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(Communicated by J. Soria)

Abstract. Moen (2009) proved weighted estimates for multilinear fractional integral operators.
We consider weighted estimates of these operators for radial functions and power weights and
obtain a better result. Our result is a multilinear variant of the one by De Napoli, Drelichman and
Durán (2011). As applications, we get improvements of the bilinear Caffarelli-Kohn-Nirenberg’s
inequality.

1. Introduction

Consider the fractional integral operator

Iα f (x) =
∫

Rn

f (y)
|x− y|n−α dy, 0 < α < n.

Weighted estimates for this operator were proved by Stein and Weiss [10].

THEOREM A. If 0 < α < n,1 < p � q < ∞,A < n/p′,B < n/q,

A+B � 0 and
1
q

=
1
p
− α −A−B

n
,

then ∥∥|x|−BIα f
∥∥

Lq � C
∥∥|x|A f

∥∥
Lp .

De Napoli, Drelichman and Durán [3] proved the following.

THEOREM B. If 0 < α < n,1 < p � q < ∞,A < n/p′,B < n/q,

A+B � (n−1)
(

1
q
− 1

p

)
and

1
q

=
1
p
− α −A−B

n
,

then ∥∥|x|−BIα f
∥∥

Lq � C
∥∥|x|A f

∥∥
Lp for any radial function f .
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It will be very important to notice that when we restrict our attention to func-
tions with radial symmetry, we get a better result. Indeed, such results have many
applications to PDE. For example, in [4] the authors proved a radial improvement of
Caffarelli-Kohn-Nirenberg’s theorem [1]; see also [2].

In this paper we consider multilinear fractional integrals restricted to radial func-
tions and prove weighted estimates. As applications, we show some bilinear variants of
Caffarelli-Kohn-Nirenberg’s inequality ; see Section 5. Our result cannot be obtained
by the general theory for multilinear fractional integral operators by Moen [8]; see The-
orem C. Our proof is not an analogy of the linear case [3]. The proof in [3] is technical,
and not applicable to multilinear case. For simplicity of notation, we consider bilinear
fractional integral operators.

DEFINITION 1.

Iα( f ,g)(x) =
∫∫

R2n

f (y)g(z)
(|x− y|+ |x− z|)2n−α dydz, 0 < α < 2n.

Our result is the following.

THEOREM 1. Let

1
p

:=
1
p1

+
1
p2

and A := A1 +A2.

Assume that 0 < α < 2n,1 < p1, p2 < ∞, p � q < ∞,A1 < n/p′1,A2 < n/p′2,B < n/q,

A+B � (n−1)
(

1
q
− 1

p

)
and

1
q

=
1
p
− α −A−B

n
.

Then for any radial functions f and g,∥∥|x|−BIα( f ,g)
∥∥

Lq � C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 .

Throughout this paper we will let C denote a positive constant whose value may
change from line to line, but which is independent of essential parameters.

REMARK 1. Note that

|x|−BIα(| f |, |g|)(x) � C|x|−B1Iα1 | f |(x) · |x|−B2Iα2 |g|(x),

where α = α1 + α2 and B = B1 +B2 . However our theorem cannot be obtained from
Theorem B and Hölder’s inequality.

Moen proved the following.
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THEOREM C ([8, Corollary 2.4]). Let 1/p := 1/p1 + 1/p2 and A := A1 + A2 .
Assume that 0 < α < 2n,1 < p1, p2 < ∞, p � q < ∞,A1 < n/p′1,A2 < n/p′2 and B <
n/q. If

sup
Q:balls

|Q|α/n+1/q−1/p
(

1
|Q|

∫
Q
|x|−Bq dx

)1/q
(

2

∏
i=1

1
|Q|

∫
Q
|x|−Aipi dx

)1/pi

< ∞,

then ∥∥|x|−BIα( f ,g)
∥∥

Lq � C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 .

As a corollary of Theorem C we can only prove Theorem 1 with A+B � 0 (cf.
[6, p.285]). This is a bilinear variant of Theorem A.

We use the following notation. For any measurable set E , |E| = ∫
E dx , w(E) =∫

E w(x)dx and χE is the characteristic function of E . We also denote ‖ f‖Lp(w) =
(
∫
Rn | f (x)|pw(x)dx)1/p .

2. Proof of Theorem 1

We define maximal operators introduced by Lerner, Ombrosi, Pérez, Torres and
Trujillo-González [7] and Moen [8].

DEFINITION 2. Let α � 0.

Mα( f ,g)(x) = sup
x∈Q

|Q|α/n
(

1
|Q|

∫
Q
| f (y)|dy

)(
1
|Q|

∫
Q
|g(y)|dy

)
,

where the supremum is taken over all balls containing x .

We define some variants of these maximal operators.

DEFINITION 3. For 0 < α < 2n ,

mα( f ,g)(x) = sup
R>|x|

Rα
(

1
Rn

∫
|y|<R

| f (y)|dy

)(
1
Rn

∫
|y|<R

|g(y)|dy

)
.

Let 0 � α < 2. For radial functions f (x) = f0(|x|) and g(x) = g0(|x|) ,

m̃α( f ,g)(x) = sup
0<R<

|x|
2

Rα
(

1
R

∫ |x|+R

|x|−R
| f0(s)|ds

)(
1
R

∫ |x|+R

|x|−R
|g0(s)|ds

)
.

We know the following lemma by Duoandikoetxea [5].

LEMMA 1. If R < |x|/2 , then for any radial function h(x) = h0(|x|) ,
C
Rn

∫
|x−y|<R

|h(y)|dy � 1
R

∫ |x|+R

|x|−R
|h0(s)|ds � C′

Rn

∫
|x−y|<2R

|h(y)|dy.
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By Lemma 1, we have the following lemma.

LEMMA 2. For any radial functions f and g,

m̃0( f ,g)(x) � CM0( f ,g)(x).

The next lemma is essentially proved by Duoandikoetxea [5].

LEMMA 3. For any radial functions f (x) = f0(|x|) and g(x) = g0(|x|) ,
Mα( f ,g)(x) � Cmα( f ,g)(x) if α � 2, (1)

Mα( f ,g)(x) � C
(
mα( f ,g)(x)+ m̃α( f ,g)(x)

)
if 0 < α < 2. (2)

Proof. Let x be fixed and let Q = {y : |x− y|< R} .
If α > 0 and R � |x|/2,

|Q|α/n
(

1
|Q|

∫
Q
| f (y)|dy

)(
1
|Q|

∫
Q
|g(y)|dy

)
� CRα

(
1
Rn

∫
|y|<3R

| f (y)|dy

)(
1
Rn

∫
|y|<3R

|g(y)|dy

)
� Cmα( f ,g)(x). (3)

If 0 < α < 2 and R < |x|/2, we have by Lemma 1,

|Q|α/n
(

1
|Q|

∫
Q
| f (y)|dy

)(
1
|Q|

∫
Q
|g(y)|dy

)
� Cm̃α( f ,g)(x). (4)

By (3) and (4), we obtain (2).
If α � 2 and R < |x|/2,

Rα
(

1
R

∫ |x|+R

|x|−R
| f0(s)|ds

)(
1
R

∫ |x|+R

|x|−R
|g0(s)|ds

)
� Rα−2

∫ 2|x|

|x|/2
| f0(s)|ds ·

∫ 2|x|

|x|/2
|g0(s)|ds

� C|x|α−2|x|1−n
∫
|y|�2|x|

| f (y)|dy · |x|1−n
∫
|y|�2|x|

|g(y)|dy

� Cmα( f ,g)(x). (5)

By (3) and (5), we obtain (1). �
The following lemma is essential for our proof.

LEMMA 4. Let 1/p := 1/p1 + 1/p2 and A := A1 + A2. Assume that A + B �
(n− 1)(1/q− 1/p),1/q = 1/p− (α −A−B)/n and p � q < ∞ . Then for any radial
functions f (x) = f0(|x|) and g(x) = g0(|x|) ,

m̃α( f ,g)(x) � C
∥∥∥| · |A1 f

∥∥∥1−ε

Lp1
·
∥∥∥| · |A2g

∥∥∥1−ε

Lp2
· |x|B+Ap/q ·M0( f ,g)(x)ε

where ε = p/q.
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Proof. Let x be fixed and for any 0 < R < |x|/2, we have

I := Rα
(

1
R

∫ |x|+R

|x|−R
| f0(s)|ds

)(
1
R

∫ |x|+R

|x|−R
|g0(s)|ds

)
� CRα−2 ·R1/p′1+1/p′2

×
(∫ |x|+R

|x|−R
| f0(s)|p1 ds

)1/p1(∫ |x|+R

|x|−R
|g0(s)|p2 ds

)1/p2

� CRα−1/p|x|−A1−(n−1)/p1

(∫ |x|+R

|x|−R
| f0(s)sA1 |p1sn−1 ds

)1/p1

×|x|−A2−(n−1)/p2

(∫ |x|+R

|x|−R
|g0(s)sA2 |p2sn−1 ds

)1/p2

� CRα−1/p|x|−A−(n−1)/p
∥∥∥| · |A1 f

∥∥∥
Lp1

∥∥∥| · |A2g
∥∥∥

Lp2
. (6)

Also
I � CRαM0( f ,g)(x). (7)

By (6) and (7), we obtain

I � CR(α−1/p)(1−ε)|x|(−A−(n−1)/p)(1−ε)
∥∥∥| · |A1 f

∥∥∥1−ε

Lp1

∥∥∥| · |A2g
∥∥∥1−ε

Lp2

×RαεM0( f ,g)(x)ε

� C
∥∥∥| · |A1 f

∥∥∥1−ε

Lp1

∥∥∥| · |A2g
∥∥∥1−ε

Lp2
R1/q−1/p+α |x|(−A−(n−1)/p)(1−ε)M0( f ,g)(x)ε .

Since 1/q−1/p=−α/n+(A+B)/n�−α/n+(1−1/n)(1/q−1/p) ,we have 1/q−
1/p+ α � 0. Therefore

I � C
∥∥∥| · |A1 f

∥∥∥1−ε

Lp1

∥∥∥| · |A2g
∥∥∥1−ε

Lp2
|x|B+Ap/qM0( f ,g)(x)ε . �

The next two propositions are corollaries of the theorems proved by Lerner et al.
[7] and Moen [8].

PROPOSITION 1. Assume the same conditions as in Theorem 1. Then∥∥|x|AM0( f ,g)
∥∥

Lp � C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 .

PROPOSITION 2. If 0 < q < ∞ and B < n/q, then∥∥|x|−BIα( f ,g)
∥∥

Lq � C
∥∥|x|−BMα( f ,g)

∥∥
Lq .

The next proposition is a bilinear version of the theorem by Moen [9].
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PROPOSITION 3. Assume the same conditions as in Theorem 1. Then∥∥|x|−Bmα( f ,g)
∥∥

Lq � C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 .

Assuming these propositions temporarily, we prove Theorem 1. We shall prove
them in the following sections.

Proof of Theorem 1. By Proposition 2 and Lemma 3, it suffices to show the fol-
lowing: ∥∥|x|−Bmα( f ,g)

∥∥
Lq � C

∥∥|x|A1 f
∥∥

Lp1

∥∥|x|A2g
∥∥

Lp2 when α > 0, (8)∥∥|x|−Bm̃α( f ,g)
∥∥

Lq � C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 when 0 < α < 2. (9)

Inequality (8) is proved in Proposition 3.
Let ε = p/q. By Lemma 4 and Proposition 1, we have∥∥|x|−Bm̃α( f ,g)

∥∥
Lq � C

∥∥|x|A1 f
∥∥1−ε

Lp1 ·∥∥|x|A2g
∥∥1−ε

Lp2 ·∥∥|x|AM0( f ,g)
∥∥ε

Lp

� C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 . �

3. Proofs of Propositions 1 and 2

We recall some important properties for weight functions. Let 1/p= 1/p1+1/p2 .

In this section, w1 and w2 are nonnegative functions and σ = wp/p1
1 ·wp/p2

2 .
Following Lerner et al. [7], we define some weight classes.

DEFINITION 4. We say that (w1,w2) ∈ A(p1,p2) if

sup
Q

(
1
|Q|

∫
Q

σ(x)dx

)1/p 2

∏
i=1

(
1
|Q|

∫
Q

wi(x)1−p′i dx

)1/pi

< ∞,

where the supremum is taken over all balls.

PROPOSITION 4. ([7, Theorem 3.6]) A pair of weights (w1,w2) ∈ A(p1,p2) if and
only if

w
1−p′1
1 ∈ A2p′1 , w

1−p′2
2 ∈ A2p′2 and σ ∈ A2p,

where As is the Muckenhoupt weight class.

REMARK 2. Power weights |x|a ∈ As if and only if −n < a < n(s−1).
For elementary properties of the Muckenhouptweight classes, see for example [6].

THEOREM D ([7, Theorem 3.7]). If (w1,w2) ∈ A(p1,p2) , then

‖M0( f ,g)‖Lp(σ) � C‖ f‖Lp1 (w1)‖g‖Lp2(w2).

As a corollary of Theorem D we can prove Proposition 1.
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Proof of Proposition 1. By Theorem D, it suffices to show that

(|x|A1 p1 , |x|A2 p2) ∈ A(p1,p2).

By Proposition 4 we need to show that

|x|A1 p1(1−p′1) ∈ A2p′1 , |x|A2 p2(1−p′2) ∈ A2p′2 and |x|Ap ∈ A2p.

By Remark 2, it is sufficient to show the following:

−n < A1p1(1− p′1) < n(2p′1−1), (10)

−n < A2p2(1− p′2) < n(2p′2−1), (11)

−n < Ap < n(2p−1). (12)

These inequalities are easily proved by the assumptions for the indices. We prove (10)
and (12).

The inequalities in (10) are equivalent to

n
p′1

> A1 > −n

(
1+

1
p1

)
.

Since A � (n−1)(1/q−1/p)−B> (−n+1)/p−1/q, we have

A1 >
−n+1

p
− 1

q
−A2 > −n

(
1
p1

+
1
p2

)
+

1
p
− 1

q
− n

p′2

= − n
p1

−n+
1
p
− 1

q
� −n

(
1+

1
p1

)
.

We prove (12) as follows.

A � (n−1)
(

1
q
− 1

p

)
−B > (n−1)

(
1
q
− 1

p

)
− n

q
= − n

p
+

1
p
− 1

q
� − n

p

and

A = A1 +A2 <
n
p′1

+
n
p′2

= n

(
2− 1

p

)
. �

Moen [8] proved the following theorem.

THEOREM E ([8, Theorem 3.1]). If a nonnegative function w(x) ∈⋃s�1 As , then

‖Iα( f ,g)‖Lq(w) � C‖Mα( f ,g)‖Lq(w)

where 0 < q < ∞ .

As a corollary of Theorem E we can prove Proposition 2.
Proof of Proposition 2. By Remark 2, |x|−Bq ∈ ⋃s�1 As if and only if B <

n/q . �
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4. Proof of Proposition 3

Following an idea of Moen [9], we define other maximal operators and weight
classes. Let B be the set of all open balls centered at the origin.

DEFINITION 5. Let σ1 and σ2 be nonnegative locally integrable functions.

MB
(σ1,σ2)( f ,g)(x)

= sup
x∈Q∈B

(
1

σ1(Q)

∫
Q
| f (y)|σ1(y)dy

)(
1

σ2(Q)

∫
Q
|g(y)|σ2(y)dy

)
,

where the supremum is taken over all balls Q ∈ B containing x .

DEFINITION 6. Let 0 � α < 2n .

MB
α ( f ,g)(x) = sup

x∈Q∈B
|Q|α/n

(
1
|Q|

∫
Q
| f (y)|dy

)(
1
|Q|

∫
Q
|g(y)|dy

)
.

Note that MB
α ( f ,g)(x) ≈ mα( f ,g)(x) ; see Definition 3.

LEMMA 5. Let 1 < p1, p2 < ∞,1/p = 1/p1 +1/p2 and σ = σ p/p1
1 ·σ p/p2

2 . Then

‖MB
(σ1,σ2)( f ,g)‖Lp(σ) � C‖ f‖Lp1 (σ1)‖g‖Lp2(σ2).

Proof. Consider the following maximal operators

MB
σi

h(x) := sup
x∈Q∈B

1
σi(Q)

∫
Q
|h(y)|σi(y)dy, i = 1,2.

Since MB
σi

is bounded on Lpi(σi) (cf. [5, p.559]), the lemma is proved by Hölder’s
inequality. �

DEFINITION 7. Let 1 < p1, p2 < ∞,1/p = 1/p1 +1/p2,0 < q < ∞ and 0 � α <

2n . For nonnegative functions u,w1 and w2 , let σ1 = w
1−p′1
1 ,σ2 = w

1−p′2
2 and σ =

σ p/p1
1 ·σ p/p2

2 . We say (u,w1,w2) ∈ SB
p1,p2,q,α if σ1,σ2 ∈ L1

loc(R
n) and

[u,w1,w2]SB
p1,p2,q,α

:= sup
Q∈B

(∫
Q[mα(χQσ1,χQσ2)(x)]qu(x)dx

)1/q

σ(Q)1/p
< ∞.

The next lemma is a bilinear variant of Theorem 4.1 in [9].

LEMMA 6. Let 1 < p1, p2 < ∞,1/p = 1/p1 +1/p2, p � q < ∞ and 0 � α < 2n.
If (u,w1,w2) ∈ SB

p1,p2,q,α , then

‖mα( f ,g)‖Lq(u) � C‖ f‖Lp1 (w1)‖g‖Lp2(w2).
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Proof. The proof is almost the same as the one in [9] (see also [5, Theorem 3.5]).
We show only an outline of the proof. Since MB

α ( f ,g)(x) ≈ mα( f ,g)(x) we prove the
claim for MB

α ( f ,g) .
Let Ωk = {x : 2k < MB

α ( f ,g)(x) � 2k+1} . For any x ∈ Ωk , there exists a ball
Qx ∈ B such that

|Qx|α/n 1
|Qx|

∫
Qx

| f (y)|dy
1

|Qx|
∫

Qx

|g(y)|dy > 2k.

Let Bk =
⋃

x∈Ωk
Qx . Then Bk ∈ B and

|Bk|α/n 1
|Bk|

∫
Bk

| f (y)|dy
1

|Bx|
∫

Bk

|g(y)|dy > 2k and Ωk ⊂ Bk.

By this property, our proof is easier than the one in [9]. We write

∫
Rn

MB
α ( f ,g)(x)qu(x)dx

�C∑
k

u(Ωk)
(
|Bk|α/n 1

|Bk|
∫

Bk

| f (y)|dy
1

|Bx|
∫

Bk

|g(y)|dy

)q

=
∫

Z

g(k)dμ(k),

where

g(k) =
(

1
σ1(Bk)

∫
Bk

| f (y)|σ1(y)−1σ1(y)dy
1

σ2(Bk)

∫
Bk

|g(y)|σ2(y)−1σ2(y)dy

)q

and μ is a discrete measure on Z with

μ(k) = u(Ωk)
(
|Bk|α/n σ1(Bk)

|Bk|
σ2(Bk)
|Bk|

)q

.

Let Γλ = {k ∈ Z : g(k) > λ} and Gλ =
⋃

k∈Γλ
Bk . Note that Gλ ∈ B . Since

μ(Γλ ) = ∑
k∈Γλ

u(Ωk)
(
|Bk|α/n σ1(Bk)

|Bk|
σ2(Bk)
|Bk|

)q

�
∫

Gλ
MB

α (σ1χGλ ,σ2χGλ )(x)qu(x)dx

� [u,w1,w2]SB
p1,p2,q,α

σ(Gλ )q/p

� C[u,w1,w2]SB
p1,p2,q,α

σ({x : MB
σ1,σ2

( f/σ1,g/σ2)(x)q > λ})q/p,
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we have ∫
Z

gdμ =
∫ ∞

0
μ(Γλ )dλ

�C[u,w1,w2]SB
p1,p2,q,α

∫ ∞

0
σ({x : MB

σ1,σ2
( f/σ1,g/σ2)(x)q > λ})q/p dλ

=C[u,w1,w2]SB
p1,p2,q,α

∫ ∞

0

(
tσ({x : MB

σ1,σ2
( f/σ1,g/σ2)(x)p > t}))q/p dt

t

�C[u,w1,w2]SB
p1,p2,q,α

(∫
Rn

MB
σ1,σ2

( f/σ1,g/σ2)(x)pσ(x)dx

)q/p

�C[u,w1,w2]SB
p1,p2,q,α

‖ f/σ1‖q
Lp1(σ1)

‖g/σ2‖q
Lp2(σ2)

=C[u,w1,w2]SB
p1,p2,q,α

‖ f‖q
Lp1 (w1)

‖g‖q
Lp2(w2)

by Lemma 5. �
Proof of Proposition 3.
By Lemma 6, it suffices to show that (|x|−Bq, |x|A1 p1 , |x|A2 p2)∈ SB

p1,p2,q,α . Let σ1 =

|x|A1p1(1−p′1),σ2 = |x|A2p2(1−p′2),σ = σ p/p1
1 ·σ p/p2

2 ,u = |x|−Bq and Q = {y : |y| < R} .
Since

(
A1(1− p′1)+A2(1− p′2)

)
p > −n , we have

σ(Q)1/p = CRA1(1−p′1)+A2(1−p′2)+n/p. (13)

Since A1p1(1− p′1) > −n and A2p2(1− p′2) > −n , we have for x ∈ Q ,

mα(χQσ1,χQσ2)(x) =

max

{
sup

|x|�S�R
Sα
(

1
Sn

∫
|y|<S

|y|A1p1(1−p′1) dy

)(
1
Sn

∫
|y|<S

|y|A2p2(1−p′2) dy

)
,

sup
S>R

Sα
(

1
Sn

∫
|y|<R

|y|A1 p1(1−p′1) dy

)(
1
Sn

∫
|y|<R

|y|A2p2(1−p′2) dy

)}
� Cmax

(|x|α+A1 p1(1−p′1)+A2p2(1−p′2),Rα+A1p1(1−p′1)+A2p2(1−p′2)
)
.

Since
(
α +A1p1(1− p′1)+A2p2(1− p′2)−B

)
q > −n and −Bq > −n , we have(∫

Q
[mα(χQσ1,χQσ2)(x)]qu(x)dx

)1/q
� CRα+A1p1(1−p′1)+A2p2(1−p′2)+B+n/q. (14)

By (13) and (14), we obtain the desired result. �

5. Applications

We show some bilinear variants of Caffarelli-Kohn-Nirenberg’s theorem. Our re-
sults improve the ones in [8, Section 7]. First we rewrite Theorem 1 as follows. Let
1/p = 1/p1 +1/p2 and A = A1 +A2 .



WEIGHTED ESTIMATES OF MULTILINEAR FRACTIONAL INTEGRAL OPERATORS 255

THEOREM 2. Assume that 1 < p1, p2 < ∞, p � q < ∞,A1 < n/p′1,A2 < n/p′2,0 <
α < 2n,

α − n
p

< A and
1
p
−α � 1

q
.

Then for any radial functions f and g,∥∥|x|BIα( f ,g)
∥∥

Lq � C
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2g
∥∥

Lp2 ,

where B = A+n(1/p−1/q)−α .

By using this theorem, we obtain the next theorems.

THEOREM 3. Assume that 1 < p2, p2 < ∞, p � q < ∞,A1 < n/p′1,A2 < n/p′2,

1− n
p

< A and
1
p
−1 � 1

q
.

Then for any radial functions f ,g ∈C∞
c (Rn) ,∥∥|x|B f ·g∥∥Lq

� C
(∥∥|x|A1 |∇ f |∥∥Lp1

∥∥|x|A2g
∥∥

Lp2 +
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2 |∇g|∥∥Lp2

)
,

where B = A+n(1/p−1/q)−1 .

Proof. Let ∇2n be the gradient in R
2n . By the argument in Stein [11, p.125],

| f (x)g(x)| � C
∫∫

R2n

|∇2n
(
f (x− y)g(x− z)

)|
(|y|+ |z|)2n−1 dydz

� C(I1(|∇ f |, |g|)(x)+ I1(| f |, |∇g|)(x)). �

THEOREM 4. Assume that n � 2,1 < p2, p2 < ∞, p � q < ∞,A1 < n/p′1,A2 <
n/p′2 and

2− n
p

< A.

Then for any radial functions f ,g ∈C∞
c (Rn) ,∥∥|x|B f ·g∥∥Lq � C

∥∥|x|A1 |Δ f |∥∥Lp1

∥∥|x|A2g
∥∥

Lp2 +
∥∥|x|A1 f

∥∥
Lp1

∥∥|x|A2 |Δg|∥∥Lp2 ,

where B = A+n(1/p−1/q)−2 and Δ = ∑n
i=1

∂ 2

∂x2
i
.

Proof. Let Δ2n be the Laplacian in R
2n . Since

f (x)g(x) = C
∫∫

R2n

Δ2n( f (y)g(z))
(|x− y|2 + |x− z|2)(2n−2)/2

dydz,

we have
| f (x)g(x)| � C(I2(|Δ f |, |g|)(x)+ I2(| f |, |Δg|)(x)). �
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functions and multiple weights for the multilinear Calderón-Zygmund theory, Adv. in Math. 220 (4),
1222–1264 (2009).

[8] K. MOEN, Weighted inequalities for multilinear fractional integral operators, Collect. Math. 60 (2),
213–238 (2009).

[9] K. MOEN, Sharp one-weight and two-weight bounds for maximal operators, Studia Math. 194 (2),
163–180 (2009).

[10] E. M. STEIN AND G. WEISS,Fractional integrals on n-dimensional Euclidean space, J. Math. Mech.
7, 503–514 (1958).

[11] E. M. STEIN, Singular integrals and differentiability properties of functions, Princeton Mathematical
Series, No. 30, xiv+290 pp, Princeton University Press, Princeton, N.J. (1970).

(Received December 25, 2018) Yasuo Komori-Furuya
Department of Mathematics

School of Science, Tokai University
Hiratsuka, Kanagawa 259-1299 Japan

e-mail: komori@tokai-u.jp

Enji Sato
Department of Mathematical Sciences

Faculty of Science, Yamagata University
Yamagata, 990-8560,Japan

e-mail: esato@sci.kj.yamagata-u.ac.jp

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


