing) on [0,r1] ([0,r12]), and
decreasing (increasing) on [ri1,1) ([r12,1), respectively). If ¢* < 3(c+1)/8, then the
case “3(c+1)/32 < ab < 3/16” does not appear.

COROLLARY 3.11. (1) For a,b,a;,b; € (0,00) with c =a+b and ¢, = a; + by,
let fi be as in Theorem 2.6. If oy < 1/2 and ab < min{a1b; +c¢; —c,(c+1)a;}, or
if oy < 1/2 and a1by + ¢y — ¢ < ab < ayby, then fi is concave on (0,1).

(2)If ab<min{2—c,(c+1)/5} or 2—c <ab<1/2, then fy definedin Corollary
3.1 is concave on (0,1).

(3) If ab < min{(19/16) —¢,3(c+1)/32} or (19/16) — ¢ < ab < 3/16, then f;
defined in Corollary 3.5 is concave on (0,1).

Proof. (1) Let fio be as in Theorem 3.8. By differentiation,

/ Fi(r) F'(r)
- l(r) Fll r)2 (r) Fl/(r) Fl (r)
F(r)
- Fll(r)2f10(r)
oGy (r)
Torm e o)

which is product of two positive and increasing functions on (0, 1) by Theorem 3.8(1)
and Lemma 2.5. This yields part (1).

(2) If a; = 1/2 and by =1 in part (1), then o = 1/3 < 1/2, ajby+c; =2,
ayb1/(c1+1)=1/3, and hence the concavity of f4 follows from part (1).

(3) Similarly, part (3) follows from part (1) with a; = 1/4 and b; =3/4. O
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4. Extensions of transformation identities (26) and (27)

In this section, we extend the identities (26) and (27) to zero-balanced hyperge-
ometric functions by proving the following Theorems 4.1 and 4.2. These results sub-
stantially improve all the known related results such as Theorem 1.2.

THEOREM 4.1. For a,b € (0,e0) with c =a+b, let B =1—30 and 6, = (R—
log4)/B, and define the function f on (0,1) by

4
f(ry=0+4r)F(a,b;c;r)—F (a,b;c; ﬁ) —Br.
(1)If ab<min{2 —c,(c+1)/5} or 2—c < ab < 1/2, then f is increasing from
[0,1) onto [0,61 — B). Moreover, if (a,b) # (1/2,1), then the monotonicity of f is
strict. In particular, for r € (0,1),

ﬁr<(1+r)F(a7b;c;r)—F(a,b;c;(lj_irr)z) <Pr+6 -, (62)

with equality in each instance if and only if a =1/2 and b= 1.

(2)If ab > max{2—c,(c+1)/5} or 1/2 <ab <2 —c, then f is decreasing from
[0,1) onto (6; — B,0]. Moreover, if (a,b) # (1/2,1), then the monotonicity of f is
strict. In particular, for r € (0,1),

ﬁr+51—[3<(l+r)F(a,b;c;r)—F<a7b;c;(lj_7rr)2) < Br, (63)

with equality in each instance if and only if a=1/2 and b= 1.

(3) In other cases not stated in parts (1)—(2), that is, 1/2 < ab < (c+1)/5 or
(c+1)/5<ab< 1/2, f is not monotone on (0,1), and neither the double inequality
(62) nor (63) holds for all r € (0,1) and for all a,b € (0,%0) with 1/2 <ab < (c+1)/5
or (c+1)/5<ab<1/2. If > <4(c+1)/5, then the case “(c+1)/5<ab<1/2”
does not appear.

Proof. Put x=4r/(1+r)?. Then x > r and

2
(1= dx 4(1—-r) 1 dx 4
1—x-< ) “dr o (1413 1—xdr r?’ (64)

Clearly, f(0) =0. By (20) and (64), we obtain

£07) = Liim [ (14110 AR B
= — r — —
B r—1 gl—r gl—x

147
1—r

:%lin} [rR+(l+r)log1L—210g }—ﬁ:&—ﬁ. (65)
r— —r
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Let f13(r) = f14(r)/ f15(r), fia(r) =r?F(r)+o(1+7r)>G(r) —40G(x) and fi5(r)
= 2. Then by (22) and (64), and by differentiation, we have

I+r 4o

f'(r) :F(V)Jral_rG(”)—mG(x)—ﬁ=f13(r)—37 (66)
fla(r) =3a(1+r)G(r) — 2rF(r) + oa(1 + r)2F+(r) - 16(%(1”—31’)141 (x). (67

Clearly,
f1s0) =B = (1) =0, F(0) = > (Cgl —ab). (68)

Next, by (26), Fo(x) = (1+r)Fy(r). Differentiating both sides of this identity with
respect to r, and using (18), (22) and (64), we obtain the following relation

372 147

Golw) = - |lr)+ 57756 (©9)

3(l—r
(D) If ab <min{2 —c,(c+1)/5} or 2—c < ab < 1/2, then by Corollary 3.2(1),
G(x) < G(r)Go(x)/Go(r)- (70)

Let f1; be as in Corollary 3.9. Then it follows from (66), (69), (70) and Corollary
3.9(1) that

1) 2 F()+ 0 Gl0) — S Golt) B
= F(r) - 30Fy(r) G(r) —B=fiu(r)—B=0. a1

Go(r)

This yields the monotonicity of f. The remaining conclusions in part (1) are clear.
(2)If ab > max{2—c,(c+1)/5} or 1/2 <ab <2—c, then by Corollaries 3.2(2)
and 3.9(2), each inequality in (70) —(71) is reversed, and hence part (2) follows.
(3) By (66), we see that f/(0) = 0. By I’'Hopital’s rule and (67)—(68), we obtain

2 r
lim — f’(r) = lim {M +ﬁr] = f14(07) =

r—0 r r—0 r

15a (c—i—l

— = —ab). (72)

By (15), (20), (22)—(23) and (66)—(67), and by I’Hopital’s rule, we obtain

£ =in17) =B = lim A p = 2717~
:llgr% [2rF(r)+16(%(r1)3_”)F+(x)—3a(1+r)G(r)—a§(1+r)2F+(r)] -B
oo

:_%4-121} [rF(r) 3 (1+7)?Fi(r)| — B
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3 r K aw(1+r)? R
= 2 y1m| L B S P -
L B 01 P
_2c+(1—-2ab)R—-3 1 ab ) 1
- B +Blf}[r 5 (1407 | logg—_—F
w, ifab<1/2
e ifab<1/2, (73)
—oo, if ab > 1/2.

If 1/2<ab<(c+1)/5,thenby (72) and (73), there exist numbers ry3,r14 € (0, 1)
with 13 < r14 such that f/(r) >0 for r € (0,r13), and f'(r) <O for r € (r14,1). Hence
S is not monotone on (0, 1), and the second inequality in (62) (the second inequality in
(63)) is reversed for r € (r14,1) (r € (0,r3], respectively).

Similarly, if (c+1)/5 <ab < 1/2,then f is not monotone on (0, 1), and neither
the double inequality (62) nor (63) holds for all r € (0,1). The remaining conclusion
isclear. [J

COROLLARY 4.2. For a,b € (0,0) with c =a+b, let B =1—30 and 6, =
(R—1og4)/B, and define the function g on (0,1) by

2 l_r>—F(a,b;c;r/2)—ﬁl_r

s =117 57 e

(1)If ab<min{2 —c,(c+1)/5} or 2—c <ab < 1/2, then g is decreasing from
(0,1] onto [0,6; — B). Moreover, if (a,b) # (1/2,1), then the monotonicity of g is
strict. In particular, for r € (0,1),

F (a,b;c;

B(1—r)<2F <a,b;c;i—;:> —(1+nrF (a,b;c;r’z) <BA=r)+(6—B)1+r),
(74)

with equality in each instance if and only if a=1/2 and b = 1.

(2)If ab>max{2—c,(c+1)/5} or 1/2 < ab < 2—c, then g is increasing from
(0,1] onto (8, — B,0]. Moreover, if (a,b) # (1/2,1), then the monotonicity of g is
strict. In particular, for r € (0,1),

B(l—r)+ (6 —B)(1+7r)<2F (a,b;c;i—;:) - (1+r)F(a,b;c;r/2) <BA—r),
(75)

with equality in each instance if and only if a=1/2 and b = 1.

(3) In other cases not stated in parts (1)~(2), that is, 1/2 < ab < (c+1)/5 or
(c+1)/5<ab<1/2, g is not monotone on (0,1), and neither (74) nor (75) holds for
all r € (0,1) and for all a,b € (0,00) with 1/2 <ab < (c+1)/5 or (c+1)/5<ab<
1/2.If > <4(c+1)/5, then the case “(c+1)/5 < ab < 1/2” does not appear.

Proof. Let f be as in Theorem 4.1, and 7 = (1 —r)/(1+7r). Then 2/(1+7r) =
L+t r=(1—1)/(1+1), r*=4t/(1+1)*,and g(r) = (1+1)F(t) = F (4¢/(1+1)%) —
Bt = f(t). Hence the results in Corollary 4.2 follow from Theorem 4.1. [
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5. Extensions of identities (28) and (29)
In this section, we apply the results proved in Section 3 to extend the transforma-

tion identities (28) and (29) to zero-balanced hypergeometric functions by proving the
following theorem and its corollary.

THEOREM 5.1. For a,b € (0,00) with ¢ = a+b, and for r € (0,1), let n =
1—-16a/3, 6, = (R—1og64)/B,

Pi(r)=n (VI+3r-1) = Sl

1+V1+37
2
l_
h(r) =14 3rF (a7b;c;r2) —F <a7b;c;1 — <1+3r) ) —Py(r).
r

(1) If ab < min{(19/16) —¢,3(c+1)/32} or (19/16) —c < ab < 3/16, then h
is increasing from [0,1) onto [0,8, —n). Moreover; if (a,b) # (1/4,3/4), then the
monotonicity of h is strict. In particular, for r € (0,1),

1— 2
Pi(r) <\/1+3rF(a,b;c;r2)—F<a,b;c;1— <1+3rr) ) SPh(r)+&-n, (76)

with equality in each instance if and only if a =1/4 and b =3/4.

(2) If ab > max{(19/16) — ¢,3(c+1)/32} or 3/16 < ab < (19/16) —c, then h
is decreasing from [0,1) onto (8 —n,0]. Moreover, if (a,b) # (1/4,3/4), then the
monotonicity of h is strict. In particular, for r € (0,1),

L r\2
Pi(r)+ & —n<V1+3rF (a,b;c;r?) — F (a,b;c;l— <1+3rr) ) <P(r), (17)

with equality in each instance if and only if a =1/4 and b =3 /4.

(3) In other cases not stated in parts (1)—(2), that is, 3/16 < ab < 3(c+1)/32
or 3(c+1)/32 < ab < 3/16, h is not monotone on (0,1), and neither the double
inequality (76) nor (77) holds for all r € (0,1) and all a,b € (0,0) with 3/16 <
ab < 3(c+1)/32 or 3(c+1)/32 < ab < 3/16. If ¢* < 3(c+1)/8, then the case
“3(c+1)/32<ab < 3/16” does not appear.

Proof. Sety=1—[(1—r)/(1+3r)>=8r(1+7r)/(1+3r)>. Then y > r > r* for
re(0,1), and

a_s0-n Lo 8 .
dr (14+3r)3 1—ydr (1—r)(1+3r)
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Clearly, 4(0) = 0. By (20) and (78), we obtain

1
h(1) = Zlim [\/1+3rlog1

R R
log1 }—n

1 1 143
:Elim[(\/l+3r—l>R+\/l+3rlog1 _—2log | _p
—r

r—1 1—r
= (R—1log64)/B—n=5&—n. (79)
For a,b € (0,) with ¢ =a+b, and for r € (0,1), let hy(r) = hy(r)/h3(r), where
hy(r) = 3r"V1+3rF () +4ar(1+ 3r)3%G (r) — 16a(1 +1r)G(y),
hs(r) = r"*V/1+3r.
Then by (22) and (78), and by differentiation, we obtain

2V1+43rh'(r) =3F (rz) + MG(,J) __ l6aG(y)

—— 3

1—r2 (1—r)/1+3r "
=hi(r) =3n, (80)

3(3—4r—157
h/z(r) :(ZI—JW)F (1’2) +4a(1+9r)\/1+3rG(r2)
128ciair’
—2 3/2 2\ .

+8a0ir*(1+3r)°F (r*) —16aG(y) ESTE Fi(y). (81)

Set Dy = 64[1 —c+ (ab—3/16)R]/B. Since
lim [16abr*(1+3r)? — 3 (15r% +4r—3)] = 256(ab —3/16),
r—

it follows from (81), (15), (20) and (22)—(23) that

9 32ab
a(0) =30, (1) =0, 13(0) = et (34 227 ). 52)

64
/ e .
M(l) =7 +lim

_ 3(15r7 +4r—3)
2 3/2 AN 2
8oatr”(1+3r)”/*Fy () NG F(r )]

_g—l——hm 16abr*(1+3r)*1o al —3(15r2+4r—3)10 a

B 4B r—1 g gl—r2
, 16abr2(1+3r)2—3(15r2+4r—3) 1

=Dy +lim 4B log =7

_ {—oo, if ab<3/16, 53

oo, if ab>3/16.

Next, by (29), Fo(y) = v/1+3rF (). Differentiating both sides of this identity
with respect to 7, and applying (23), we obtain

r(l+3r)

Go(y) = (1 —r)V1+3r |Fo (r*) + T

Go ()] (84)
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() If ab <min{(19/16) —c,3(c+1)/32} or (19/16) —c < ab < 3/16, then by
Corollary 3.6(1), we obtain

G(y) <G (r*) Go(y)/Go (1), (85)

with equality if and only if a = 1/4 and b=3/4.
Let f1» be asin Corollary 3.10. Then it follows from (22)—(23), (80) and (84)—(85)
that

dorr(1+3r 16 G(r?) =
() > 3F () + %G(’z) 0 —r)\;xl—i-—Z’)rao((rz)) Gol?)
r2 —
=3 F(ﬂ)—%m ()| =3f12 (7). (86)

The first equality in (86) holds if and only if « = 1/4 and b = 3 /4. Hence by Corollary
3.10(1) and (80),

20 (P)V1+3r=hi(r) =30 =3 [fi2 (*) —n] =0, r€ (0,1), (87)

with equality in each instance if and only if @ = 1/4 and b = 3/4. This yields the
monotonicity of /.

Since v/1+3r—1=3r/(1++/1+3r), (76) follows from the monotonicity of .
The remaining conclusions in part (1) are clear.

(2) With the conditions in part (2), each inequality in (85)—(87) is reversed by
Corollaries 3.6(2) and 3.10(2). Hence part (2) follows.

(3) It follows from (80) that

2\/1+3rh,(r)_ hy(r) =30 +3n[(1—V1+3r) +r*V/1+37]
r B rr’2\/1+43r
_ ()31 _ 9n

,
+3n—.
rr'2\/1+3r r’2(1—|—\/1—|—3r)\/1+3r nr’2

Hence by (82) and I’Hdpital’s rule,

' VI+3 ha(r)—3n 9
2limm:21im7+rh’(r):nmw__n
=0 r =0 T r—0 r 2
on  128c [3(c+1)
N N B
=m0 =5 = [ 32 “b]' (88)
On the other hand, by (80) and (82)—(83), and by 1I’Hdpital’s rule, we obtain
1 h
(1) = (1) =30 = Lim 205y
4r—-11-—
1 oo, if ab<3/16
:__h/ 17 —3 = ’ ) 89
gt =3 {—oo, if ab>3/16. (89)
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If 3/16 < ab <3(c+1)/32, then by (88) and (89), there exist r;s,r16 € (0,1) with
ris < rie such that #'(r) > 0 for r € (0,r1s), and #'(r) <0 for r € (ri6,1). Hence h
is not monotone on (0,1), and the second inequality in (76) (the second inequality in
(77)) is reversed for r € [ri6,1) (r € (0,r)5], respectively).

Similarly, if 3(c+1)/32 < ab < 3/16, then & is not monotone on (0,1), and
neither the double inequality (76) nor (77) holds for all r € (0,1). The remaining
conclusion is clear. [

COROLLARY 5.2. For a,b € (0,00) with c =a+b, let n =1—16a/3, 6, =
(R—1og64)/B and

_ 3n(l-r) _ _ .
P(r)—2+\/1+_3r, o(r)=P(r)+ (6—m)V1+3r,

and define the function H on (0,1) by

2
2 1—r ) 2
Hir)= ——F abie;( ——) | —F(abc:1 =) —n | — —1).
"= (“ “(153,) ) (@bt =P)-n (1)
(1) If ab < min{(19/16) — ¢,3(c+1)/32} or (19/16) —c < ab < 3/16, then H
is decreasing from (0,1] onto (0,8, —n). Moreover, if (a,b) # (1/4,3/4), then the
monotonicity of H is strict. In particular, for r € (0,1),

2
1—
P(r) <2F (a,b;c; (1 +3r ) ) —VIH3F (a,bici 1 — ) < O(r),  (90)
r

with equality in each instance if and only if a =1/4 and b =3 /4.

(2) If ab > max{(19/16) —¢,3(c+1)/32} or 3/16 < ab < (19/16) — ¢, then H
is increasing from (0,1] onto (8 —n,0]. Moreover, if (a,b) # (1/4,3/4), then the
monotonicity of H is strict.

2
0(r) <2F (mb;c;( 1_r> ) — VIH31F (a,bic;1— 7)< P(r),  (91)

1+3r

with equality in each instance if and only if a =1/4 and b =3/4.

(3) In other cases not stated in parts (1)—~(2), that is, 3/16 < ab < 3(c+1)/32
or 3(c+1)/32 < ab < 3/16, H is not monotone on (0,1), and neither the double
inequality (90) nor (91) holds for all r € (0,1) and a,b € (0,0) with 3/16 < ab <
3(c+1)/32 or 3(c+1)/32 < ab < 3/16. If ¢* <3(c+1)/8, then the case “3(c+
1)/32 < ab < 3/16” does not appear.

Proof. Putt =(1—r)/(1+3r). Then r=(1—1)/(143¢t), 1 +3r=4/(1+31)
and

H(r)=+V1+3tF (a,b;c;tz) —F (a,b;c;l— ( 1=t >2> -n (m— 1) = h(t),

1+3¢

where h is as in Theorem 5.1. Hence the results in Corollary 5.2 follow from Theorem
51. O
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6. Transformation inequalities for the generalized Grotzsch ring function

For a,b € (0,00) with ¢ =a+b and r € (0,1), the generalized Grotzsch ring
function is defined by
B(a,b) F (a,b;c;1—1?)
2 F (a,b;c;r?)

Ha,p(r) = 92)

For 0 < a < 1/2, the function U = U4 1—q 1S also said to be the generalized Grotzsch
ring function, while p = 1, is exactly the well-known Grotzsch ring function in qua-
siconformal theory. The function y, , has applications in several fields of mathematics
such as the theories of quasiconformal mappings and Ramanujan’s modular equations.
(Cf. [2, 3, 12,24, 33, 34, 40, 59, 69]). Many properties of the functions pt and u, have
been revealed. However, only a few results have been obtained for the function pt, 5.
In this section, we apply the results proved in Sections 2-3 to show several properties
of Hap-

It is well known that the function u satisfies the following Landen transformation
identity (cf. [3, 24])

u) =20 (2L) wiow (155) = 2 re 0.1 ©03)

and it is clear that for r € (0,1),

Ha,b(r)ta,p(r') = B /4. (94)

Let=[(1—r)/(143r)]%. Since /1 —1=2,/2r(1 +r)/(1+3r), it follows from
(13), (28)—(29), (92) and (94) that

V21 Fo(r?)  2rFo(t) 2\/2r(1+7) n?
Hya(r) = = — = =2/h/a = ;
2 Fo(r*)  Fo(l—1) 1+3r i /a(V1)
which yields
B 2/2r(1+r) I—r\
i /a(r) =24y /4 (T) s Myya(r) /s (m) =r. 95)

Now we show several properties of L, ;, and extend (93) and (95) to U, »(7).
First, we prove the following theorem, which gives the relations between 1, 5(r) and

Hay, by (I")

THEOREM 6.1. For a,b,a;,b; € (0,00) with c =a+b and ¢; = a) + by, and for

€ (Ov 1)’ let fl6(r) = ”a,b(r)/”al,bl (r)
(1) If ab < min{a;by,con} (ab > max{a;by,cou}), orif aby < ab < cay with
R >Ry, then fig is increasing (decreasing) from (0,1) onto (1,B>/B?) ((B*/B3,1),
respectively). Moreover, if (a,b) # (a1,by), then the monotonicity properties of fi¢ are
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strict. In particular, if ab < min{aby,coy }, or if ajb; < ab < coy with R > Ry, then
forre(0,1),

B%.ual,bl (r) < B%”a,b(r) < Bz.ual.,bl (r), (96)

with equality in each instance if and only if (a,b) = (ay,by). If ab > max{aby,coy },
then each inequality in (96) is reversed.

(2) For a; € (0,1/2], let by =1—ay. If ab< a;(1 —a;)min{1,c}, or if a;(1 —
a1) < ab < ca;(1—ay) with R > R(ay), then for r € (0,1),

Hay () < Hap(r) < B?[msin(arm)] e, (7), ©7)

with equality in each instance if and only if (a,b) = (a1,1 —ay). If ab > a;(1 —
ay)max{1,c}, then each inequality in (97) is reversed.

Proof. (1) Let fi be as in Theorem 2.6. Then by (92), fi6(r) can be written as
fi6(r) = Bf1(r'?)/[B1f1(r*)]. Hence the monotonicity properties of fis follow from
Theorem 2.6(1)—(2).

The double inequality (96) and its equality case, and the remaining conclusion are
clear.

(2) Part (2) follows from part (1). U

COROLLARY 6.2. (1) For a,b € (0,), if 4ab < min{l1,c}, orif 1 < 4ab < c
with R > log 16, then for r € (0, 1),
T2 (r) < e p(r) < B2u(r), 98)

with equality in each instance if and only if a =b = 1/2. Each inequality in (98) is
reversed if 4ab > max{1,c}.
(2) Forall a € (0,1/2] and r € (0,1),

u(r) < pa(r) < p(r)sin—>(ar), (99)
with equality in each instance if and only if a =1/2.

Proof. Taking a; =b; = 1/2, we obtain part (1) from Theorem 6.1 and (13). Part
(2) is the special case of part (1) when a € (0,1/2] and b = 1 —a, in which case ¢ =1
and 4ab=4a(1 —a) <1 =min{l,c}. O

COROLLARY 6.3. For a,b € (0,), if 4ab < min{1,c}, or if 1 < 4ab < ¢ with
R >1og16, then for r € (0,1),

2 2
“a,b( ) 2.uab <1f) (;) .ua7b(r)7 (100)
2 1— B2
= < Han(PHas <1+:) <= (10)

with equality in each instance if and only if a = b = 1/2. If 4ab > max{l,c}, then
each inequality in (100) and (101) is reversed.
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Proof. Let fi be as in Theorem 2.6, fi7(r) = f1(r)|ay=p,=1/2, t = 23/7/(1 +71),
Fipp(r) = F(1/2,1/2:1:r), fis(r) = fiz(r'?)/ fiz(r?) . fio(r) = 2Ua,5(t)/ a,p(r) and
F20(r) = Uap(M)Ua,p((1 —7) /(1 +7)). Then by (92)—(94),

_F@?) RAp®) F(?) Fpr?) 2u)
CRp(?) F@?) Rp(?) F(r?) ou(r)
(=) () fis()

fir(?)  fin(L=r2)  fis(r)’

B2, 5(r) B?

fao(r) = Hias(0) =300 (103)

fio(r)

(102)

If 4ab < min{l1,c}, or if 1 < 4ab < ¢ with R > log 16, then by Theorem 2.6(1)
and (13), fig is increasing from (0,1) onto (7/B,B/x). If (a,b) # (1/2,1/2), then
the monotonicity of fig is strict. Hence it follows from (102)—(103) that

~ fis(r) _ fis() , fis(1) (B 2
1= ) < s = fio(r) < Fis0) (n) : (104)

n?/2 < fro(r) < B*/2, (105)

with equality in each inequality if and only if @ = b = 1/2. This yields (100)—(101)
and their equality case.

If 4ab > max{1,c}, then fig is decreasing from (0,1) onto (B/m,n/B), and the
monotonicity of fig is strict if (a,b) # (1/2,1/2). Hence each inequality in (100)—
(101) is reversed. [

COROLLARY 6.4. For a,b € (0,00), if 16ab/3 <min{l,c}, orif 1 < 16ab/3 <c
with R > log64, then

2./2r(1 +r 1 /B\’
”a,b(r) < 20u“a7b ( 1_|_(3r )> < 5 (E) .u“a,b(r)7 (106)
1-r\ B
2L <=
n \.ua,b(r)ﬂa,b<1+3r> <3 (107)

for r € (0,1), with equality in each instance if and only if (a,b) = (1/4,3/4). If
16ab/3 > max{1,c}, then each inequality in (106)—(107) is reversed.

Proof. For a,b € (0,0) and r € (0,1), let f7 be as in Corollary 3.5, y=1—[(1 —
r) /(1437 =8r(1+7r)/(143r)?,

_ Hap(r) = K 1—r N 7(1—7)
(1) = 0 i) = st (15 ) ) =
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Then /3 = 2v/2r(1+ r)/(1 4 3r), and by (92) and (28)~(29),

F(r?) F(y) F(y) Fo(1—y) F(r?) Fo(r*) Fo(y)Fo(r?)

Hy (r) :F(rz) F(1—y) - Fo(y) F(1—y) Fo(r'?) F(r?) Fo(1—y)Fo(r?)
A A=) Hi(r?)
R0y AP CH) (108)
r 2
Ha(r) =%ua,b(ﬁ>ua,b(\/ =)= BTHl(r» (109)

If 16ab/3 < min{l,c}, orif 1 < 16ab/3 < ¢ with R > log64, then by Corollary
3.5(1), Hs is increasing from (0,1) onto (v/27/B,B/(v/27)), and the monotonicity of
Hs is strict if (a,b) # (1/4,3/4). Since y > r > r? for r € (0, 1), it follows from (108)
that

4m® /B* = 2H3(0)/H3(1) < Hy(r) < 2H3(y)/Hs(y) =2, (110)

with equality in each inequality in (110) if and only if (a,b) = (1/4,3/4). This, to-
gether with (109), yields (106) —(107) and their equality case.
The remaining conclusion follows from Corollary 3.5(2) and (108)—-(109). [

REMARK 6.5. The double inequalities (100) and (101) extend the identities in
(93) to g p(r), and Corollary 6.4 extends (95) to i, (7). By Theorem 6.1, one can
apply the known identities and bounds of p(r) and g /4(r) to obtain inequalities for
Ua,»(r), although such kind of inequalities may be not sharp enough. For example,

7\ 2 B 22001 7) 2,214 7)
2 <E> a,b(r) < pi/a(r) =241 )4 (W) < 2Uaq,p (W (111)

for 16ab/3 < min{l,c}, by (95) and (96). However, by Corollary 3.5(1), B > NGy
in this case, and hence the lower bound in (111) is less than that in (106) if (a,b) #

(1/4,3/4).
7. Concluding remarks

(i) We can derive some properties of JZ(r), &(r), #,(r) and &,(r) from the
results obtained in Section 3, which are even probably new. We only give several ex-
amples below.

Letting f; be as in Theorem 2.6 with a; = b; = 1/2, we obtain the following
conclusions: For a,b € (0,00) with ¢ =a+b, if 4ab < min{l,c} (4ab > max{1,c}),
orif 1 <d4ab < ¢ with R >log 16, then the function f>,(r) = F(r?)/# (r) =2£1(*) /%
is decreasing (increasing) from [0,1) onto (2/B,2/n] ([2/m,2/B), respectively). In
particular, for r € (0,1), if 4ab < min{1,c}, orif 1 < 4ab < ¢ with R > log16, then

g;z/(r) < gF (a,bia+b;r?) < A (r), re (0,1), (112)
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with equality in each instance if and only if @ = b = 1/2. Each inequality in (112) is
reversed if 4ab > max{1,c}.

Taking a; = by = 1/2 in Lemma 2.7, we obtain the following conclusions: For
a,b € (0,00) with c =a+b, and for r € (0,1), if ab < min{(5/4) —¢,(c+1)/8} or
(5/4) —c < ab < 1/4,then for r € (0,1),

2 8
1—%+Ef(r)<F(a,b;a+b;r2)<l—4a+7af(r)7 (113)

with equality in each instance if and only if a = b =1/2. If ab > max{(5/4) —c,(c +
1)/8} or 1/4 <ab < (5/4) — c, then each inequality in (113) is reversed.
Taking ¢ =1 in (50), we obtain

7r+
r 2 2 r

g—f— [_arth(r) — l} sin(ra) < (r) < 3na(1—a) {arth(r)

—1}71’6(0,1).
(114)

As we know, many good results for J#(r) have been obtained, including sharp
lower and upper bounds expressed in terms of elementary functions. Applying (112)—
(113) (or their reversed double inequalities) and the known functional inequalities sat-
isfied by % (r), one can obtain lower and upper bounds given in terms of elementary
functions for the function F(a,b;a+ b;r).

Let ¢ =a+b for a,b € (0,00). Then it follows from (2), (18) and [2, Theorem
4.1] that

d-Ka ) Eulr) — r2 (1)
dr Zﬂa(l—a)mF(a,l—a;Z;r):2(1—a)rr—/2’
which yields

Eq(r)— r/2%(r) = %rzF (a,l —a;2;r2) .

Hence it follows from (49) that for r € (0,1),

sin(zra) r— r’?arth(r) n 3ma r— r'arth(r)
2(l—a) r < alr) =7 Aalr) < 4 r ’

_ 2 _ 2
rorramhty) jrth(r)<@@(r)—r/2,%/(r)<37r7r ’S‘fth(’").

(115)

(116)

(i1) Applying the related results in Sections 2—5, one can obtain the bounds for the
quotients

(1+n1)F(r) (1+r)F(r?) 1+3rF (1) . VIH3F (r?)

and ———=.
4 ’ Lor ’ 1—r\2 1—r\2
F((1+rr)2> F(1+’) F(l—(1+3’r) ) F<(1+3rr) )
As an example, we only give the following inequalities: For a,b € (0,0) with c=a+b
and for r € (0,1),
1 F B 1
< M {57 } , (117)

SF@f(iny S2 tebsmn
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B (L+r)F(r) . 1 c
2<F—(4r/(1—|—r)2)<1 if ab}max{2,3}, (118)

with equality in each instance if and only if @ = 1/2 and b = 1. As a matter of fact, if
ab < min{1/2,¢/3} and x =4r/(1+r)?, then it follows from Corollary 3.1 and (26)
that

_fal) (A 0EG) R F() _ fal) _ fa(0) _ B
fa(r) = F(x) F(x) Fo(r)  falx) =~ fa(1) 27

where fi4 is as in Corollary 3.1. The second and fifth equalities hold if and only if
a=1/2 and b = 1. This yields the double inequality (117) and its equality case.
Similarly, we can prove (118) and its equality case.

(iii) By applying the results in Section 6, one can obtain some properties of the
so-called generalized Hersch-Pluger distortion function ¢k (a,b,r) =, 117( Ua,p(r)/K),
which can express the solutions of Ramanujan’s modular equations (cf. [2, 3, 10]).
These results will be presented in a separate paper.

(iv) Conjecture. Let f and h be as in Theorem 4.1 and in Theorem 5.1, respec-
tively. Our computation seems to show that the following conjecture is true.

CONJECTURE 7.1. If ab < min{2 —¢,(c+1)/5} or 2—c¢ <ab < 1/2 (ab >
max{2 —c,(c+1)/5} or 1/2 < ab < 2—c), then f is convex (concave, respec-
tively) on (0,1). If ab < min{(19/16) —c,3(c+1)/32} or (19/16) —c < ab < 3/16
(ab > max{(19/16) —¢,3(c+1)/32} or 3/16 < ab < (19/16) — ¢), then A is convex
(concave, respectively) on (0, 1). If this conjecture is true, then the double inequalities
in Theorems 4.1 and 5.1 can be improved.
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